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Low-temperature ordered states of rare-earth magnetic dipoles irR,Ba,Cu;0;5_5 as effected
by dipole-dipole and exchange interactions: Extension of generalized Luttinger-Tisza method
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The lowest energies and the corresponding low-temperature orderings of the magnetic moments in the high-
T. superconducting compound®,Ba,Cu;0,5 5 (R=rare earth have been calculated by extending the
Luttinger-Tisza technique to include 32 sublattices of the magmSticions, taking into account dipolar and
exchange interactions. The calculated lowest energy configurations for Dy247 and Er247 compounds, the only
ones investigated experimentally as to magnetic orderings, are found to be consistent with those determined by
neutron-scattering experiments.
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I. INTRODUCTION ing data of Er247 with6=0.7 can only be understood by
assuming two different types of magnetic clusters to be
The high-temperature superconducting compoundresent in this compound. They emphasized the importance
(HTSO) Yb,Ba,Cu,0y5_ s (hereafter Yb24y was produced of dipolar and superexchange interactions for the observed
in 1988 by oxidizing metallic precursors in 1-bar, ®y m_agnetic ordering. The neutron-diffraction experiments of
Kogure etal,! consisting of alternating blocks of Bottger et al® revealed that the coupling of Er ions in
YbBa,Cu,O (hereafter Yb12fand YbBaCu,O;_ s (here-  Er247 with 5= 0.1 along thea axis is annferromagnech(
after Yb123 along thec axis. Subsequently, isolated crystals =0). whereas it is ferromagnetic along theaxis (J>0).
of Y247 were found by Bordeet al2 in a melt of Y123, Further, Batger et al.””~ interpreted their specific-heat data

subjected to 100-bar oxygen pressure. Later, preparation @ Er247 by the use of an anisotropic 2D Ising model with
the HTSC Y247 in bulk, as well as five analogous rare-eart he an'SOtrOpWE/.‘]ﬂ being 3, choosing opposite signs for
compoundsR247 (R=rare-earth) withR=Eu, Gd, Dy, Ho, L andJ, of.Er3 ions. The values 08, J, so estimated,
and Er, was reported by Morrist al® using the solid-state irg,1r§$pficr:tll\5/le)27lnal;glisoog;ll<ik 0_35129; ?010[‘)1 (227_ OZA:]SaZH
reaction method, with moderate oxygen pressures ranging 510 analyzed their neutron-diffraction da%/a on Dy247gin
from 11-35 bars. The supgrconducting transition temperat—erms of coupled two-dimension&2D) bilayer magnetic or-
ture T, of Y247 (T.=55K) is much lower than those of o of py jons, wherein the Dy spins within tleb planes
Y123 (Tc=92K) and Y124 T.=81K). Thus a detailed 5rq coupled antiferromagnetically withy=1.25 K. Further,
comparison of the properties of t247 compounds with  they deduced that the 2D order originated from the crystal
theR123 andR124 compounds may help unravel the meCha'structure, as the-axis spacing of the magnetic ions wa8
nism underlying th'e superconductivity of the HTSC com-times thea, b spacing. In addition, every other-b plane
pounds. More details of these comparisons relatingtand  \yas shifted along thb axis byb/2, causing a cancellation of
diamagnetism, x-ray diffraction, phase diagrams, variablemagnetic interactions which completely isolated the bilayers.
oxygen stoichiometry, correlation of structural parametersrhey anticipated occurrence of similar coupled bilayer 2D
with T,, and variation of lattice parameters afid with  pehavior in otherR247 compounds in which the nearest-
rare-garth _sub_stltutlon, were re&orted by Moet&al._ Fur- neighbor spins were coupled antiferromagnetically within
ther investigations by Talloet al.” of superconductivity in  he a-p plane. They found similarity of their results on
R247 compounds as a function of oxygen stoichiometryDy247 to those on Dy123 and Dy124 compounds.

foundT, to decrease monotonically wit) from a maximum Recently, the expected low-temperature ordered states of

of 92 K when =0 to a minimum of 30 K wher5=1.0. In . rare-earth sublattices for the lowest energy states were cal-
addition, the compounds were found to remain orthorhombic

for all values ofé. The lattice parameters for sevef247
compounds as reported by Morms al,® by Zhanget al.®
and by Batger et al® are listed in Table I.

TABLE |. Experimentally determined lattice parametéfg for
variousR247 compounds.

