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Relationship between the isotope effects on transition temperature, specific heat,
and penetration depths

T. Schneider
Physik-Institut der Universita¨t Zürich, Winterthurerstrasse 190, CH-8057 Zu¨rich, Switzerland

~Received 31 October 2002; published 8 April 2003!

We show that in anisotropic superconductors, falling at finite temperature into the three-dimensionalXY
~3D-XY) and at zero temperature into the two-dimensionalXY quantum superconductor to insulator transition
~2D-XY-QSI! universality class, the isotope effects on transition temperature, specific heat, and magnetic
penetration depths are not independent, but related by universal relations. The corresponding experimental data
for cuprate superconductors reveals suggestive consistency with these relations. They imply a dominant role of
fluctuations so that pair formation and pair condensation do not occur simultaneously. For this reason and due
to the occurrence of the 2D-XY-QSI transition the isotope effects do not provide information on the underlying
pairing mechanism but must be attributed to a shift of the phase diagram upon isotope substitution. The
2D-QSI transition is driven by the exchange of pairs, which favors superconductivity and the combined effects
of disorder and Coulomb repulsion of the pairs, which favor localization. Since isotope substitution will hardly
affect disorder and Coulomb repulsion, the shift of the phase diagram must be attributed to the electron-phonon
interaction, which renormalizes the mass of the fermions and with that the mass and the exchange of the pairs.

DOI: 10.1103/PhysRevB.67.134514 PACS number~s!: 74.20.Mn, 74.25.Dw
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I. INTRODUCTION

Isotope effect measurements were of crucial importa
in establishing the phonon-induced BCS model
superconductivity1. In the weak-coupling BCS model th
isotope effect derives from the superconducting transit
temperatureTc being proportional to the Debye temperatu
Since the Debye temperature is proportional toM1/2, where
M is the atomic mass, the isotope-effect coefficient for
transition temperature isbTc

52d ln Tc /d ln M50.5. The
later inclusion of Coulomb repulsion in the pairing intera
tion resulted in predicted values of less than 0.5 and ena
a reasonably good fit to the data.2 The situation is more com
plex in cuprate superconductors, wherebTc

is small near

optimal doping and maximumTc and large close to the quan
tum superconductor to insulator~QSI! transition whereTc
vanishes.3–5 Moreover, recently it has been shown that t
effect of isotope substitution is not restricted toTc , but af-
fects the in-plane penetration depth as well.5–9

The main purpose of this paper is to demonstrate that
unconventional behavior of the isotope coefficients ofTc ,
in-plane penetration depth, etc., is caused by the domin
role of disorder, thermal and quantum fluctuations and
related to the pairing mechanism. This differs fundamenta
from conventional superconductors, where fluctuations
not play an essential role so that the formation of pairs
their condensation occur essentially simultaneously
where the isotope effect allowed us to identify the electr
phonon interaction as the dominant pairing interaction. O
starting point is the phase transition surfaceTc(x,y,M )
wherex is related to the hole concentration,y denotes the
substituent concentration, e.g., for Cu, or the strength of
order andM is the isotope mass. Cuprates where these
rameters can be varied include La22xSrxCu12yAyO4 (A
5Ni, Zn, . . . ) and Y12xPrxBa2Cu3O72d , using for Cu pure
63Cu or 65Cu, or for O pure16O or 18O. In Fig. 1 we dis-
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played the phase-transition surfaceTc(x,y) for
La22xSrxCu12yZnyO4. Tc vanishes fory50 in the so-called
underdoped limitx5xu , increases forx.xu and reaches its
maximum value at optimum dopingx5xm . For any doping
level where superconductivity occursxu<x<xm the transi-
tion temperature is reduced upon Zn substitution and v
ishes along the lineyc(x) of quantum phase transitions. Th
doping dependence of the anisotropy and the tempera
dependence of the resistivity indicate that along this l
two-dimensional quantum superconductor to insulator~2D-
QSI! transitions occur forx'0.19, while forx'0.19 three-
dimensional quantum superconductor to normal state~3D-
QSN! transitions take place.10–13Here we concentrate on th
underdoped regime,xu<x<xm . Since the anisotropy, de
fined as the ratiog5jab /jc of the correlation lengths paral
lel (jab) and perpendicular (jc) to CuO2 layers (ab planes!
and evaluated atTc , tends to diverge by approaching th
endline yc(x), a three- to two-dimensional~3D-2D! cross-
over occurs.13–15Moreover, the order parameter is a compl
scalar, corresponding to a two component vector (XY). Ac-
cordingly, for xu<x'0.19, yc(x) is a line of 2D-XY-QSI
transitions. On the other hand, there is mounting evide
that at finite temperature the critical properties associa
with the phase-transition surfaceTc(x,y,M ) appear to fall
into the 3D-XY universality class.13–15 Supposing that the
2D-XY-QSI and 3D-XY universality classes hold true, thi
leads naturally to universal critical amplitude combination
involving the transition temperature and the critical amp
tudes of specific heat and penetration depths, which also
ply to the isotope effects. They yield universal relations b
tween the isotope coefficients for the transition temperatu
the penetration depths, and the specific heat.

