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Low-temperature ordered states of rare-earth magnetic dipoles inR2Ba4Cu7O15Àd as effected
by dipole-dipole and exchange interactions: Extension of generalized Luttinger-Tisza method
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The lowest energies and the corresponding low-temperature orderings of the magnetic moments in the high-
Tc superconducting compoundsR2Ba4Cu7O152d ~R5rare earth! have been calculated by extending the
Luttinger-Tisza technique to include 32 sublattices of the magneticR31 ions, taking into account dipolar and
exchange interactions. The calculated lowest energy configurations for Dy247 and Er247 compounds, the only
ones investigated experimentally as to magnetic orderings, are found to be consistent with those determined by
neutron-scattering experiments.
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I. INTRODUCTION

The high-temperature superconducting compou
~HTSC! Yb2Ba4Cu7O152d ~hereafter Yb247! was produced
in 1988 by oxidizing metallic precursors in 1-bar O2 by
Kogure et al.,1 consisting of alternating blocks o
YbBa2Cu4O8 ~hereafter Yb124! and YbBa2Cu3O72d ~here-
after Yb123! along thec axis. Subsequently, isolated crysta
of Y247 were found by Bordetet al.2 in a melt of Y123,
subjected to 100-bar oxygen pressure. Later, preparatio
the HTSC Y247 in bulk, as well as five analogous rare-ea
compoundsR247 (R5rare-earth) withR5Eu, Gd, Dy, Ho,
and Er, was reported by Morriset al.3 using the solid-state
reaction method, with moderate oxygen pressures ran
from 11–35 bars. The superconducting transition tempe
ture Tc of Y247 (Tc555 K) is much lower than those o
Y123 (Tc592 K) and Y124 (Tc581 K). Thus a detailed
comparison of the properties of theR247 compounds with
theR123 andR124 compounds may help unravel the mech
nism underlying the superconductivity of the HTSC co
pounds. More details of these comparisons relating toTc and
diamagnetism, x-ray diffraction, phase diagrams, variab
oxygen stoichiometry, correlation of structural paramet
with Tc , and variation of lattice parameters andTc with
rare-earth substitution, were reported by Morriset al.3 Fur-
ther investigations by Tallonet al.4 of superconductivity in
R247 compounds as a function of oxygen stoichiome
foundTc to decrease monotonically withd, from a maximum
of 92 K whend50 to a minimum of 30 K whend51.0. In
addition, the compounds were found to remain orthorhom
for all values ofd. The lattice parameters for severalR247
compounds as reported by Morriset al.,3 by Zhanget al.,5

and by Böttger et al.6 are listed in Table I.
As for experimental investigations, the magnetic prop

ties of Er247 and Dy247 compounds were studied by Bo¨ttger
et al.7 by specific-heat measurements. They reported th
magnetic phase transition occurred in Er247 atTN50.54 K
for d;0.1 and atTN50.50 K for d;0.7, and concluded, in
conjunction with inelastic neutron-scattering data, that wh
the specific-heat data withd50.08 can be interpreted with a
isotropic two-dimensional~2D! Ising model, the correspond
0163-1829/2003/67~14!/144505~8!/$20.00 67 1445
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ing data of Er247 withd50.7 can only be understood b
assuming two different types of magnetic clusters to
present in this compound. They emphasized the importa
of dipolar and superexchange interactions for the obser
magnetic ordering. The neutron-diffraction experiments
Böttger et al.6 revealed that the coupling of Er31 ions in
Er247 with d50.1 along thea axis is antiferromagnetic (J
,0), whereas it is ferromagnetic along theb axis (J.0).
Further, Böttger et al.7–9 interpreted their specific-heat da
on Er247 by the use of an anisotropic 2D Ising model w
the anisotropyuJ2 /J1u being 1

4, choosing opposite signs fo
J1 and J2 of Er31 ions. The values ofJ1 , J2 so estimated,
are, respectively, in units of K,10.452,20.104~or 20.452,
10.104! for Er247 and20.811,20.197 for Dy247. Zhang
et al.5,10 analyzed their neutron-diffraction data on Dy247
terms of coupled two-dimensional~2D! bilayer magnetic or-
der of Dy ions, wherein the Dy spins within thea-b planes
are coupled antiferromagnetically withTN51.25 K. Further,
they deduced that the 2D order originated from the crys
structure, as thec-axis spacing of the magnetic ions was;3
times thea, b spacing. In addition, every othera-b plane
was shifted along theb axis byb/2, causing a cancellation o
magnetic interactions which completely isolated the bilaye
They anticipated occurrence of similar coupled bilayer
behavior in otherR247 compounds in which the neares
neighbor spins were coupled antiferromagnetically with
the a-b plane. They found similarity of their results o
Dy247 to those on Dy123 and Dy124 compounds.