As for experimental investigations, the magnetic proper-
ties of Er247 and Dy247 compounds were studied bitdeo Compound a b ¢ Reference
et al’” by specific-heat measurements. They reported that &d247 3.872 3.879 50.36 3
magnetic phase transition occurred in Er247gt=0.54 K  Dy247 3.864 3.879 50.39 3
for 6~0.1 and atTy=0.50 K for 6~0.7, and concluded, in Dy247 3.864 3.879 50.26 5
conjunction with inelastic neutron-scattering data, that whilegr247 3.847 3.873 50.44 3
the specific-heat data with= 0.08 can be interpreted with an gr247 3.8263 3.8663 50.3683 6

isotropic two-dimensional2D) Ising model, the correspond-
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TABLE Il. Permutation group®, (t=1,2,...,32) of 32 objects. It is easily seen thRt,P;, ]=0 fort#t'.

P,=1 (Identity)

P,=(1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13,14)(15,16)(17,18)(19,20)(21,22)(23,24)(25,26)(27,28)(29,30)(31,32)
P,=(1,3)(2,4)(5,7)(6,8)(9,11)(10,12)(13,15)(14,16)(17,19)(18,20)(21,23)(22,24) (25,27)(26,28)(29,31)(30,32)
P,=(1,4)(2,3)(5,8)(6,7)(9,12)(10,11)(13,16)(14,15)(17,20)(18,19)(21,24)(22,23) (25,28) (26,27)(29,32)(30,31)
Ps=(1,5)(2,6)(3,7)(4,8)(9,13)(10,14)(11,15)(12,16)(17,21)(18,22)(19,23)(20,24)(25,29)(26,30)(27,31)(28,32)
Ps=(1,6)(2,5)(3,8)(4,7)(9,14)(10,13)(11,16)(12,15)(17,22)(18,21)(19,24)(20,23) (25,30) (26,29) (27,32)(28,31)
P,=(1,7)(2,8)(3,5)(4,6)(9,15)(10,16)(11,13)(12,14)(17,23)(18,24)(19,21)(20,22)(25,31)(26,32)(27,29)(28,30)
Ps=(1,8)(2,7)(3,6)(4,5)(9,16)(10,15)(11,14) (12,13)(17,24)(18,23)(19,22)(20,21) (25,32) (26,31)(27,30)(28,29)
Py=(1,9)(2,10)(3,11)(4,12)(5,13)(6,14)(7,15)(8,16)(17,25)(18,26)(19,27)(20,28) (21,29) (22,30)(23,31) (24,32)
P10=(1,10)(2,9)(3,12)(4,11)(5,14)(6,13)(7,16)(8,15)(17,26)(18,25)(19,28)(20,27)(21,30)(22,29)(23,32)(24,31)
P,,=(1,11)(2,12)(3,9)(4,10)(5,15)(6,16)(7,13)(8,14)(17,27)(18,28) (19,25)(20,26)(21,31) (22,32) (23,29) (24,30)
P,=(1,12)(2,11)(3,10)(4,9)(5,16)(6,15)(7,14)(8,13)(17,28)(18,27)(19,26)(20,25)(21,32) (22,31) (23,30) (24,29)
P13=(1,13)(2,14)(3,15)(4,16)(5,9)(6,10)(7,11)(8,12)(17,29)(18,30)(19,31)(20,32)(21,25)(22,26)(23,27)(24,28)
P..=(1,14)(2,13)(3,16)(4,15)(5,10)(6,9)(7,12)(8,11)(17,30)(18,29) (19,32)(20,31)(21,26) (22,25) (23,28)(24,27)
P15=(1,15)(2,16)(3,13)(4,14)(5,11)(6,12)(7,9)(8,10)(17,31)(18,32)(19,29)(20,30)(21,27)(22,28)(23,25)(24,26)
P.e=(1,16)(2,15)(3,14)(4,13)(5,12)(6,11)(7,10)(8,9)(17,32)(18,31) (19,30)(20,29)(21,28) (22,27) (23,26)(24,25)
P7=(1,17)(2,18)(3,19)(4,20)(5,21)(6,22)(7,23)(8,24)(9,25)(10,26) (11,27)(12,28)(13,29) (14,30) (15,31)(16,32)
P1g=(1,18)(2,17)(3,20)(4,19)(5,22)(6,21)(7,24)(8,23)(9,26)(10,25)(11,28)(12,27)(13,30)(14,29)(15,32)(16,31)
P.o=(1,19)(2,20)(3,17)(4,18)(5,23)(6,24)(7,21)(8,22)(9,27)(10,28) (11,25)(12,26)(13,31) (14,32) (15,29)(16,30)
P,o=(1,20)(2,19)(3,18)(4,17)(5,24)(6,23)(7,22)(8,21)(9,28)(10,27) (11,26)(12,25)(13,32) (14,31) (15,30)(16,29)
P,1=(1,21)(2,22)(3,25)(4,24)(5,17)(6,18)(7,19)(8,20)(9,29)(10,30)(11,31)(12,32)(13,25)(14,26)(15,27)(16,28)
P,,=(1,22)(2,21)(3,24)(4,25)(5,18)(6,17)(7,20)(8,19)(9,30)(10,29)(11,32)(12,31)(13,26)(14,25) (15,28)(16,27)
P,3=(1,23)(2,24)(3,21)(4,22)(5,19)(6,20)(7,17)(8,18)(9,31)(10,32)(11,29)(12,30)(13,27)(14,28)(15,25)(16,26)
P,.=(1,24)(2,23)(3,22)(4,21)(5,20)(6,19)(7,18)(8,17)(9,32)(10,31)(11,30)(12,29)(13,28) (14,27) (15,26)(16,25)
P,=(1,25)(2,26)(3,27)(4,28)(5,29)(6,30)(7,31)(8,32)(9,17)(10,18)(11,19)(12,20)(13,21) (14,22) (15,23)(16,24)
P,s=(1,26)(2,25)(3,28)(4,27)(5,30)(6,29)(7,32)(8,31)(9,18)(10,17)(11,20)(12,19)(13,22)(14,21)(15,24)(16,23)
P,7=(1,27)(2,28)(3,25)(4,26)(5,31)(6,32)(7,29)(8,30)(9,19)(10,20)(11,17)(12,18)(13,23)(14,24)(15,21) (16,22)
P,e=(1,28)(2,27)(3,26)(4,25)(5,32)(6,31)(7,30)(8,29)(9,20)(10,19)(11,18)(12,17)(13,24) (14,23) (15,22)(16,21)
P,e=(1,29)(2,30)(3,31)(4,32)(5,25)(6,26)(7,27)(8,28)(9,21)(10,22)(11,23)(12,24)(13,17)(14,18)(15,19)(16,20)
P4o=(1,30)(2,29)(3,32)(4,31)(5,26)(6,25)(7,28)(8,27)(9,22)(10,21) (11,24)(12,23)(13,18)(14,17) (15,20)(16,19)
P3;=(1,31)(2,32)(3,29)(4,30)(5,27)(6,28)(7,25)(8,26)(9,23)(10,24)(11,21)(12,22)(13,19)(14,20)(15,17)(16,18)
P.,=(1,32)(2,31)(3,30)(4,29)(5,28)(6,27)(7,26)(8,25)(9,24)(10,23) (11,22)(12,21)(13,20)(14,19) (15,18)(16,17)

