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Lifetime broadening in Compton scattering
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Recent high-resolution Compton scattering experiments revealed a smearing of the Fermi break in nearly
free electron metals which contradicts Luttinger’s theorem of a sharp Fermi surface even for the interacting
electron gas. Sternemannet al. @Phys. Rev. B62, R7687~2000!# explained this smearing by introducing a
spectral function for the recoil electron with a finite lifetime due to final-state interactions. In contrast to the
laboriousGW approximation~GWA! used by these authors we calculate inelastic mean-free paths both for
electron-hole and plasmon excitations which are of striking simplicity. The resulting lifetimes agree very well
with those of GWA. In addition, we show that core excitation significantly shortens the lifetimes. The estimate
of the influence of final-state interactions is extended to an analysis of (e,2e) experiments.

DOI: 10.1103/PhysRevB.67.155110 PACS number~s!: 78.70.Ck, 71.10.Ca, 71.15.Qe, 79.20.Hx
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I. INTRODUCTION

In modern high-resolution Compton spectroscopy m
mentum resolution of about 0.02 a.u. can be achieved1 which
allows to obtain detailed information about the Fermi surfa
topology, especially if nearly free electron~NFE! metals are
investigated. It thus gave rise to the ambition to study el
tron correlations in the interacting electron gas, a benchm
for many-particle theories during many years. It was one
the milestones of these theories that even for the interac
system the Fermi edge remains sharp~Luttinger theorem!2

but the heightZF of the break is reduced compared to t
noninteracting free-electron gas (ZF51).3 It was thus very
astonishing when Schu¨lke et al.4 found in a high-resolution
Compton profile study of lithium a value of the renormaliz
tion constantZF close to zero, far away from any theoretic
estimate.5 Later Tanakaet al.6 confirmed this result. Such
low ZF value means an effective strong smearing of
Fermi break which was also observed for beryllium1 and
seemed to depend on the incident photon energy in the s
that at high energies~60 keV! this smearing became les
pronounced,7 but did not vanish even at such high phot
energies. An early explanation of these disturbing exp
mental results was given by Kubo8 based on a GW approxi
mation for the band structure. But Schu¨lke9 showed that the
plasmon-pole model used by Kubo had the deficiency
the inverse lifetime of the initial state did not vanish at t
Fermi momentum as it has to do from quite general pha
space considerations. It is the vanishing of the lifetime at
Fermi momentum that is responsible for a sharp Fermi s
face. Quantum Monte Carlo calculations of Compton profi
for Li by Fillipi and Ceperley10 especially devoted to explai
the experiments could only state aZF strongly different from
zero.

II. THEORY

Another explanation for this effect which accounts at le
partly for the observed smearing was proposed by Ste
mannet al.11 and relies on the assumption that the impu
approximation~IA !,12 which is the basis for the evaluation o
Compton profiles, might be violated due to final-state int
0163-1829/2003/67~15!/155110~6!/$20.00 67 1551
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actions of the recoil electron. To proceed we start with
double-differential cross section for nonresonant inela
x-ray scattering, differential with respect to a momentum a
energy transferk ande,

d2s

dkde
5

v i8

v i
S ds

dkD
Th

S~k,e!, ~1!

(ds/dk)Th is the Thomson cross section,S(k,e) the dynami-
cal structure factor of the target material, andv i ,v i8 are the
incident and scattered photon energy, respectively. Within
IA the dynamical structure factorSIA(k,e) is connected with
the conventional Compton profileJ(pz) by

J~pz!5kE
2`

1`

SIA~k,e!d~e2ep1k1ep!de ~2!

with eq5q2/2 and pz5p•k/k. The d function in Eq. ~2!
results from the assumption of free electrons both in the
tial and final states. Deviations from this assumption for
initial state took recourse to the concept of quasipartic
which keeps in essence the kinematics and thus thed func-
tion correct but influencesSIA(k,e). Sternemannet al.11 then
proposed to consider in addition the final electron not a
free particle with an infinite lifetime, but to attribute a finit
one due to its interaction with the rest of the solid. Th
interaction is quite different from the Coulomb scattering
the recoil electron with its own ion which leads to the we
studied Compton defect.12,13 In the language of many-bod
theory thed function of Eq.~2! has to be replaced by th
spectral function A(k,e) which accounts for finite
lifetimes,14 in order to get the corrected profileJc(pz),

Jc~pz!5kE
2`

1`

SIA~k,e!A~k,e2kpz!de, ~3!