Recently, the expected low-temperature ordered state
rare-earth sublattices for the lowest energy states were

TABLE I. Experimentally determined lattice parameters~Å! for
variousR247 compounds.

Compound a b c Reference

Gd247 3.872 3.879 50.36 3
Dy247 3.864 3.879 50.39 3
Dy247 3.864 3.879 50.26 5
Er247 3.847 3.873 50.44 3
Er247 3.8263 3.8663 50.3683 6
©2003 The American Physical Society05-1



SUSHIL K. MISRA AND JOSHUA FELSTEINER PHYSICAL REVIEW B67, 144505 ~2003!
TABLE II. Permutation groupsPt (t51,2,...,32) of 32 objects. It is easily seen that@Pt ,Pt8#50 for tÞt8.

P15I ~Identity!

P25(1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13,14)(15,16)(17,18)(19,20)(21,22)(23,24)(25,26)(27,28)(29,30)(31,32)

P35(1,3)(2,4)(5,7)(6,8)(9,11)(10,12)(13,15)(14,16)(17,19)(18,20)(21,23)(22,24)(25,27)(26,28)(29,31)(30,32)

P45(1,4)(2,3)(5,8)(6,7)(9,12)(10,11)(13,16)(14,15)(17,20)(18,19)(21,24)(22,23)(25,28)(26,27)(29,32)(30,31)

P55(1,5)(2,6)(3,7)(4,8)(9,13)(10,14)(11,15)(12,16)(17,21)(18,22)(19,23)(20,24)(25,29)(26,30)(27,31)(28,32)

P65(1,6)(2,5)(3,8)(4,7)(9,14)(10,13)(11,16)(12,15)(17,22)(18,21)(19,24)(20,23)(25,30)(26,29)(27,32)(28,31)

P75(1,7)(2,8)(3,5)(4,6)(9,15)(10,16)(11,13)(12,14)(17,23)(18,24)(19,21)(20,22)(25,31)(26,32)(27,29)(28,30)

P85(1,8)(2,7)(3,6)(4,5)(9,16)(10,15)(11,14)(12,13)(17,24)(18,23)(19,22)(20,21)(25,32)(26,31)(27,30)(28,29)

P95(1,9)(2,10)(3,11)(4,12)(5,13)(6,14)(7,15)(8,16)(17,25)(18,26)(19,27)(20,28)(21,29)(22,30)(23,31)(24,32)

P105(1,10)(2,9)(3,12)(4,11)(5,14)(6,13)(7,16)(8,15)(17,26)(18,25)(19,28)(20,27)(21,30)(22,29)(23,32)(24,31)

P115(1,11)(2,12)(3,9)(4,10)(5,15)(6,16)(7,13)(8,14)(17,27)(18,28)(19,25)(20,26)(21,31)(22,32)(23,29)(24,30)

P125(1,12)(2,11)(3,10)(4,9)(5,16)(6,15)(7,14)(8,13)(17,28)(18,27)(19,26)(20,25)(21,32)(22,31)(23,30)(24,29)

P135(1,13)(2,14)(3,15)(4,16)(5,9)(6,10)(7,11)(8,12)(17,29)(18,30)(19,31)(20,32)(21,25)(22,26)(23,27)(24,28)

P145(1,14)(2,13)(3,16)(4,15)(5,10)(6,9)(7,12)(8,11)(17,30)(18,29)(19,32)(20,31)(21,26)(22,25)(23,28)(24,27)

P155(1,15)(2,16)(3,13)(4,14)(5,11)(6,12)(7,9)(8,10)(17,31)(18,32)(19,29)(20,30)(21,27)(22,28)(23,25)(24,26)

P165(1,16)(2,15)(3,14)(4,13)(5,12)(6,11)(7,10)(8,9)(17,32)(18,31)(19,30)(20,29)(21,28)(22,27)(23,26)(24,25)

P175(1,17)(2,18)(3,19)(4,20)(5,21)(6,22)(7,23)(8,24)(9,25)(10,26)(11,27)(12,28)(13,29)(14,30)(15,31)(16,32)

P185(1,18)(2,17)(3,20)(4,19)(5,22)(6,21)(7,24)(8,23)(9,26)(10,25)(11,28)(12,27)(13,30)(14,29)(15,32)(16,31)