culated on the basis of dipolar and exchange interactionsarth ions inR247 compounds prevalent at low temperatures
amongR®" ions using the Luttinger-Tisz& T) method* as  due to dipole-dipole and exchange interactions amongst the
generalized by Misr& in R123 compounds by Misra and R®* ions. This is accomplished by using the generalized LT
Felsteinel® and by Anders and Volotskit These calcula- method? to take into account 32 sublattices required for the
tions were further extended by Felsteiner and Misi@  presence of fouR®" ions per unit cell. The results required
R124 compounds. The superconducti®i23 and R124  to extend the LT method to calculate the lowest energy states
compounds are both nearly tetragonal with a slight orthoof R247 compounds are described in Sec. Il. The resulting
rhombic distortion, the unit-cell parametbrbeing slightly — energies and lowest-energy configurations ofRié ions in
greater thara for both types of compounds. Although, the the variousR247 compounds are discussed in Sec. llI, while
c/a ratios are different in these two compounds3 in R123  the particular results for Dy247 and Er247 compounds, the
and ~7 in R124, it turns out that the-axis spacing of the only ones investigated experimentally, are described in Sec.
rare-earth ions is-3 times thea-b spacing for both the IV.

R123 andR124 compounds, because while there is only one

R*" jon per unit cell iNR123, there are tw&R>" ions per | pegyITS REQUIRED TO EXTEND THE LUTTINGER-

unit cell in R124. Similarly, forR247 compounds, although TISZA METHOD USING PERMUTATION GROUPS

the c/a ratio ~13, the c-axis spacing turns out to be3 TO 32 SUBLATTICES

times thea-b spacing here also as there exist four ions per

unit cell. Applications of the general LT method using permutation

It is the purpose of this paper to calculate the lowest engroups to calculate the lowest energy configurationR1#3
ergy configurations of the magnetic moments of the rareand R124 compounds involving 8 and 16 sublattices were
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TABLE lIl. The normalized eigenvectorpk); k=1,2,3,...,32 for the operators of permutation groups of 32 objects as listed in Table II.

