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We show that in anisotropic superconductors, falling at finite temperature into the three-dimexsional
(3D-XY) and at zero temperature into the two-dimensioflquantum superconductor to insulator transition
(2D-XY-QSI) universality class, the isotope effects on transition temperature, specific heat, and magnetic
penetration depths are not independent, but related by universal relations. The corresponding experimental data
for cuprate superconductors reveals suggestive consistency with these relations. They imply a dominant role of
fluctuations so that pair formation and pair condensation do not occur simultaneously. For this reason and due
to the occurrence of the 2BY-QSI transition the isotope effects do not provide information on the underlying
pairing mechanism but must be attributed to a shift of the phase diagram upon isotope substitution. The
2D-QSI transition is driven by the exchange of pairs, which favors superconductivity and the combined effects
of disorder and Coulomb repulsion of the pairs, which favor localization. Since isotope substitution will hardly
affect disorder and Coulomb repulsion, the shift of the phase diagram must be attributed to the electron-phonon
interaction, which renormalizes the mass of the fermions and with that the mass and the exchange of the pairs.
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I. INTRODUCTION played the phase-transition surfaceT (x,y) for
La, ,SrCu_,Zn,O,. T vanishes foly=0 in the so-called
Isotope effect measurements were of crucial importanc&nderdoped limitx=x,,, increases fox>x, and reaches its
in establishing the phonon-induced BCS model ofmaximum value at optimum doping=Xx,,. For any doping
superconductivity In the weak-coupling BCS model the level where superconductivity occuxg<Xx<x,, the transi-
isotope effect derives from the superconducting transitiortion temperature is reduced upon Zn substitution and van-
temperaturdl . being proportional to the Debye temperature.ishes along the ling.(x) of quantum phase transitions. The
Since the Debye temperature is proportionaMd?, where doping dependence of the anisotropy and the temperature
M is the atomic mass, the isotope-effect coefficient for thedependence of the resistivity indicate that along this line
transition temperature i@y =—dInT./dIn M=0.5. The two-dimensional quantum superconductor to insul&gm-

later inclusion of Coulomb repulsion in the pairing interac- QS)) transitions occur fox~0.19, while forx~0.19 three-
tion resulted in predicted values of less than 0.5 and enabledimensional quantum superconductor to normal stafe-
a reasonably good fit to the datZhe situation is more com- QSN transitions take plact-**Here we concentrate on the
plex in cuprate superconductors, whee is small near underdoped regimex,<x<Xxq. Since the anisotropy, de-

optimal doping and maximurfi, and large close to the quan- fined as the ratioy= £,/ £, of the correlation lengths paral-
tum superconductor to insulat¢®SI) transition whereT,  lel (£,p) and perpendicularg;) to CuQ, layers @b planes
vanishes Moreover, recently it has been shown that theand evaluated al., tends to diverge by approaching the
effect of isotope substitution is not restrictedTg, but af- endliney.(x), a three- to two-dimensiondBD-2D) cross-
fects the in-plane penetration depth as well. over occurs>"**Moreover, the order parameter is a complex
The main purpose of this paper is to demonstrate that thiscalar, corresponding to a two component vecXY). Ac-
unconventional behavior of the isotope coefficientsTgf cordingly, for x,<x=~0.19, y.(x) is a line of 2DXY-QSI
in-plane penetration depth, etc., is caused by the dominantansitions. On the other hand, there is mounting evidence
role of disorder, thermal and quantum fluctuations and nothat at finite temperature the critical properties associated
related to the pairing mechanism. This differs fundamentallywith the phase-transition surfade.(x,y,M) appear to fall
from conventional superconductors, where fluctuations ddnto the 3DXY universality clas$®~® Supposing that the
not play an essential role so that the formation of pairs an@D-XY-QSI and 3DXY universality classes hold true, this
their condensation occur essentially simultaneously anéeads naturally to universal critical amplitude combinations,
where the isotope effect allowed us to identify the electroninvolving the transition temperature and the critical ampli-
phonon interaction as the dominant pairing interaction. Outudes of specific heat and penetration depths, which also ap-
starting point is the phase transition surfatg(x,y,M) ply to the isotope effects. They yield universal relations be-
wherex is related to the hole concentratiop,denotes the tween the isotope coefficients for the transition temperature,
substituent concentration, e.g., for Cu, or the strength of disthe penetration depths, and the specific heat.
order andM is the isotope mass. Cuprates where these pa- In Sec. Il we sketch the universal relations for anisotropic
rameters can be varied include JLaSr,Cu;_ A0, (A superconductors falling at finite temperature into the>3D-
=Ni, Zn, ...) and Y, _,Pr,BaCu0,_s, using for Cu pure and at zero temperature into the 2D-QSI universality class.
83Cu or ®Cu, or for O pure®O or 180. In Fig. 1 we dis-  Since fluctuations are supposed to dominate, pair formation
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La,,Sr.Cu, Zn O, the factor of proportionality appears to adopt a nearly unique
f ‘ value, indicating thaBTC%O.N Tem/ T holds, independent