P195(1,19)(2,20)(3,17)(4,18)(5,23)(6,24)(7,21)(8,22)(9,27)(10,28)(11,25)(12,26)(13,31)(14,32)(15,29)(16,30)

P205(1,20)(2,19)(3,18)(4,17)(5,24)(6,23)(7,22)(8,21)(9,28)(10,27)(11,26)(12,25)(13,32)(14,31)(15,30)(16,29)

P215(1,21)(2,22)(3,25)(4,24)(5,17)(6,18)(7,19)(8,20)(9,29)(10,30)(11,31)(12,32)(13,25)(14,26)(15,27)(16,28)

P225(1,22)(2,21)(3,24)(4,25)(5,18)(6,17)(7,20)(8,19)(9,30)(10,29)(11,32)(12,31)(13,26)(14,25)(15,28)(16,27)

P235(1,23)(2,24)(3,21)(4,22)(5,19)(6,20)(7,17)(8,18)(9,31)(10,32)(11,29)(12,30)(13,27)(14,28)(15,25)(16,26)

P245(1,24)(2,23)(3,22)(4,21)(5,20)(6,19)(7,18)(8,17)(9,32)(10,31)(11,30)(12,29)(13,28)(14,27)(15,26)(16,25)

P255(1,25)(2,26)(3,27)(4,28)(5,29)(6,30)(7,31)(8,32)(9,17)(10,18)(11,19)(12,20)(13,21)(14,22)(15,23)(16,24)

P265(1,26)(2,25)(3,28)(4,27)(5,30)(6,29)(7,32)(8,31)(9,18)(10,17)(11,20)(12,19)(13,22)(14,21)(15,24)(16,23)

P275(1,27)(2,28)(3,25)(4,26)(5,31)(6,32)(7,29)(8,30)(9,19)(10,20)(11,17)(12,18)(13,23)(14,24)(15,21)(16,22)

P285(1,28)(2,27)(3,26)(4,25)(5,32)(6,31)(7,30)(8,29)(9,20)(10,19)(11,18)(12,17)(13,24)(14,23)(15,22)(16,21)

P295(1,29)(2,30)(3,31)(4,32)(5,25)(6,26)(7,27)(8,28)(9,21)(10,22)(11,23)(12,24)(13,17)(14,18)(15,19)(16,20)

P305(1,30)(2,29)(3,32)(4,31)(5,26)(6,25)(7,28)(8,27)(9,22)(10,21)(11,24)(12,23)(13,18)(14,17)(15,20)(16,19)

P315(1,31)(2,32)(3,29)(4,30)(5,27)(6,28)(7,25)(8,26)(9,23)(10,24)(11,21)(12,22)(13,19)(14,20)(15,17)(16,18)

P325(1,32)(2,31)(3,30)(4,29)(5,28)(6,27)(7,26)(8,25)(9,24)(10,23)(11,22)(12,21)(13,20)(14,19)(15,18)(16,17)
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culated on the basis of dipolar and exchange interact
amongR31 ions using the Luttinger-Tisza~LT! method,11 as
generalized by Misra,12 in R123 compounds by Misra an
Felsteiner13 and by Anders and Volotskii.14 These calcula-
tions were further extended by Felsteiner and Misra15 to
R124 compounds. The superconductingR123 and R124
compounds are both nearly tetragonal with a slight ort
rhombic distortion, the unit-cell parameterb being slightly
greater thana for both types of compounds. Although, th
c/a ratios are different in these two compounds,;3 in R123
and ;7 in R124, it turns out that thec-axis spacing of the
rare-earth ions is;3 times thea-b spacing for both the
R123 andR124 compounds, because while there is only o
R31 ion per unit cell inR123, there are twoR31 ions per
unit cell in R124. Similarly, forR247 compounds, althoug
the c/a ratio ;13, the c-axis spacing turns out to be;3
times thea-b spacing here also as there exist four ions
unit cell.

It is the purpose of this paper to calculate the lowest
ergy configurations of the magnetic moments of the ra
14450
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earth ions inR247 compounds prevalent at low temperatu
due to dipole-dipole and exchange interactions amongst
R31 ions. This is accomplished by using the generalized
method12 to take into account 32 sublattices required for t
presence of fourR31 ions per unit cell. The results require
to extend the LT method to calculate the lowest energy st
of R247 compounds are described in Sec. II. The result
energies and lowest-energy configurations of theR31 ions in
the variousR247 compounds are discussed in Sec. III, wh
the particular results for Dy247 and Er247 compounds,
only ones investigated experimentally, are described in S
IV.