1 23 456 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
«a a aa BB BBY Y Vv VY ®a a a a b6 65 6 6 vy v v v B B B B 6 6 56 6
a «a a a bbbbyy » v aa aad é§ 6§ 6 9g 9 g g B B B B d d d d
a «aa apBpBbbyy g g a «a a a s édd vy v g g B B b b § 6 d d
a «a a ab bpBpy y 09 g a aa a 6 6 d d g g vy v B B b b d d & 6
a aaapBbpbyg y g a a a a éd s d vy g vy g B b B b 6§ d & d
a aaabpgbpyg y g a «a a a 6 d 6§ d g v g vy B b B b d & d 6
a aaa pBbbpyg gy «a a aa 6 d d s v g g vy B b b g § d d 6
a a aabppBpbyg gy a a a a é6 d d § g vy » g B b b B d & 6 d
In the table above, The, a, B, b, 7, g, 4, d are four-column vectors, whose elements are defined as follows:

1 1 1 1

VB2a=-\B2a=| 1 |; \E3p=—a=| _ |; VEoy=-amg=| ) | VB2o=- JBau=| '
1 1 -1 -1

TABLE IV. Eigenvaluese,; corresponding to the eigenvectaiék) for the operators of permutation grouBg of 32 objects as given by
Eq. (1), and listed in Table II. Here- and— stand for+1 and—1, respectively. In the following table, the rdas counted from left to right
and column(as counted from top to bottonmumbers correspond to the indkyandj, respectively.

+ + + + + + + + + + + + + + + + + + + + + + + + + o+ o+
+ + + + + + + + + + - - - - == = - = == == == -
+ + + + + + + + - - - - - — - — 4+ + 4+ + + + + + - - - - - - - =
+ + + + + + + + - - - - - - - - - - - - - - - — 4+ 4+ + 4+ + 4+ + 4+
+ - -+ - + 4+ - 4+ - - + + + - + -+ -+ + - + - - 4+ - 4+ + -
+ - - + - + 4+ - 4+ - - + + + - - + + - + - - + - + 4+ - 4+ - - +
+ - -+ -+ 4+ - -+ 4+ - 4+ - - + 4+ - - + - + + - - 4+ + - + - - 4+
+ - -+ -+ 4+ - -+ 4+ - 4+ - + - 4+ + -+ - - + + - - + - + 4+ -
+ + - - 4+ + - - 4+ + - - 4+ + -+ + - -+ 4+ - - + + - - 4+ + - -
+ + - - 4+ + - - 4+ + - - 4+ + - - -+ 4+ - - + 4+ - - + + - - 4+ +
+ + - -+ + - - - — 4+ + - - 4+ + 4+ + - -+ + - - - - + 4+ - - + 4+
+ + - - + + - - - - 4+ + - + + - - 4+ + - - + + + 4+ - - + 4+ - -
+ + + + - - - - 4+ + 4+ + - - -+ + 4+ + - - - - + 4+ + 4+ - - = -
+ + + + - - - - 4+ + 4+ + - - - - - - - — 4+ + + 4+ - - - - + 4+ + +
+ + + + - - - - - — - — 4+ + 4+ + + + + + - - - - - - - — + 4+ + +
+ + + + - - - - - - - - 4+ + 4+ + - - -+ + + 4+ + + + + - - = -
+ - 4+ - 4+ -+ -+ -+ -+ -+ -+ -+ -+ -+ -+ -+ -+ -+ -
+ -+ -+ -+ -+ -+ -+ -+ - -+ -+ -+ - 4+ - 4+ - 4+ - 4+ - 4+
+ -+ -+ - 4+ - -+ -+ - + - + 4+ - 4+ - + - + - - 4+ - 4+ - 4+ - 4+
+ -+ -+ -+ - -+ -+ - + - + - + - + - + - 4+ + - + - + - + -
+ + - - - — 4+ + 4+ + - - - — 4+ + 4+ + - - - - + 4+ + 4+ - - - - + 4+
+ + - - - — 4+ + 4+ + - - - — 4+ + - — 4+ + + + - - - - + 4+ + 4+ - -
+ + - - - — 4+ + - — 4+ + 4+ + - - + + - - - - + 4+ - - + 4+ + 4+ - -
+ + - - - - 4+ + - - 4+ + + + - - + + + + - - + + - - - - + 4+
+ - -+ 4+ - - + 4+ - - + 4+ - + + - - 4+ + - - + + - - + 4+ - - +
+ - -+ 4+ - -+ 4+ - - + 4+ - + - 4+ + - - + + - - + + - - + 4+ -
+ - -+ 4+ - - + - + + - + + -+ - - + + - - + - + 4+ - - + + -
+ - -+ 4+ - -+ -+ 4+ - - + 4+ - - + + - — + + - + - - 4+ + - - 4+
+ -+ - - + - + 4+ - + - + -+ + -+ - -+ - + 4+ - 4+ - - + - +
+ -+ - -+ -+ 4+ - 4+ - -+ - + - + - + + - + - - 4+ - 4+ + - + -
+ -+ - - + - + - + - + + + -+ -+ - - + - + - 4+ - 4+ + - + -
+ -+ - - + - + - -+ + + - - + -+ + - + - + - + - - 4+ - 4+
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TABLE V. Lattice sums over a sphere of radius 380 A for the described in Refs. 13 and 15, respectively, for the case of the
lattice of G&* ions in Gd247. The variablesx, y, zare the dis-  presence of one and twR* " ions in the unit cell. FOR247
placements and their components from an origin situated at a givespompounds, there are present f®RF" ions in the unit cell,
ion in sublattice 1 to each ion in one of the various sublattises, involving 32 sublattices, which is also amenable to the LT
e.g., numberings and orientations of they, zaxes in Fig. 1L The  method using permutation groups as discussed by HMigra
unit of length is 2 A. All the required lattice sums can be calculatedhis generalization of the original LT methddo the presence
from the sums given heréThe z axis is parallel to the axis, and  of more than one ion per unit cell. The four ions R247
the x, y axes are coincident with tha, b vectors of the unit cell, compounds are situated at the positiofts0,0, (0,0,‘-11),
respectively. It is noted thak(xy/r®)=2(yz/r®)=2(zxr®)=0.  (043) and(0.3,2) in the unit cell, and will hereafter be con-
The values of the unit-cell parameters used are3.872A, b sjdered to generate sublattices 1, 2, 3, 4, respectively. Spe-
=3.879 A, c=50.360 A (Ref. 3. cifically, for application of the generalized LT method to
22 ) R247 compounds, the e_ntire lattice is subdivided int_o 32 SL_Jb-
Sublattice summed D 5r D x—y? lattices, all the magnetic moments at any sublattice being