In Sec. II we sketch the universal relations for anisotro
superconductors falling at finite temperature into the 3D-XY
and at zero temperature into the 2D-QSI universality cla
Since fluctuations are supposed to dominate, pair forma
©2003 The American Physical Society14-1
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and pair condensation do not occur simultaneously. For
reason, the universal relations between transition tempera
and the critical amplitudes of specific heat, correlati
lengths, and penetration depths do not depend on the un
lying pairing mechanism, but reveal how the isotope effe
on these quantities are correlated. To explore the natur
the isotope effects we concentrate on the regime where
materials flow to 2D-QSI criticality, driven by variation o
dopant concentrationx andy, e.g., the concentration of sub
stituents for Cu or the strength of disorder. In this regime,
essential effect of isotope substitution is a slight depress
of the phase-transition surfaceTc(x,y) which unalterably
implies a shift of the quantum phase-transition lineyc(x) and
of the underdoped limitxu .5,15 Using this facts and the sca
ing theory of quantum critical phenomena it is shown th
the flow to 2D-QSI criticality is characterized by an anom
lous increase of the isotope coefficient for the transition te
peraturebTc

, zero-temperature in-plane penetration de

b1/l
ab
2 (0) and condensation energybE , given by bTc

}b1/l
ab
2 (0)}bE}Tcm /Tc , irrespective along which axis th

2D-QSI critical point is approached.Tcm denotes the maxi-
mum transition temperature within a family of cuprates.

A comparison with experiment is presented in Sec.
Although the data on the isotope effect on transition te
perature and the critical amplitudes of the penetration de
are rather sparse, they reveal suggestive consistency with
scenario. We hope that the present paper will serve a
stimulus for future systematic measurements. On the c
trary, the experimental data on theTc dependence ofbTc

allows a rather quantitative comparison with our predictio
Irrespective of the path along which the 2D-QSI critic
point is approached, our prediction,bTc

}Tcm /Tc is well
confirmed, including the spin-tripletp-wave superconducto
Sr2RuO4. Here, reducedTc’s were achieved by using crys
tals containing impurities and defects.16 Intriguingly enough

FIG. 1. Tc(x,y) phase diagram of La22xSrxCu12yZnyO4 derived
from the resistivity data of Momonoet al. ~Ref. 10! and Fukuzumi
et al. ~Ref. 11!. yc(x) is a line of quantum phase transitions. Th
arrows mark two-dimensional quantum superconductor to insul
~2D-QSI, x;0.19), three-dimensional quantum superconducto
normal state transition~3D-QSN,x;0.19), and insulator to norma
state~IM ! crossover, respectively.
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the factor of proportionality appears to adopt a nearly uniq
value, indicating thatbTc

'0.17 Tcm /Tc holds, independen
of the material and the direction of the flow to 2D-QSI cri
cality. A potential candidate for the description of the 2D
QSI transition are 2D disordered bosons with long-ran
Coulomb interactions.5,14,15,17–19Here the transition is driven
by the competition between exchange of pairs, which fav
superfluidity, and the combined effects of disorder and
Coulomb interaction, which favor localization.

II. UNIVERSAL RELATIONS

The universality class to which the cuprates at finite te
perature belong is not only characterized by its critical ex
nents but also by various critical-point amplitude combin
tions which are equally important. Though these amplitud
depend onx,y, andM, their universal combinations do no
An important example is the universal relation14,15,20

~kBTc!
35S F0

2

16p3D 3
jx0

tr jy0
tr jz0

tr

lx0
2 ly0

2 lz0
2

, ~1!

wherej i0
tr andl i0 are the critical amplitude of the transvers

correlation lengths and the penetration depths, respectiv
These length scales diverge as

j i
tr5j i0

tr utu2n, l i5l i0utu2n/2. ~2!