II. RESULTS REQUIRED TO EXTEND THE LUTTINGER-
TISZA METHOD USING PERMUTATION GROUPS

TO 32 SUBLATTICES

Applications of the general LT method using permutati
groups to calculate the lowest energy configurations ofR123
and R124 compounds involving 8 and 16 sublattices we
5-2
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TABLE III. The normalized eigenvectorsq~k!; k51,2,3,...,32 for the operators of permutation groups of 32 objects as listed in Tab

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
a a a a b b b b g g g g a a a a d d d d g g g g b b b b d d d d
In the table above, Thea, a, b, b, g, g, d, d are four-column vectors, whose elements are defined as follows:

A32a52A32a5S 1
1
1
1
D ; A32b52A32b5S 1

21
21
1
D ; A32g52A32g5S 1

1
21
21

D ; A32d52A32d5S 1
21
1

21
D .

TABLE IV. Eigenvalues«k j corresponding to the eigenvectorsq(k) for the operators of permutation groupsPk of 32 objects as given by
Eq. ~1!, and listed in Table II. Here1 and2 stand for11 and21, respectively. In the following table, the row~as counted from left to right!
and column~as counted from top to bottom! numbers correspond to the indexk and j, respectively.

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 1 1 1 1 1 1 1 1

1 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2

1 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2 2 1 1 2 1 2 2 1 2 1 1 2 1 2 2 1

1 2 2 1 2 1 1 2 2 1 1 2 1 2 2 1 1 2 2 1 2 1 1 2 2 1 1 2 1 2 2 1

1 2 2 1 2 1 1 2 2 1 1 2 1 2 2 1 2 1 1 2 1 2 2 1 1 2 2 1 2 1 1 2

1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1

1 1 2 2 1 1 2 2 2 2 1 1 2 2 1 1 1 1 2 2 1 1 2 2 2 2 1 1 2 2 1 1

1 1 2 2 1 1 2 2 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 1 1 2 2 1 1 2 2

1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2

1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2 2 2 2 2 1 1 1 1 2 2 2 2 1 1 1 1

1 1 1 1 2 2 2 2 2 2 2 2 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 1 1 1 1

1 1 1 1 2 2 2 2 2 2 2 2 1 1 1 1 2 2 2 2 1 1 1 1 1 1 1 1 2 2 2 2

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1

1 2 1 2 1 2 1 2 2 1 2 1 2 1 2 1 1 2 1 2 1 2 1 2 2 1 2 1 2 1 2 1

1 2 1 2 1 2 1 2 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 1 2 1 2 1 2 1 2

1 1 2 2 2 2 1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2 1 1

1 1 2 2 2 2 1 1 1 1 2 2 2 2 1 1 2 2 1 1 1 1 2 2 2 2 1 1 1 1 2 2

1 1 2 2 2 2 1 1 2 2 1 1 1 1 2 2 1 1 2 2 2 2 1 1 2 2 1 1 1 1 2 2

1 1 2 2 2 2 1 1 2 2 1 1 1 1 2 2 2 2 1 1 1 1 2 2 1 1 2 2 2 2 1 1

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2

1 2 2 1 1 2 2 1 2 1 1 2 2 1 1 2 1 2 2 1 1 2 2 1 2 1 1 2 2 1 1 2

1 2 2 1 1 2 2 1 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 1 2 2 1 1 2 2 1

1 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1

1 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1 2 1 2 1 1 2 1 2 2 1 2 1 1 2 1 2

1 2 1 2 2 1 2 1 2 1 2 1 1 2 1 2 1 2 1 2 2 1 2 1 2 1 2 1 1 2 1 2

1 2 1 2 2 1 2 1 2 1 2 1 1 2 1 2 2 1 2 1 1 2 1 2 1 2 1 2 2 1 2 1
144505-3
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SUSHIL K. MISRA AND JOSHUA FELSTEINER PHYSICAL REVIEW B67, 144505 ~2003!
TABLE V. Lattice sums over a sphere of radius 380 Å for t
lattice of Gd31 ions in Gd247. The variablesr, x, y, zare the dis-
placements and their components from an origin situated at a g
ion in sublattice 1 to each ion in one of the various sublattices~see,
e.g., numberings and orientations of thex, y, zaxes in Fig. 1!. The
unit of length is 2 Å. All the required lattice sums can be calcula
from the sums given here.~The z axis is parallel to thec axis, and
the x, y axes are coincident with thea, b vectors of the unit cell,
respectively. It is noted that((xy/r 5)5((yz/r 5)5((zx/r 5)50.
The values of the unit-cell parameters used area53.872 Å, b
53.879 Å, c550.360 Å ~Ref. 3!.