r oriented in the same direction. These sublattices are gener-
ated from the positions of the foR®* ions in the unit cell,

; :8';33 égg g'ggg ;gé by the application of the translat'i(')n vectdrs= 2'I a+'2mb
3 _0'389 521 -0 é55 805 +2nc, wherel, m, n are zero, positive, or negative integers,

' ' and a, b, ¢ are unit-cell vectors. Accordingly, within the
4 —0.272673  —0.000298 framework of the LT method, the possible ordered configu-
56 0.011051 0.000000  4tinns of the magnetic moments of tR&" ions correspond-
7 0.011050 0.000 000 ing to the lowest energy can only be either ferromagnetic,
8 0.011 152 0.000000  gntiferromagnetic, or layered antiferromagnetic, which are
9 0.011190 0.000001  described as follows. The ferromagnetic configurations are
10 0.011087 0.000033  those in which all the rare-earth magnetic moments point in
11 0.011085 —0.000034  the same direction, while the antiferromagnetic configura-
12 0.010990 0.000000 tions are those in which all the adjacent magnetic moments
13, 15 0.011 066 0.000000 to a rare-earth moment point in opposite directions. In
14, 16 0.011 065 0.000000 layered-antiferromagnetic configurations, the adjacent mo-
17, 18, 19, 20, 21, 22, 23, 24 0.000 000 0.000000 ments in one plane to a rare-earth moment point in the op-
25, 26, 27, 28 0.011 065 0.000000 posite direction, while in the two perpendicular planes to this
29, 31 0.011138 0.000017 plane they point in the same direction, explicitly, 1ei23,
30, 32 0.011038 0.000017 R124, orR247 compounds they point in the opposite direc-

tion in theab plane in which the nearest-neighbor distances
are the shortest, and in the parallel direction inde@ndbc
planes.

TABLE VI. Measured or calculate&®" g values forR123 andR124 compounds as taken from those listed in Ref. 15. The subscripts
a, b, cdenote they values along the, b, andc axes, respectively. K and NK stand for Kramers and non-Kramers ions, respectively. EX, TH
(Ref. 16, and TH-INS indicate experimentally measured, theoretically calculated values in Ref. 16, and those calculated using neutron
inelastic-scattering data as mentioned in Ref. 16, respectively. The measured values arRI@3thempounds, while the calculated values
are both forR123 (outside brackejsandR124 (within brackets. It is noted that for non-Kramers ions tigevalues of the lowest two levels
are temperature dependéRtef. 16. The values indicated here are those calculated atf®iKmore details, see Ref. 16, represents the
smaller of theg, andg, values.