where the spectral function is obtained from the Gree
function G of the quasiparticle,

A~k,e!5
1

uIm G~k,e!u5
1 UIm 1 U. ~4!
p p e2ek2S~k,e!
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Following Hedin’s prescription,15 Sternemannet al.11 have
calculated the spectral functionA(k,e) within the so-called
G0W0 approximation where the self-energyS(k,e) has been
obtained with the help of Lindhard’s random-phase appro
mation for the dielectric function.16 Soininen et al.14 con-
firmed in essence this result and were able to simplify
rather laboriousG0W0 approximation by using for the di
electric function a simple plasmon-pole model. Both pap
clearly revealed a much stronger lifetime broadening than
earlier estimate of Platzman and Tzoar.17

The final state spectral functionA(k,e) shows in essence
a quasiparticle peak accompanied by at least one sate
~sidepeak! due to screened electron-electron interaction.
the following we will concentrate on the dominating qua
particle peak whose shape is approximately Lorentzian,
width of which is determined by the inverse lifetimeG(k),

G~k!5Im@S~k,ek!#, ~5!

where the quasiparticle energye has been approximated b
the free particle energyek , i.e., with the self-energy on-shel
see Ref. 11. Here and in the following we refer to the jelliu
i.e., all quantities depend on the absolute value ofk only.
Instead of calculatingA(k,e) as in Refs. 11 and 14 by
rather complicated many-body theory we will give in th
following very simple estimates of the inverse lifetimeG(k).
We have several reasons for that: first, for the folding in E
~3! the exact shape of the quasiparticle part ofA(k,e) will
not be as important as a good approximation toG(k); sec-
ond, the shape seems to depend on its usefulness since
self-consistent GW self-energy calculation for the jellium
Holm and von Barth18 assumes Gaussian-like spectral fun
tions. But the most important reason will be the striking si
plicity by which the lifetimetk can be obtained. Assumin
that the phase memory of the quasiparticle is terminated
inelastic scattering processes of the recoil electron, one h19

G~k!5
1

2tk
5

vk

2lk
5kns/2, ~6!

vk is the electron velocity,lk the inelastic mean-free pat
~IMFP!, ands the corresponding total cross section per j
lium electron ~we use atomic units, i.e.,e5m5\51). n
53/(4pr s

3) is the electron density. This equation defines
mean electron-electron distancer s , an important quantity
since the material dependence ofG(k) will only be through
r s .

The total cross section is obtained from that one which
differential with respect to a momentum and energy trans
of the fast electron to the jellium electrons. Denoting the
quantities byq andv, respectively, one has

d2s

dqdv
5

k8

k S ds

dqD
R

S~q,v!, ~7!

where k8 is the final electron momentum. The Rutherfo
cross section reads (ds/dq)R58p/(kk8q3). For the integra-
tion of Eq. ~7! some care has to be taken for the use
appropriate expressions for the dynamical structure fac
From the theory of specific energy losses it is well known
15511
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make a distinction between close and distant collisions,
those with large and small momentum transferq.20 A natural
limit that separates these two regimes is the momentumqc
for which plasmon excitation decays into particle-hole pa
We therefore assume that forq,qc plasmon excitation will
dominate whereas forq.qc pair production. In the follow-
ing we will also derive the specific energy loss since t
corresponding expressions are well known and thus g
confidence to the lifetime estimates. We assume thak
@kF , wherekF5(9p/4)1/3/r s is the Fermi momentum. We
start with single particle excitation. Using the sum rule f
the zero-order moment ofS(q,v) at large momentum
transfer12

E
0

`

SIA~q,v!dv51 ~8!

we obtain for the inverse lifetime from Eqs.~6! and ~7!,

Gsp~k!5
1

2
knE

qmin

qmax ds

dq
dq5

2pn

k

1

qc
2

~9!

with qmax5k@qmin5qc5(kF
212vp)1/22kF . Here vp is

the plasmon frequencyvp5(4pn)1/25(3/r s
3)1/2. For the

specific energy loss

dE

dx
52nE E v

d2s

dqdv
dqdv ~10!

one has in this case

S dE

dxD
sp

52
4pn

k2
lnS k

qc
D , ~11!

where we have used the sum rule for the first-ord
moment,12

E
0

`

vS~q,v!dv5q2/2. ~12!