Close to criticality the specific-heat singularity is charact
ized by

C

VkB
52

T

kB

]2f s

]t2
'

A6

a
utu2a, ~3!

and the combination of the critical amplitudeA2 and the
transverse correlation volume,

~R6!35A2jx0
tr jy0

tr jz0
tr 52Q3

6a~12a!~22a!, ~4!

turns out to be universal as well.14,15,20 R6 are universal
numbers. Combining then the universal relations~1! and~4!
we obtain a relation between measurable properties wh
holds at any finite temperature irrespective of the doping
substitution level:

Tc
35S F0

2

16p3kB
D 3

~R2!3

A2lx,0
2 ly,0

2 lz,0
2

. ~5!

Considering variations in the dopant, substituent concen
tion, etc., denoted byy it then follows that the changes inTc ,
A2, and 1/l i ,0

2 are not independent but related by

1

Tc

dTc

dy
52

1

3A2

dA2

dy
1

1

3 (
i 51

3

l i ,0
2

d~1/l i ,0
2 !

dy
. ~6!

In tetragonal cuprates, wherelab05la05lb0, it reduces to

or
o

4-2
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1

Tc

dTc

dy
52

1

3A2

dA2

dy
1

2

3
lab,0

2
d~1/lab,0

2 !

dy

1
1

3
lc,0

2
d~1/lc,0

2 !

dy
. ~7!

In the underdoped regime, tuned by variation of the d
ant, substitution, or impurity concentration, the cuprates
dergo a 2D-QSI transition. Here the universal relation14,15

Tc5
F0

2R̄2ds

16p3kB

1

lab
2 ~0!

~8!

between transition temperature and zero-temperature
plane penetration depth holds.ds denotes the thickness of th
superconducting sheets andR̄2 is a universal dimensionles
constant. Considering variations in the dopant, substitu
concentration, etc., denoted byy, it then follows that the
changes inTc , ds , and 1/lab

2 (0) are not independent bu
related by

1

Tc

dTc

dy
5

1

ds

dds

dy
1lab

2 ~0!
d

dy S 1

lab
2 ~0!

D . ~9!

Thus the approach to 2D-QSI criticality is associated wit
flow to

1

Tc

dTc

dy
→ 1

ds

dds

dy
1lab0

2 d

dy S 1

lab0
2 D

→ 1

ds

dds

dy
1lab

2 ~0!
d

dy S 1

lab
2 ~0!

D , ~10!

As the isotope substitution is concerned it is useful
rewrite Eq.~7! in the form

b
Tc

5
2

3
b1/l

ab,0
2 1

1

3
b1/l

c,0
2 2

1

3
bA2, ~11!

wherebB is the isotope coefficient defined by

bB52
M

B

dB

dM
. ~12!

B5(Tc , lab,0
2 , lc,0

2 , A2) and dM516M218M . It reveals
that a change of the transition temperature upon isotope
stitution is unalterably linked to a change in the specific h
and the penetration depths. Note that a vanishing isot
effect onTc merely implies that the contributions of specifi
heat and penetration depths cancel. In this context it is
portant to recognize that the universal relations, includ
Eqs.~5!, ~6!, and~11! also apply in the presence of disorde
Indeed, since the critical exponenta of the specific heat is
negative in the 3D-XY universality class, Harris criterion
implies that disorder is irrelevant at finite temperature.21 On
the other hand, close to 2D-QSI criticality the isotope co
ficients of Tc and zero-temperature in-plane penetrat
depth are according to Eq.~9! related by
13451
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bTc
5bds

1b1/l
ab
2 (0) . ~13!

In analogy to Eq.~10!, the approach to 2D-QSI criticality is
then associated with the flow

b
Tc

5
2

3
b1/l

ab,0
2 1

1

3
b1/l

c,0
2 2

1

3
bA2→bds

1b1/l
ab
2 (0) .

~14!