R lon type Oa db Je 9c/9s Remarks
Nd K 1.108 0.778 2.863 3.68 TH-INS

0 0 3.636 © TH-INS
Yb K 3.5 3.7 3.1 0.89 EXEPR
Er K 7.1 8.4 4.1 0.58 EXEPR
Dy K 2771 1.408 13.914 9.88 TH-INS

0.09 0.062 11.532 186 TH-INS
Ce K 1.23(1.29 1.21(1.2) 3.50(3.49 2.89(2.89 TH (Ref. 16

1.05(1.3) 1.43(1.32 3.36(2.3H 3.11(1.79 TH (Ref. 16
Sm K 0.89(0.8)) 0.81(0.90 0.29(0.29 0.34(0.46 TH (Ref. 16
Pr NK 0 0 4.17(4.36 o TH (Ref. 16
Tb NK 0 0 17.98(17.99 o TH (Ref. 16
Ho NK 0 0 10.86(11.16 o TH (Ref. 16
Tm NK 0 0 0.022(0.87 o TH (Ref. 16
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FIG. 1. The orientations of the magnetic mo-
ments of the rare-earth ions corresponding to the
lowest energy, when they are oriented in the
direction, as given by Eq95a and (5b). The
letters below each configuration correspond to the
eigenvectors listed in Table Il as follows: (a)
=q(25); (b)=a(5); (c)=a(27); (d)=a(7);
(e)=a(28); ()=a(8); (9)=a(26); (h)=q(6).
The numberings of the various ions correspond to
the same as those used in Table V for calculating
lattice sums.
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FIG. 2. The orientations of the magnetic mo-
ments of the rare-earth ions corresponding to the
lowest energy, when they are oriented in the
direction, as given by Eq5¢). The letters below
(@ each configuration correspond to the eigenvectors
listed in Table Il as follows: (&rq(9); (b)
=0q(21); (c)=q(11); (d)=a(23); (e)=0q(12);

(N =a(24); (9)=q(10); (h)=q(22). The num-
berings of the various ions correspond to the
same as those used in Table V for calculating
lattice sums, and as indicated in Fig. 1.
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FIG. 3. The orientations of the magnetic mo-
ments of the rare-earth ions corresponding to the
lowest energy, when they are oriented in the
direction, as given by Eq5d). The letters below
d) each configuration correspond to the eigenvectors
listed in Table Ill as follows: (arq(17); (b)
=0q(29); (c)=a(19); (d)=a(31); (e)}=a(20);

(A =0a(32); (9)=q(18); (h)=q(30). The num-
berings of the various ions correspond to the
same as those used in Table V for calculating
lattice sums, and as indicated in Fig. 1.
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Results required for 32 sublattices where the first and second terms inside the curly brackets
The permutation groups of 32 objecB; k=1,2,...,32 represent dipolar and exchange interactions, respectigely;
as derived here are listed in Table II, while the correspondin@d 9y » 9»» (1, v=X,y,2) are the effective spin and the
eigenvectorsg(k); k=1,2,...,32, are listed in Table Ill. The diagonal elements of thg matrix of the rare-earth ion, re-
eigenvaluesg,;, of P, with respect to the eigenvectq(j) ~ SPectively;ug is the Bohr magnetor;; is the vector that

are listed in Table IV. The ordered configurations are exjoins the ionic positions andj, with the superscripi rep-
pressed as resenting itsuth componentyp;; is the isotropic exchange
interaction between the ionsandj; A;;==*1 if thei, j are
n(k,a)=q(k)o(k,a); k=1,2,...,.32; a=X,y,z, (1) the nearest or next-nearest ierBotherwise, thus neglecting
the exchange interactions between ions which are neither
wheregp(k, @) are the eigenvectors of the mattix, defined  nearest nor next-nearest neighbors. The required lattice sums
as for dipolar interactions were evaluated with the origin being
situated at the site of a rare-earth ion with respect to the
32 various ions located on the 32 sublattices for Gd247 over a
L{j”=z Af'epgi s 1,1=12,.,32,u,v=Xy,2, (2) sphere of radius 380 A, listed in Table V. Since the lattice
=1 sums are performed over a sphere it is necessary to correct
where thesp(_i, ) for_ permutation groups of 32 Vo_bjects are the L‘gn:esﬂirgatﬁge;'ﬁgg I)?gt:rrs fic;]r rg;;?ﬂ]ﬁ%ngggd(ggiggura
same asy; listed in Table I. The elemeni&j” in EQ. (2),  gerg to minimize its energy, which is lower than that for a
mclude the dipolar gnq exchangg interactions bgtvyeer;yan I0fhherical sample. This correctidris expressed a€y(a)
situated on sublattice and all ions on sublatticg:Af] = (Am3)[S(S+1)/3Ing0l,; with no=(&)abe, for the