Sublattice summed (
3z22r2

r5 (
x22y2

r5

1 20.144 105 0.000 181
2 20.390 903 0.255 805
3 20.389 521 20.255 805
4 20.272 673 20.000 298
5, 6 0.011 051 0.000 000
7 0.011 050 0.000 000
8 0.011 152 0.000 000
9 0.011 190 0.000 001
10 0.011 087 0.000 033
11 0.011 085 20.000 034
12 0.010 990 0.000 000
13, 15 0.011 066 0.000 000
14, 16 0.011 065 0.000 000
17, 18, 19, 20, 21, 22, 23, 24 0.000 000 0.000 00
25, 26, 27, 28 0.011 065 0.000 000
29, 31 0.011 138 0.000 017
30, 32 0.011 038 0.000 017
14450
described in Refs. 13 and 15, respectively, for the case of
presence of one and twoR31 ions in the unit cell. ForR247
compounds, there are present fourR31 ions in the unit cell,
involving 32 sublattices, which is also amenable to the
method using permutation groups as discussed by Misra12 in
his generalization of the original LT method11 to the presence
of more than one ion per unit cell. The four ions inR247
compounds are situated at the positions~0,0,0!, ~0,0,14!,
~0,1

2,
1
2!, and~0,1

2,
3
4! in the unit cell, and will hereafter be con

sidered to generate sublattices 1, 2, 3, 4, respectively. S
cifically, for application of the generalized LT method
R247 compounds, the entire lattice is subdivided into 32 s
lattices, all the magnetic moments at any sublattice be
oriented in the same direction. These sublattices are ge
ated from the positions of the fourR31 ions in the unit cell,
by the application of the translation vectorsG52la12mb
12nc, wherel, m, n are zero, positive, or negative integer
and a, b, c are unit-cell vectors. Accordingly, within the
framework of the LT method, the possible ordered config
rations of the magnetic moments of theR31 ions correspond-
ing to the lowest energy can only be either ferromagne
antiferromagnetic, or layered antiferromagnetic, which
described as follows. The ferromagnetic configurations
those in which all the rare-earth magnetic moments poin
the same direction, while the antiferromagnetic configu
tions are those in which all the adjacent magnetic mome
to a rare-earth moment point in opposite directions.
layered-antiferromagnetic configurations, the adjacent m
ments in one plane to a rare-earth moment point in the
posite direction, while in the two perpendicular planes to t
plane they point in the same direction, explicitly, forR123,
R124, orR247 compounds they point in the opposite dire
tion in theab plane in which the nearest-neighbor distanc
are the shortest, and in the parallel direction in theac andbc
planes.

en

d

ripts
, TH
neutron

es
TABLE VI. Measured or calculatedR31 g values forR123 andR124 compounds as taken from those listed in Ref. 15. The subsc
a, b, cdenote theg values along thea, b, andc axes, respectively. K and NK stand for Kramers and non-Kramers ions, respectively. EX
~Ref. 16!, and TH-INS indicate experimentally measured, theoretically calculated values in Ref. 16, and those calculated using
inelastic-scattering data as mentioned in Ref. 16, respectively. The measured values are for theR123 compounds, while the calculated valu
are both forR123 ~outside brackets! andR124 ~within brackets!. It is noted that for non-Kramers ions theg values of the lowest two levels
are temperature dependent~Ref. 16!. The values indicated here are those calculated at 5 K~for more details, see Ref. 16!. gb represents the
smaller of thega andgb values.

R Ion type ga gb gc gc /gb Remarks

Nd K 1.108 0.778 2.863 3.68 TH-INS
0 0 3.636 ` TH-INS

Yb K 3.5 3.7 3.1 0.89 EX~EPR!

Er K 7.1 8.4 4.1 0.58 EX~EPR!

Dy K 2.771 1.408 13.914 9.88 TH-INS
0.09 0.062 11.532 186 TH-INS

Ce K 1.23~1.29! 1.21 ~1.21! 3.50 ~3.45! 2.89 ~2.85! TH ~Ref. 16!
1.05 ~1.31! 1.43 ~1.32! 3.36 ~2.35! 3.11 ~1.79! TH ~Ref. 16!