For momentum transfersq,qc , i.e., in the regime of the
plasmon resonance, we approximate the dynamical struc
factor by the plasmon-pole model21

S~q,v!52
1

fq
ImS 1

eM~q,v! D5
q2vp

4pn
d~v22vp

2!,

~13!

wherefq54p/q2 is the Fourier transform of the Coulom
potential andeM(q,v) the macroscopic dielectric function
The model obeys thef-sum rule of Eq.~12!. From Eqs.~6!,
~7!, and~13! we get for the plasmon contribution

Gpl~k!5
vp

2kEqmin

qc dq

q
5

vp

2k
lnS kqc

vp
D , ~14!

and for the specific energy loss

S dE

dxD
pl

52
vp

2

k2
lnS kqc

vp
D . ~15!
0-2
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Interestingly, the total energy loss

dE

dx
5S dE

dxD
pl

1S dE

dxD
sp

52
4pn

k2
lnS k2

vp
D ~16!

is independent of the plasmon cutoff momentumqc which is
well known from the stopping power theory of the electr
gas.16,20Equation~16! is identical with Eq.~6.21! of Ref. 22.
The total inverse lifetime for the jellium isG j (k)5Gpl(k)
1Gsp(k).

To make contact with earlier work is a little difficult du
to the huge amount of publications concerning IMFP’slk .
Thus the citation of a few authors is a little arbitrary, but m
guide the reader. The expression for the imaginary part of
self-energy as given by Eqs.~5!–~7! and~13! is the same as
Eq. ~4.7! of Ref. 22. The single-particle excitation of Eq.~9!
corresponds in essence to Eq.~5.5! of the work of Ritchie.22

Equation~14! is identical with Eq.~8! of Quinn23 and the
mean-free path for plasmon excitation of Ashley a
Ritchie24 @Eq. ~8!#. It also coincides with an estimate of Lun
dqvist for the imaginary part of the self-energy3,25 @Eq.
~A10!#. Especially the mean-free pathlpl(k) is easily acces-
sible to experimental determination due to the pronoun
peaking of plasmon losses evaluated in electron-energy-
spectroscopy. It has been confirmed that for NFE me
lpl

2152Gpl /k with Gpl from Eq. ~14! describes experiment
very well.26,27

Our discussion up to now was restricted to conventio
Compton scattering, where the inelastically scattered prim
intensity is observed. In contrast, in so-called (e,2e) or
(g,eg) experiments28 both the scattered primary intensi
and the intensity of the recoils are observed simultaneou
In this case all four quantitiesk, e and p8,E8, the final
momentum and energy of the jellium electron, are measu
Then, the spectral electron momentum density~SEMD! r is
proportional to11

r}E
2e1EF

EF
dEE d3pA~p,E!A~p8,E8!

}E
2e1EF

EF
A~p82k,E!A~p8,E8!dE ~17!

with E85E1e. For an infinitely long lifetime for the final
state, one has

A~p8,E8!5d~E82E2e! ~18!

and therefore withe@EF ,

r}A~p82k,E82e![A~p,E!. ~19!

This is the result usually applied if experimental data
compared with results from many-body theories.29 Assum-
ing, for simplicity, a Lorentzian-like spectral function for th
hole state and an on-shell approximation the SEMD w
have a maximum at

E82e[E5ep82k1Zup82kuRe@S~p82k,ep82k!#, ~20!
15511
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whereZup82ku is the renormalization constant,30 and the spec-
tral function is broadened by an inverse lifetimeGh(p) with
p5up82ku. If in addition also the final particle state has
Lorentzian-like spectral functionA(p8,E8) with an inverse
lifetime Ge(k) the convolution of Eq.~17! yields a Lorentz-
ian SEMD with its maximum at the sameE but now with an
inverse lifetimeG5Gh(p)1Ge(k). Ge(k) is identical with
G j (k). These considerations demonstrate that also (e,2e) ex-
periments suffer from additional lifetime broadening due
final state interactions. This simple model shows that eve
the Fermi momentum whereGh(p5pF)50 a smearing of
the spectral momentum density will be observed unless
experiments are done at very high primary energies, i.e
very largek. It might be argued that these results are rat
trivial since it is well known from numerous fields of physic
that the inverse lifetime of a transition is simply the sum
the inverse lifetimes for the initial and final states. We me
tion especially photoemission spectroscopy31 which is clos-
est to the results of (e,2e) experiments. There it is known fo
more than twenty years that electron lifetimes can be m
sured if the hole state is close to the Fermi level.32