={Zeqpdfe’} for i 2] and AfT={Z () ¢»Jf} for i=]. magnetic moments being ordered in the =x,y,z) direc-
(Here the notatiodj} means inclusion of all ions on sublat- . h ber of di I’ ’
tice j in the summation. Explicitly tion. (Hereng represents the number of dipole moments per
' unit volume per sublattice, there being 32 sublattices for
5 v R247; theg matrix is diagonal in the coordinate system used
w_ SSHD 9.9 i O 3T ] Y here) The required experimental values of these have not
1 2 MB[Suudw ri‘r} N been reported as yet. However, one can be guided by the
(3 values calculated for thR123 andR124 compounds, which
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TABLE VII. Lowest lying energies and the corresponding eigenvectys,a) showing the orientations of the magnetic moments. Here
theq(k, @), a(=X,y,z) are those depicted in Figs. 1-3. Theandg, values used for calculation are taken from Table VI, and represent
the averages af,, gy, values forg, , and one of they, values forg, if more than one set of values are listed for an ion. K and NK stand
for Kramers and non-Kramers ions, respectively. If the two lowest lying energies are extremely close to each other, then both are listed.

Orientation of moments|(k, «)

R lon type 9. o Lowest LT energy(K) for lowest LT energyfigure)

Nd K 0.95 2.9 —0.0893 q(n,z); n=5-8, 25—28Fig. 1)

Yb K 3.6 3.1 —0.2658 q(n,x); n=9-12, 21-24Fig. 2
—0.2647 q(n,y); n=17-20, 29-32Fig. 3

Er K 7.8 4.1 —1.2478 q(n,x); n=9-12, 21-24Fig. 2
—1.2428 q(n,y); n=17-20, 29-33Fig. 3

Dy K 2.1 13.9 —2.0522 q(n,z); n=5-8, 25-28(Fig. 1)

Ce K 1.2 3.5 —0.1301 q(n,z); n=5-8, 25-28Fig. 1)

Sm K 0.84 0.29 —0.0145 q(n,x); n=9-12, 21-24Fig. 2
—0.0144 q(n,y); n=17-20, 29-32Fig. 3

Pr NK 0.0 4.14 —0.1785 g(n,z); n=5-8 (Fig. 1)
—0.1786 q(n,z); n=25-28(Fig. 1

Tb NK 0.0 17.98 —3.4414 q(n,z); n=5-8, 25—28Fig. 1)

Ho NK 0.0 10.86 —1.2852 q(n,z); n=5-8, 25-28Fig. 1)

m NK 0.0 0.022/0.67 —5.27x10 5/—4.89x10°3 q(n,z); n=5-8, 25—-28Fig. 1)

have the same structure as those of R&17 compounds. E(k,2)(k=7,8,27,28

These calculated values and some measured ones, as given

in Ref. 16, are listed in Table VI. =—0.0106218%,~ 20, — 20+ 4v (5b)

Finally, the energies of the ordered configurations,
E(k,«), and the corresponding eigenvectors describing the  E(k,x)(k=9,10,11,12,21,22,23,24
ordering of rare-earth moments are obtained by solving the

eigenvalue equation =—0.02050982,+ 20, — 20y — 4v (50
Lok, a)=E(k,a)o(k, ). (4) E(k,y)(k=17,18,19,20,29,30,31,32
It is noted from Eq.(2), and the fact that the lattice sums = —0,020427g§y— 20, + 20— 4v . (5d)

required inAfj" are zero foru# v, as seen from Table V, that

the eigenvectorg(k,a) are such that the magnetic moments In Egs.(58—(5d), thev s, v, v, terms represent the con-

on anyone of the 32 sublattices are all oriented along th&ibutions of the exchange interaction, assumed to be isotro-
a (=x,y,z) directions corresponding to the eigenvectorspic, with the nearest, next-nearest, and next-next-nearest
7(k), as given by Eq(1), and listed in Table Ill, with the neighbors, respectively, while the termsggy, gyy, 9,, rep-
elementst1 and—1 indicating the direction to be parallel to resent the contribution of the dipolar interaction. To an ion

a and —« directions, respectively. on sublattice 1, the two nearest neighbors are situated on
sublattice 2, the two next-nearest neighbors on sublattice 3,
lIl. CALCULATED LOWEST ENERGY CONFIGURATIONS and the four next-next-nearest neighbors on sublattice 4 at
FOR R247 COMPOUNDS distances 3.872, 3.879, and 5.481 A, respectively. It is further

noted that for all configurationg, given in each of Egs.
General results (5a—(5d), the lowest energy possesses the same dipolar and