Sm K 0.89~0.81! 0.81 ~0.90! 0.29 ~0.29! 0.34 ~0.46! TH ~Ref. 16!
Pr NK 0 0 4.17~4.36! ` TH ~Ref. 16!
Tb NK 0 0 17.98~17.99! ` TH ~Ref. 16!
Ho NK 0 0 10.86~11.16! ` TH ~Ref. 16!
Tm NK 0 0 0.022~0.87! ` TH ~Ref. 16!
5-4
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LOW-TEMPERATURE ORDERED STATES OF RARE- . . . PHYSICAL REVIEW B 67, 144505 ~2003!
FIG. 1. The orientations of the magnetic mo
ments of the rare-earth ions corresponding to
lowest energy, when they are oriented in thez
direction, as given by Eqs.~5a! and ~5b!. The
letters below each configuration correspond to t
eigenvectors listed in Table III as follows: (a
5q(25); (b)5q(5); (c)5q(27); (d)5q(7);
(e)5q(28); (f)5q(8); (g)5q(26); (h)5q(6).
The numberings of the various ions correspond
the same as those used in Table V for calculat
lattice sums.

FIG. 2. The orientations of the magnetic mo
ments of the rare-earth ions corresponding to
lowest energy, when they are oriented in thex
direction, as given by Eq.~5c!. The letters below
each configuration correspond to the eigenvect
listed in Table III as follows: (a)5q(9); (b)
5q(21); (c)5q(11); (d)5q(23); (e)5q(12);
(f) 5q(24); (g)5q(10); (h)5q(22). The num-
berings of the various ions correspond to t
same as those used in Table V for calculati
lattice sums, and as indicated in Fig. 1.
144505-5
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FIG. 3. The orientations of the magnetic mo
ments of the rare-earth ions corresponding to
lowest energy, when they are oriented in they
direction, as given by Eq.~5d!. The letters below
each configuration correspond to the eigenvect
listed in Table III as follows: (a)5q(17); (b)
5q(29); (c)5q(19); (d)5q(31); (e)5q(20);
(f) 5q(32); (g)5q(18); (h)5q(30). The num-
berings of the various ions correspond to t
same as those used in Table V for calculati
lattice sums, and as indicated in Fig. 1.
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Results required for 32 sublattices

The permutation groups of 32 objects,Pk ; k51,2,...,32,
as derived here are listed in Table II, while the correspond
eigenvectors,q(k); k51,2,...,32, are listed in Table III. Th
eigenvalues,«k j , of Pk with respect to the eigenvectorq( j )
are listed in Table IV. The ordered configurations are
pressed as

h~k,a!5q~k!w~k,a!; k51,2,...,32; a5x,y,z, ~1!

wherew(k,a) are the eigenvectors of the matrixL̃k , defined
as

Lk
mn5(

j 51

32

Ai j
mn«P~ i , j ! ; i , j 51,2,...,32;m,n5x,y,z, ~2!

where the«P( i , j ) for permutation groups of 32 objects are t
same as«k j listed in Table I. The elementsAi j

mn in Eq. ~2!,
include the dipolar and exchange interactions between an
situated on sublatticei and all ions on sublatticej :Ai j

mn

5$(,«$ j %Ji ,
mn% for iÞ j ; and Ai j

mn5$(,«$ j %,,Þ iJi ,
mn% for i 5 j .

~Here the notation$j% means inclusion of all ions on subla
tice j in the summation.! Explicitly,

Ji j
mn5

S~S11!

2
mB

2 S gmmgnn

r i j
2 dmn23r i j

mr i j
n

r i j
5 1v i j D i j d i j D ,

~3!
14450
g
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where the first and second terms inside the curly brack
represent dipolar and exchange interactions, respectivelS
and gmm , gnn (m,n5x,y,z) are the effective spin and th
diagonal elements of theg matrix of the rare-earth ion, re
spectively;mB is the Bohr magneton,r i j is the vector that
joins the ionic positionsi and j, with the superscriptm rep-
resenting itsmth component;v i j is the isotropic exchange
interaction between the ionsi and j; D i j 561 if the i, j are
the nearest or next-nearest ions50 otherwise, thus neglecting
the exchange interactions between ions which are nei
nearest nor next-nearest neighbors. The required lattice s
for dipolar interactions were evaluated with the origin bei
situated at the site of a rare-earth ion with respect to
various ions located on the 32 sublattices for Gd247 ove
sphere of radius 380 Å, listed in Table V. Since the latt
sums are performed over a sphere it is necessary to co
for the demagnetization factor for ferromagnetic configu
tions, since the sample orders in long, thin needles~cylin-
ders! to minimize its energy, which is lower than that for
spherical sample. This correction12 is expressed as:Edm(a)