The 2D-QSI transition is also characterized by the scal
relations14,15

Tc5addzn̄, j̄ab5 j̄ab,dd2 n̄. ~15!

j̄ab is the in-plane correlation length extrapolated to ze
temperature andd measures the distance from the critic
point with dynamic critical exponentz and correlation length
exponentn̄. In cuprates there is consistent evidence fo
2D-QSI transition withz51 andn̄'1.14,15 These estimates
coincide with the theoretical prediction for a 2D disorder
Bosonic system with long-range Coulomb interactions.17–19

This strongly suggests that in cuprate superconductors
loss of phase coherence, due to the localization of Coo
pairs, is responsible for the 2D-QSI transition.

To explore the scaling behavior of the isotope coefficie
for the transition temperaturebTc

along the hole concentra
tion axisx we can use the empirical relation

Tc~x!5
2Tcm

xm
2 ~x2xu!~xo2x!, xm5

xu1xo

2
, ~16!

due to Preslandet al.22 It describes the phase-transition lin
of cuprate superconductors in the temperature-dopant
centration~x! plane very well.23 The hole concentrationp can
be varied effectively by changing the oxygen content a
substitution in noncopper sites.Tc adopts its maximum value
Tcm at optimum dopingx5xm . xu denotes the underdope
andxo the overdoped limit. Note that this empirical relatio
is fully consistent with a 2D-QSI transition withzn̄51 and
d5(x2xu)/xu , becauseTc(x)5@4Tcm /(xo2xu)#(x2xu)
'Tcm(x2xu). The main effect of isotope substitution is th
shift of xu to a slightly larger value and ofTcm to a slightly
lower value. Concentrating on the behavior close to 2D-Q
criticality, we obtain with Eq.~12! the expression

bTc
5

4xuTcm

~xo2xu!Tc
bxu

'
Tcm

Tc
bxu

, bxu
5

M

xu

dxu

dM
. ~17!

Thus the flow to 2D-QSI criticality along the hole conce
tration axis is characterized by the depression ofTc , giving
rise to a divergent isotope coefficientbTc

. The amplitude of

the divergence is controlled bybpu
, the isotope coefficient

associated with the shift of the underdoped limit upon is
tope substitution. Approaching the 2D-QSI critical poi
along the disorder or substitution~e.g., substitution for Cu!
axis, denoted byy, Tc vanishes as14,15

Tc5Tcm~12y/yc!
zn̄. ~18!
4-3
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TABLE I. Estimates forDTc /Tc andlab0
2 D(1/lab0

2 ) derived from the magnetic torque measurements
Hofer et al.8 on La22xSrxCuO4 and themSR measurements of Khasanovet al.9 on Y12xPrxBa2Cu3O72d .

x Tc (16O) ~K! DTc /Tc lab0
2 D(1/lab0

2 )

La22xSrxCuO4 0.15 37.2 -0.008 -0.033
0.086 22.19 -0.051 -0.062
0.08 19.1 -0.073 -0.086

Y12xPrxBa2Cu3O72d 0 91.4 -0.0044 -0.025
0.3 57.2 -0.049 -0.072
0.4 42.6 -0.059 -0.079
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Upon isotope substitutionyc shifts to a slightly smaller
value, becauseTc is lowered~see Fig. 1!. Concentrating then
on the divergent part ofbTc

so that the effect onTcmcan be

neglected we obtain with Eq.~12! and forzn̄51 the expres-
sion

bTc
5

Tcm

Tc
byc

, byc
52

M

yc

dyc

dM
. ~19!

On the other hand, approaching the 2D-QSI critical po
along the residual resistivity axis, there is the scal
relation14,15

Tc5Tcm~12rab /rab
c !zn̄, ~20!

whererab and rab
c denote the residual and critical residu

in-plane resistivity, respectively. In the 2D limit the releva
measure of resistivity is the sheet resistancerh5dsrab ,
adopting at criticality a fixed value,rh'h/(4e2).14,15,17,18

Consideringzn̄51 and approaching 2D-QSI criticality alon
the in-plane resistivity axis, the isotope coefficientbTc

adopts then with Eq.~12! the form

bTc
5

Tcm

Tc

M

rab
c

drab
c

dM
5

Tcm

Tc
bds

, bds
52

M

ds

dds

dM
.