In general, as for the lowest lying dipolar energiesgen- exc_:hange energies. The_se configurqtions .of _Iowest energy,
values calculated for the variou247 compounds using the which are all layered antiferromagnetic, as indicated by Egs.
LT method, the following is noted. The two lowest lying (58—(5d), are shown in Figs. 1, 2, and 3, respectively,
energies(in units of K) for the orientations of the magnetic Wherein the rare-earth moments point in thex, andy di-
moments parallel and perpendicular to thexis, and the T'ections, respectively. S
corresponding configurations(k,e); a=x,y,z, k=1-32, An analysis of the energies given by Eq8a—(5d) re-
of the variousR247 compounds, as calculated using the genYeals the following. For the same valuesgf andg,,, the
eralized LT method for 32 sublattices, taking into account®West dipolar energy corresponding to the eigftonfigu-

both the dipolar and exchange interactions, are rations,_as given _by Ecq_5d), is very slightly higher than that
of the eightx configurations, as given by E¢cc), due to the
E(k,z)(k=5,6,25,26 slight orthorhombic distortion from the tetragonal symmetry
of the R247 lattice. Finally, the ordering with the lowest
=—0.01062163,~ 20— 20+ 40y (53 energy will correspond tay(kz), k=5-8, 25-28 ifg,,
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>1.3895g45, While it will be q(kx), k=9-12, 21-24, or magnitude smaller than those of the dipolar interactions, then
a(ky), k=17-20, 29-32 ifg,,<1.38959,5, Whereggs  the ratiosg,,/gszs (B=x,y) dictate that Dy" ions would
represents the smaller @, andg,,, ignoring the small order antiferromagneticallylayered with the moments in
difference between thg/y orderings as given by Eq$4c) the z direction given by Eqgs(5a and (5b), while EF™ ions
and(4d). The exchange interactions have the same contribuwould order antiferromagneticallylayered with the mo-

tion for each of the energy given by Eqda—(4d). They  ments in they direction given by Eq(5d).® This is in agree-
can, however, be important for the capg~1.389%),, (8  ment with the experimental results on Er2¢Ref. 6 and
=X,Y). When g§X>O.99fi_]§y for the caseg,,<1.389%),4, Dy247, for whichq(19y) and q(25z), respectively, have
the antiferromagnetic configurationg|(nx), n=9-12, been reported to correspond to the low-temperature ordering.
21-24 with the moments pointing in thedirection will be ~ The values of the lowest energies and the corresponding or-
favored as these configurations then have lower energies thalerings of magnetic moments for Dy247 and Er247 com-
those of the configurationg(k,y), k=17-20, 29-32 with pounds are listed in Table VII.

the moments pointing in thg direction. If this is not the

case, then f0g§x> 0.99@§y the antif_erromagnetic configu- B. Other R247 compounds

rations n(k,y), k=17-20, 29-32 with the moments point- i _ i

ing in they direction will be energetically favored. The rela-  USing the samg values as those listed in Table VI, the
tive order of the energies of these antiferromagneticvames of the I(_)west energies aljd cor.respondmg orientations
configurations may be significantly modified from those dic-Of the magnetic moments are listed in Table VlI, as calcu-
tated by the dipolar interaction alone if the exchange interlted using the LT method which enables calculation of the
actions are sufficiently large. The exact relative order will belowest energy and the corresponding configuration. The fol-
determined by the values of the exchange interactions as e}eWing configurations are found to be consistent with the
hibited by Eqs(4a—(4d). In addition, if the exchange inter- lowest dipolar energy, based on the ratigs,/gzs (8
action is anisotropic, the relative order of the energies would™X:Y): 7(k,2), k=5-8, 25-28 foR=Nd, Dy, Ce, Pr, Gd,

also be affected. Tb, HO, and Tm an(h(k,x), k:9—12, 21—24, Om(k,y),
k=17-20, 29-32 foR=Yb, Er, and Sm. These are found
IV. PARTICULAR RESULTS to be similar to those predicted f&t123 (Refs. _13 and 14
and R124 (Ref. 15 compounds on the basis of the LT
A. Dy247 and Er247 compounds method.

These compounds are the only ones whose low-
temperature order]ngs have been determined experimentally ACKNOWLEDGMENT
by neutron scattering® If one assumes the sargevalues as
those listed in Table VI, and the same values of the exchange S.K.M. acknowledges partial financial support from the
interactions for E¥* and Dy’ ions as reported by Btwer  Natural Sciences and Engineering Research Council of
et al’™ (see Sec.)| whose contributions are an order of Canada.
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