52(4p/3)@S(S11)/3#n0gaa
2 ; with n05( 1

32 )abc, for the
magnetic moments being ordered in thea (5x,y,z) direc-
tion. ~Heren0 represents the number of dipole moments p
unit volume per sublattice, there being 32 sublattices
R247; theg matrix is diagonal in the coordinate system us
here.! The required experimentalg values of these have no
been reported as yet. However, one can be guided by
values calculated for theR123 andR124 compounds, which
5-6
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TABLE VII. Lowest lying energies and the corresponding eigenvectors,q(k,a) showing the orientations of the magnetic moments. H
the q(k,a), a(5x,y,z) are those depicted in Figs. 1–3. Thegi andg' values used for calculation are taken from Table VI, and repres
the averages ofga , gb values forg' , and one of thegc values forgi if more than one set of values are listed for an ion. K and NK sta
for Kramers and non-Kramers ions, respectively. If the two lowest lying energies are extremely close to each other, then both are

R Ion type g' gi Lowest LT energy~K!
Orientation of momentsq(k,a)
for lowest LT energy~figure!

Nd K 0.95 2.9 20.0893 q(n,z); n55 – 8, 25–28~Fig. 1!
Yb K 3.6 3.1 20.2658 q(n,x); n59 – 12, 21–24~Fig. 2!

20.2647 q(n,y); n517– 20, 29–32~Fig. 3!
Er K 7.8 4.1 21.2478 q(n,x); n59 – 12, 21–24~Fig. 2!

21.2428 q(n,y); n517– 20, 29–32~Fig. 3!
Dy K 2.1 13.9 22.0522 q(n,z); n55 – 8, 25–28~Fig. 1!
Ce K 1.2 3.5 20.1301 q(n,z); n55 – 8, 25–28~Fig. 1!
Sm K 0.84 0.29 20.0145 q(n,x); n59 – 12, 21–24~Fig. 2!

20.0144 q(n,y); n517– 20, 29–32~Fig. 3!
Pr NK 0.0 4.14 20.1785 q(n,z); n55 – 8 ~Fig. 1!

20.1786 q(n,z); n525– 28~Fig. 1!
Tb NK 0.0 17.98 23.4414 q(n,z); n55 – 8, 25–28~Fig. 1!
Ho NK 0.0 10.86 21.2852 q(n,z); n55 – 8, 25–28~Fig. 1!
Tm NK 0.0 0.022/0.67 25.2731026/24.8931023 q(n,z); n55 – 8, 25–28~Fig. 1!
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have the same structure as those of theR247 compounds.
These calculatedg values and some measured ones, as gi
in Ref. 16, are listed in Table VI.

Finally, the energies of the ordered configuratio
E(k,a), and the corresponding eigenvectors describing
ordering of rare-earth moments are obtained by solving
eigenvalue equation

L̃kw~k,a!5E~k,a!w~k,a!. ~4!

It is noted from Eq.~2!, and the fact that the lattice sum
required inAi j

mn are zero formÞn, as seen from Table V, tha
the eigenvectorsw(k,a) are such that the magnetic momen
on anyone of the 32 sublattices are all oriented along
a (5x,y,z) directions corresponding to the eigenvecto
h(k), as given by Eq.~1!, and listed in Table III, with the
elements11 and21 indicating the direction to be parallel t
a and2a directions, respectively.

III. CALCULATED LOWEST ENERGY CONFIGURATIONS
FOR R247 COMPOUNDS

General results

In general, as for the lowest lying dipolar energies~eigen-
values! calculated for the variousR247 compounds using th
LT method, the following is noted. The two lowest lyin
energies~in units of K! for the orientations of the magneti
moments parallel and perpendicular to thez axis, and the
corresponding configurationsh(k,a); a5x,y,z; k51 – 32,
of the variousR247 compounds, as calculated using the g
eralized LT method for 32 sublattices, taking into accou
both the dipolar and exchange interactions, are

E~k,z!~k55,6,25,26!

520.010 6216gzz
2 22vn822vn914vn- ~5a!
14450
n

,
e
e
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t

E~k,z!~k57,8,27,28!

520.010 6211gzz
2 22vn822vn914vn- ~5b!

E~k,x!~k59,10,11,12,21,22,23,24!

520.0205097gxx
2 12vn822vn924vn- ~5c!

E~k,y!~k517,18,19,20,29,30,31,32!

520.0204274gyy
2 22vn812vn924vn- . ~5d!