~21!

bds
denotes the isotope coefficient ofds , the thickness of the

2D slab. Sinceds remains finite upon isotope substitutio
this also applies tobds

. Thus close to 2D-QSI criticality we
obtain with Eqs.~13!, ~17!, ~19!, and~21! the relation

bTc
5

Tcm

Tc
bds

5
Tcm

Tc
byc

'
Tcm

Tc
bxu

'b1/l
ab
2 (0) , ~22!

revealing thatbTc
}Tcm /Tc holds with a unique factor o

proportionality, irrespective of the axis the 2D-QSI critic
point is approached.

Another quantity of interest is the condensation ene
per unit volume. Close to 2D-QSI and 3D-QSN criticality i
singular part scales as the inverse of the zero-tempera
correlation volume, so that

2E~T50!}dn̄(D1z)}Tc
D1z , ~23!

using Eq. ~15!. Thus along the quantum critical endlin
yc(x) ~see Fig. 1!, the condensation energy vanishes, as
13451
t
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should be. Invoking Eqs.~12! and~23! the isotope coefficient
of the condensation energy adopts then close to the 2D-
critical point the form

bE52
M

E

dE

dM
5~21z!bTc

}
Tcm

Tc
. ~24!

III. COMPARISON WITH EXPERIMENT

We are now prepared to confront these predictions for
isotope effect with experiment. Although the experimen
data on the isotope effect on transition temperature and p
etration depth are rather sparse, some insight can be obta
from the estimates listed in Table I. La22xSrxCuO4 and
Y12xPrxBa2Cu3O72d undergo a doping tuned 2D-QSI tran
sition atx'0.05 andx'0.55,24 respectively.14,15These esti-
mates have been derived from a fit of the experimental d
for 1/lab

2 (T),8,9 to the leading critical behavior

1

lab
2

5
1

lab,0
2

t2n, t512T/Tc , n52/3. ~25!

An example is shown in Fig. 2. Since there is mounti
evidence for 3D-XY criticality and the available data ar
rather sparse close toTc , we keptn fixed. For this reason
and in view of the excellent fits to both the La22xSrxCuO4
and Y12xPrxBa2Cu3O72d data, the estimates quoted in Tab

FIG. 2. Isotope effect on transition temperature and in-pla
penetration depth in La22xSrxCuO4 at x50.086. The upper (16O)
and lower curve (18O) are fits to Eq.~25! yielding the parameters
listed in Table I. Experimental data taken from Hoferet al. ~Ref. 8!.
4-4
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I should be reliable and with that reveal the flow to 2D-Q
criticality. To uncover this flow we displayed in Fig. 3 th
plot b1/l

ab0
2 versusbTc

. Although the set of data points i

sparse, key trends emerge. AsTc decreases the data poin
flow to the straight line, signaling the approach to 2D-Q
criticality, whereb1/l

ab0
2 →b1/l

ab
2 (0)→bTc

→` @see Eqs.~14!

and ~22!#. In this flow both cuprates appear to cross t
dashed line, corresponding tob1/l

ab0
2 53bTc

/2. Here the con-

tributions of specific heat and out-of-plane penetration de
cancel@see Eq.~11!#. This clearly reveals that except for th
special point the isotope effect on transition temperature
the critical amplitude of the in-plane penetration depth
not simply related. Indeed, the contributions of the spec
heat and out-of-plane penetration depth cancel at this sp
point only. There is also the experimental fact that close
the maximumTc the isotope effect on 1/lab0

2 is substantial,
while it is very small inTc . A glance to the universal relatio
~11! shows that even forbTc

50 a substantial isotope effec
on the in-plane penetration depth can be expected, when
the contributions of the specific heat and out-of-plane p
etration depth do not cancel. Indeed, the absence of an
tope effect in one of the quantities entering Eq.~11! is not
bound to the absence of an effect in all the others.

Additional evidence for the flow to 2D-QSI criticality
stems from the plot 1/b1/l

ab
2 (0) versus 1/bTc

shown in Fig. 4

for the oxygen isotope effect in La22xSrxCuO4 ~Refs. 8 and
7! and Y12xPrxBa2Cu3O7.9 It clearly reveals the crossover t
the asymptotic 2D-QSI behavior, indicated by the dash
straight line, wherebTc

→b1/l
ab
2 (0) , becausebds

remains fi-

nite, while bTc
5Tcmbds

/Tc diverges@Eq. ~22!#. For com-
parison we included the solid curve, which is Eq.~13!, pro-
viding for bds

, the oxygen isotope coefficient ofds , the
estimate

bds
52

M

ds

dds

dM
520.24. ~26!