The question arises, if in addition to lifetime broadeni
polarization shiftsDE5Re@S(k,ek)# are important.~We no-
tice that both are connected by the Kramers-Kronig re
tions.! This holds also for the energy of the fast electrons
the (e,2e) reaction where it is usually assumed that th
behave as free particles. In reality they are dressed and
reduction of their energy compared to that of a bare part
(ep8) is just DE, i.e., in contrast to the assertation ma
above notE8 but ep8 is measured. An estimate by Lindhard16

yields for high energiesDE'2vp /k, i.e., of the same orde
of magnitude as the inverse lifetime. These considerati
are in accord with a discussion about the bandwidth in N
metals by Yasuharaet al.33 who emphasize that in photo
emission experiments also the final-state energies are q
particle energies and not, as conventionally assumed, f
electron energies. In this case the neglection ofDE can even
lead to the wrong sign for the bandwidth change: narrow
instead of broadening. We notice that in photon Comp
scattering polarization shifts both in the initial and fin
statesmust be neglected in order to describe experime
quantitatively.11,14 Another point concerns lifetime contribu
tions from the projectile. Equation~17! considers spectra
functions of the jellium electron only and disregards fro
any similar effects of the projectile electron which is esp
cially questionable if exchange scattering is remembered
might be possible that additional lifetime broadening resu
from this effect.

III. RESULTS AND DISCUSSION

Since for the experimenter the smearing effect is m
interesting on apz scale, we will show in the following
(Dpz)FWHM52.35G j /k, assuming a Gaussian-like broade
ing. Figure 1 shows (Dpz)sp ~dashed curve!, (Dpz)pl ~dash-
dotted curve!, and the sum~solid curve!. The smearing
(Dpz) is plotted as a function of the incident photon ener
v i assuming a maximum of inelasticity, i.e., a scatteri
angle of 180°, for which

k52cv i

11v i

112v i
~21!
0-3



st

a

e

a

o
: a
-

so
s

rial

fer

ed
ted

ch

asma
n
by
s
nd
,

t-
mic
for
e

re

Na
ri-

ex-

s

r
fe-

d

1
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holds, wherev i is measured in units of the electron re
mass. The curves hold for Li (r s53.27). If the sum~solid
curve! is compared with theG0W0 result of Sternemann
et al.11 ~dots! nearly perfect agreement is recognized. As
example, the inverse lifetimeG j is 3.0 eV atv i510 keV and
decreases to 0.78 eV at 60 keV. In Fig. 2 a similar compari-
son is made with the results of Soininenet al.14 in case of
beryllium (r s51.87). Now the agreement is slightly wors
and the coincidence is best for (Dpz)pl . This might be un-
derstood if it is realized that for the calculation ofA(k,e) no
contribution from the particle-hole pair continuum~single-
particle excitation in our terminology! can be expected
within the plasmon-pole model. The authors’ finding that
artificial increase of the plasmon cutoffqc by a factor 2.6 in
order to achieve agreement between the plasmon-pole m
and theG0W0 approximation shows in the same direction
comparison of Eqs.~9! and ~14! demonstrates that an in
crease ofqc favorsGpl on account ofGsp . The importance

FIG. 1. The momentum smearingDpz in case of Li (r s53.27)
as a function of the incident photon energyv i . Dashed curve,
(Dpz)sp ; dash-dotted curve, (Dpz)pl ; solid curve, the sum
(Dpz)pl1(Dpz)sp . Dots: theG0W0A of Ref. 11.

FIG. 2. Dpz for Be (r s51.87) as a function of the transferre
momentumk. Dashed curve, (Dpz)sp ; dash-dotted curve, (Dpz)pl ;
solid curve, the sum. Dots: the plasmon-pole calculation of Ref.
15511
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of the contribution from single-particle excitation has al
been demonstrated by Quinn.23 Our lifetime estimate agree
within about 30% with that of Lindhard16 in the momentum
regime of Figs. 1 and 2. Figure 3 demonstrates the mate
dependence of the smearing effect, i.e.,Dpz as a function of
r s for different momentum transfersk. It confirms the ten-
dency found in Ref. 14 that for constant momentum trans
k the smearing decreases with increasingr s .