In Eqs.~5a!–~5d!, thevn8, vn9, vn- terms represent the con
tributions of the exchange interaction, assumed to be iso
pic, with the nearest, next-nearest, and next-next-nea
neighbors, respectively, while the terms ingxx , gyy , gzz rep-
resent the contribution of the dipolar interaction. To an i
on sublattice 1, the two nearest neighbors are situated
sublattice 2, the two next-nearest neighbors on sublattic
and the four next-next-nearest neighbors on sublattice
distances 3.872, 3.879, and 5.481 Å, respectively. It is furt
noted that for all configurationsk, given in each of Eqs.
~5a!–~5d!, the lowest energy possesses the same dipolar
exchange energies. These configurations of lowest ene
which are all layered antiferromagnetic, as indicated by E
~5a!–~5d!, are shown in Figs. 1, 2, and 3, respective
wherein the rare-earth moments point in thez, x, andy di-
rections, respectively.

An analysis of the energies given by Eqs.~5a!–~5d! re-
veals the following. For the same values ofgxx andgyy , the
lowest dipolar energy corresponding to the eighty configu-
rations, as given by Eq.~5d!, is very slightly higher than tha
of the eightx configurations, as given by Eq.~5c!, due to the
slight orthorhombic distortion from the tetragonal symme
of the R247 lattice. Finally, the ordering with the lowes
energy will correspond toq(kz), k55 – 8, 25–28 if gzz
5-7
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.1.3895gbb , while it will be q(kx), k59 – 12, 21–24, or
q(ky), k517– 20, 29–32 ifgzz,1.3895gbb , where gbb
represents the smaller ofgxx and gyy , ignoring the small
difference between thex/y orderings as given by Eqs.~4c!
and~4d!. The exchange interactions have the same contr
tion for each of the energy given by Eqs.~4a!–~4d!. They
can, however, be important for the casegzz;1.3895gbb (b
5x,y). Whengxx

2 .0.996gyy
2 for the casegzz,1.3895gbb ,

the antiferromagnetic configurationsq(nx), n59 – 12,
21–24 with the moments pointing in thex direction will be
favored as these configurations then have lower energies
those of the configurationsh(k,y), k517– 20, 29–32 with
the moments pointing in they direction. If this is not the
case, then forgxx

2 .0.996gyy
2 the antiferromagnetic configu

rationsh(k,y), k517– 20, 29–32 with the moments poin
ing in they direction will be energetically favored. The rela
tive order of the energies of these antiferromagne
configurations may be significantly modified from those d
tated by the dipolar interaction alone if the exchange in
actions are sufficiently large. The exact relative order will
determined by the values of the exchange interactions as
hibited by Eqs.~4a!–~4d!. In addition, if the exchange inter
action is anisotropic, the relative order of the energies wo
also be affected.

IV. PARTICULAR RESULTS

A. Dy247 and Er247 compounds

These compounds are the only ones whose lo
temperature orderings have been determined experimen
by neutron scattering.5,6 If one assumes the sameg values as
those listed in Table VI, and the same values of the excha
interactions for Er31 and Dy31 ions as reported by Bo¨ttger
et al.7–9 ~see Sec. I!, whose contributions are an order
de

,

.

F

,
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magnitude smaller than those of the dipolar interactions, t
the ratiosgzz/gbb (b5x,y) dictate that Dy31 ions would
order antiferromagnetically~layered! with the moments in
the z direction given by Eqs.~5a! and ~5b!, while Er31 ions
would order antiferromagnetically~layered! with the mo-
ments in they direction given by Eq.~5d!.6 This is in agree-
ment with the experimental results on Er247~Ref. 6! and
Dy247, for whichq(19,y) and q(25,z), respectively, have
been reported to correspond to the low-temperature order
The values of the lowest energies and the corresponding
derings of magnetic moments for Dy247 and Er247 co
pounds are listed in Table VII.

B. Other R247 compounds

Using the sameg values as those listed in Table VI, th
values of the lowest energies and corresponding orientat
of the magnetic moments are listed in Table VII, as calc
lated using the LT method which enables calculation of
lowest energy and the corresponding configuration. The
lowing configurations are found to be consistent with t
lowest dipolar energy, based on the ratiosgzz/gbb (b
5x,y): h(k,z), k55 – 8, 25–28 forR5Nd, Dy, Ce, Pr, Gd,
Tb, Ho, and Tm andh(k,x), k59 – 12, 21–24, orh(k,y);
k517– 20, 29–32 forR5Yb, Er, and Sm. These are foun
to be similar to those predicted forR123 ~Refs. 13 and 14!
and R124 ~Ref. 15! compounds on the basis of the L
method.
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8G. Böttger, P. Fischer, A. Do¨nni, Y. Aoki, H. Sato, and P. Be-
rastegui, J. Magn. Magn. Mater.177–181, 517 ~1998!.
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