FIG. 3. b1/l
ab,0
2 versusbTc

for Y12xPrxCu3O72d (j: x50, 0.3,

and 0.4! and La22xSrxCuO4 (d: x50.08, 0.086, and 0.15!. The
straight line is b1/l

ab,0
2 5bTc

and the dashed one isb1/l
ab,0
2

53bTc
/2. Data points taken from Table I.
13451
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This yields with Eq.~22!

bTc
'0.24

Tcm

Tc
, ~27!

irrespective of the path the 2D-QSI transition is approach
To clarify the uniqueness of this estimate for the factor

proportionality further, we follow our previous work.5

In Fig. 5 we displayed the experimental da
for YBa22yLayCu3O7,25 La1.95Sr0.15Cu12yNiyO4,26

Y12xPrxBa2Cu3O7 ~Ref. 27! and Sr2RuO4
16 in terms ofbTc

versusTc /Tcm . Note that Sr2RuO4 is a spin-tripletp-wave
superconductor with an intrinsicTc051.5 K. It is the only
layered perovskite superconductor without Cu so far. R
ducedTc’s were achieved by using crystals containing imp
rities and defects. Moreover, in conjunction with the scali
relations~15! and ~20! the experimental data on theTc de-
pendence of the in-plane correlation length, as well as
dependence ofTc on residual in plane resistivity, point to
2D-QSI transition withz51 andn̄'1.28 Thus, in agreemen
with the scaling predictions~22! and ~27! for bTc

versus

Tcm /Tc , bTc
increases with reducedTc and, as indicated by

the solid curves in Fig. 5, tends to diverge as

bTc
'0.17

Tcm

Tc
. ~28!

Note that the copper isotope effect in YBa2Cu3O72d ~Ref.
29! leads to analogous behavior. Thus there is the remark
experimental fact thatbyc

, bpu
, andbds

describing the shift
of the critical point along the disorder, Cu substitution, do
ant, and sheet resistance axis, respectively@see Eqs.~22! and
~27!# adopt the nearly unique valuebxu

'byc
'bds

'0.17–0.24, including the spin-tripletp-wave supercon-
ductor Sr2RuO4. It stems from a mechanism which shiftsxu ,
yc andds upon isotope substitution, subject to the intriguin
constraint that the associated coefficientbxu

, byc
, and bds

adopt nearly the same value. As a consequence, in these

FIG. 4. Oxygen isotope effect in La22xSrxCuO4 and
Y12xPrxBa2Cu3O7 in terms of 1/b1/l

ab
2 (0) versus 1/bTc

. The dashed

line marks the critical behavior close to 2D-QSI criticality, that
Eq. ~13! with bds

50, while the solid curve is Eq.~13! with bds

520.24, indicating the crossover due to the isotope effect onds .
4-5
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terials the isotope effects and the pairing mechanism are
related. In this context it is important to note that the sim
taneous occurrence of pairing and pair condensation requ
the absence of thermal and quantum fluctuations. On
contrary, we have seen that cuprates flow, tuned by the c
bined effect of quantum fluctuations and disorder, to 2D-Q
criticality and that the isotope effects on transition tempe
ture, specific heat, and penetration depths are not inde
dent but related by the universal relation~11! which requires
thermal fluctuations to dominate. Given this behavior it f
lows that along the flow to 2D-XY-QSI criticality fluctua-
tions are relevant so that pairing and pair condensation
not occur simultaneously. The generically small value ofbTc

around the maximum transition temperature is then due
the cancellation of the specific heat and penetration de
contributions@Eq. ~11!#, while the rise ofbTc

with reduced

Tc ~Fig. 4! reflects the flow to 2D-XY-QSI criticality, where
the scaling predictions~22!, ~27!, and~28! apply.