Finally, we demonstrate that the lifetime can be shorten
considerably by core-state excitation. This can be accoun
for by either calculating the dynamic structure factor, whi
is proportional to the generalized oscillator strength,34 for
each core state separately, or one establishes a local pl
frequencyvp(r ) according to the locally varying electro
density n(r ) in an atom, a procedure early developed
Lindhard and Scharff35 in course of stopping power theorie
and later applied to the calculation of IMFP’s by Ritchie a
co-workers.24,36 Then, by a kind of phase-space averaging35

one writes

G~k!5E
VWS

d3r

VWS
G j@k;r s~r !#, ~22!

whereVWS is the volume of the Wigner-Seitz cell. Evalua
ing G(k) in case of core states we have assumed an ato
heliumlike core for Li and a neonlike one for Na and used
the calculation ofn(r ) the Roothaan-Hartree-Fock wav
functions of Bungeet al.37 Figure 4 showsk2Dpz due to
inverse lifetime contributions from the jellium and the co
states separately. Figure 4~a! holds for lithium, Figure 4~b!
for sodium. The small step in case of core excitation for
at k58.87 a.u. is due to the neglection of the K-shell cont
bution, which cannot be excited for smallerk. Both parts
indicate a significant lifetime reduction due to core-state
citation. The increase ofDpz is approximately 40% in case
of Li and 70% for Na. We mention that core contribution
are not accounted for by theG0W0 calculations of Refs. 11
and 14. With respect to (e,2e) experiments we estimate fo
an electron energy of 20 keV still a final state inverse li
time Ge of about 0.9 eV for both Li and Na.4.

FIG. 3. Dpz as a function of r s for different momentum
transfersk.
0-4
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IV. CONCLUSION

Even if Luttinger’s theorem of a sharp Fermi surfa
holds, neither Compton scattering nor (e,2e) experiments or
photoemission will be able to measure a sharp edge du
lifetime broadening caused by final state interactions of
ejected electron. The comparison of our extremely sim
calculation with the by far more elaborate work of Refs.
and 14 has shown that it is able to reproduce quantitativ
the influence of lifetime broadening. The background for t
simplification is the subdivision of the problem in hard a
soft collisions, or in other words electron-hole pair produ
tion and the excitation of the plasmon resonance. This allo
the use of different approximations for the dielectric fun
tion. On the other hand there are certainly deficiencies of

FIG. 4. k2Dpz due to inverse lifetime contributions from th
jellium ~dashed curve!, the core states~dash-dotted curve!, and the
sum ~solid curve!. ~a! holds for Li, ~b! for Na.
st
. B

B

15511
to
e
le

ly
s

-
s

-
is

simple treatment since it does consider neither exchange
dynamically induced correlations in the electron gas, wh
the most prominent one is particle-hole pair interaction w
plasmons,25 which is accounted for in a full self-energy ca
culation. The neglection of this contribution would, in prin
ciple, underestimate lifetime broadening, but as it is se
from the work of Soininenet al.14 the spectral weight of the
corresponding satellite diminishes strongly with increas
momentum transfer k and becomes almost negligible fok
.5 a.u. The estimated inverse lifetimesG are considerably
smaller than the plasmon energyvp which is approximately
the energy difference between the quasiparticle peak and
first satellite. Thus, no strong quasiparticle~plasmon-pair!
mixing is expected, which would violate the quasipartic
picture.

We emphasize that this final state lifetime broadening
counts only partly for the smearing of the Fermi break. Th
remains an additional broadening that is apparently indep
dent of the recoil energy and seems to be an intrinsic pr
lem of considerably stronger electron-electron correlatio
than predicted up to now by many-body theory.7,11 To ac-
count for these correlations Barbiellini and Bansil38 have re-
cently calculated electron momentum densities by us
BCS-like many-body wave functions in which individual e
ements involve singlet electron pairs~‘‘geminals’’! rather
than one-particle orbitals. On the other hand, Schu¨lke et al.39

have shown that in case of Li a careful treatment of
Lam-Platzman correction40 including recent but, neverthe
less, conventional electron correlation schemes shortens
gap between experiment and theory.

Our extremely simple approach treats lifetime broaden
as an incoherent process. Thus the question arises what
pens for targets with thicknesses less than the IMFPlk as
they are used in (g,eg) or (e,2e) experiments.28 Can life-
time broadening be suppressed in this case? Or is the rev
true, i.e., does the quasiparticle lose its phase memory
leaves the solid and becomes a free particle? Then, the
of lk would be overtaken by the foil thicknessd and the
lifetime is given byd/vk . For d510 nm and 25 keV elec-
trons we estimate a quasiparticle lifetime of 4.6 a.u. o
broadening of 5.9 eV, by far larger than the experimen
energy resolution.28
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