We have seen that close to 2D-QSI criticality the isoto
effects stem from the shift of the phase diagram andds upon
isotope substitution. On the other hand, the 2D-QSI tra
tion is driven by the exchange of pairs which favors sup
conductivity and the combined effects of disorder and C
lomb repulsion of the pairs, which favor localization. Sin

FIG. 5. ~a! bTc versusTc /Tcm YBa22yLayCu3O7 ~Ref. 25!,
La1.95Sr0.15Cu12yNiyO4 ~Ref. 26!, and Y12xPrxBa2Cu3O7 ~Ref. 27!.
The solid curve is Eq.~28!. ~b! bT versusTc /Tc0 for Sr2RuO4.
Experimental data taken from Maoet al. ~Ref. 16!. The solid curve
is Eq. ~28!.
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isotope substitution will hardly affect disorder and Coulom
repulsion, the mechanism left is the electron-phonon inter
tion, which renormalizes the mass of the fermions and w
that mass and exchange of the pairs. Indeed, inela
neutron-scattering experiments on cuprate superconduc
give clear evidence of a strong electron-phonon couplin30

In particular, characteristic phonon anomalies generated
large electron-lattice interaction have been detected
La2CuO4.31–34Here a strong softening of the high-frequen
copper-in-plane-oxygen bond-stretching modes is found
holes are doped in the insulating parent compound, i.e.,
have an unmistakable and important example for a dir
correlation of hole doping with the phonon anomalies. Do
ing leads to a strong decrease of the planar oxygen breat
mode frequency and even more strongly for a CuO bo
stretching vibration. Similar to the observations in dop
La2CuO4 pronounced phonon anomalies for the Cu-in-plan
oxygen bond stretching vibrations have also been obse
by neutron scattering experiments in YBa2Cu3O7.31,34These
experimental results strongly suggest that the anoma
phonon softening upon hole doping and the associated st
electron-phonon coupling is a generic feature of cupra
Moreover the measured frequency shift of the transverse
tic phonons due to the substitution of16O by 18O yielded in
underdoped YBa2Cu3O7 (Tc568 K) an isotope coefficien
of the expected magnitude for copper-oxygen stretch
modes, withbv50.560.1.35

IV. SUMMARY AND CONCLUSIONS

We have seen that the experimental data on the iso
effects on transition temperature and in-plane penetra
depth in cuprate superconductors reveal remarkable con
tency with the universal relations for a system undergoin
3D-XY phase transition at finite temperature and a quan
superconductor to insulator transitions in two dimensio
~2D-QSI!. Although the relevant experimental data on t
effect on transition temperature and in-plane penetra
depth are rather sparse and the effect on the out-of-p
penetration depth and specific heat remains to be inve
gated, there is mounting evidence that cuprates fall at fi
temperature into the 3D-XY and at zero temperature, close
the insulator-superconductor boundary into the 2D-XY-QSI
universality classes. By definition, the universal relatio
hold irrespective of the dopant or substituent concentrat
They apply whenever critical fluctuations dominate. In th
case pairing and pair condensation do not occur simu
neously. This differs from conventional superconducto
where fluctuations do not play an essential role and me
field treatments appear to work. Here pairing and pair c
densation occurs simultaneously and due to the absenc
fluctuations the universal relations do not apply. Given th
the analysis presented here, together with additional
dence for the importance of critical fluctuations in the c
prates, it becomes clear that the isotope effects in these
terials do not provide direct information on the pairin
mechanism. These effects are subject to the universal r
tions and the phase diagram. In the underdoped cuprates
sidered here, they provide useful information on the flow
4-6



ef
ti
s,

nt
s
o
e
ic
f-
el
th

ex-
e to

e
will
to

H.
s.

RELATIONSHIP BETWEEN THE ISOTOPE EFFECTS ON . . . PHYSICAL REVIEW B67, 134514 ~2003!
2D-QSI criticality and the interplay between the isotope
fects on transition temperature, specific heat, and penetra
depths. Concerning the mechanism of the isotope effect
leads to a shift of the phase diagram.Tc is lowered and this
implies unalterably a shift of the critical dopant, substitue
impurity, and defect concentration, where the 2D-QSI tran
tion occurs. This transition is driven by the exchange
pairs, which favors superconductivity and the combined
fects of disorder and Coulomb repulsion of the pairs, wh
favor localization. Since isotope substitution will hardly a
fect disorder and Coulomb repulsion, it appears most lik
that electron-phonon interaction, which renormalizes
r-
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.

ys

,

,

tt
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mass of the fermions and with that the mass and the
change of the pairs, is the relevant mechanism, giving ris
the shift of the phase diagram.

Finally we hope that this novel point of view about th
isotope effects in fluctuation dominated superconductors
stimulate further experimental work to obtain new data
confirm or refute our predictions.
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