of the material and the direction of the flow to 2D-QSI criti-
cality. A potential candidate for the description of the 2D-
QSI transition are 2D disordered bosons with long-range
Coulomb interaction3*1>17=1%ere the transition is driven
by the competition between exchange of pairs, which favors
superfluidity, and the combined effects of disorder and the
Coulomb interaction, which favor localization.

T, (K)

II. UNIVERSAL RELATIONS

The universality class to which the cuprates at finite tem-
perature belong is not only characterized by its critical expo-
nents but also by various critical-point amplitude combina-
FIG. 1. Tc(x,y) phase diagram of La,Sr,Cu -, Zn,0, derived  tions which are equally important. Though these amplitudes

from the resistivity data of Momonet al. (Ref. 10 and Fukuzumi depend orx,y, andM, their universal combinations do not.
et al (Ref. 11. y.(x) is a line of quantum phase transitions. The An important example is the universal relattéme20
arrows mark two-dimensional quantum superconductor to insulator

(2D-QSI, x~0.19), three-dimensional quantum superconductor to 2\ 3 r oty
normal state transitiof8D-QSN,x~0.19), and insulator to normal (kT )3_ (I)o §xo§yo§zo
state(IM) crossover, respectively. Blc/ — 1673 )\)2(0)\50)\50’

@

and pair condensation do not occur simultaneously. For thisshere¢l and\;, are the critical amplitude of the transverse
reason, the universal relations between transition temperatug®rrelation lengths and the penetration depths, respectively.
and the critical amplitudes of specific heat, correlationThese length scales diverge as

lengths, and penetration depths do not depend on the under-

lying pairing mechanism, but reveal how the isotope effects =gt T M= Nolt] T2 2

on these quantities are correlated. To explore the nature of

the isotope effects we concentrate on the regime where th€lose to criticality the specific-heat singularity is character-
materials flow to 2D-QSI criticality, driven by variation of ized by

dopant concentratior andy, e.g., the concentration of sub-

stituents for Cu or the strength of disorder. In this regime, the C T 0%f. A*

essential effect of isotope substitution is a slight depression — = S0 —t| 7, 3)

of the phase-transition surfack.(x,y) which unalterably
implies a shift of the quantum phase-transition lRéx) and o . ) B
of the underdoped limik, .5 Using this facts and the scal- and the comblnatlt_)n of the critical amplitude™ and the
ing theory of quantum critical phenomena it is shown thatifansverse correlation volume,

the flow to 2D-QSI criticality is characterized by an anoma- .

lous increase of the isotope coefficient for the transition tem- (R7)3=A"£0é)0én=—Qsa(l-a)(2~a), (4
perature By, zero-temperature in-plane penetration depth

Buy2 and condensation energy ven by 3 turns out to be universal as wéft’®>?° R* are universal
A Gp(0) 9%e. 9 Y PT. numbers. Combining then the universal relati¢tsand (4)

“Bin2, (0)*Be* Tem/Tc, irrespective along which axis the we obtain a relation between measurable properties which
2D-QSI critical point is approached.,, denotes the maxi- holds at any finite temperature irrespective of the doping and
mum transition temperature within a family of cuprates. ~ substitution level:

A comparison with experiment is presented in Sec. lll.

Although the data on the isotope effect on transition tem- CI)S 3 (R7)3

perature and the critical amplitudes of the penetration depths ng . 5)
i i ith thi 16m°kg) A AZAZ N2

are rather sparse, they reveal suggestive consistency with this B x,0My,0M 2,0

scenario. We hope that the present paper will serve as a | | . ) )
stimulus for future systematic measurements. On the corconsidering variations in the dopant, substituent concentra-

trary, the experimental data on tie dependence OBTC tion, etc., denoted by it then follows that the changes in,,

— 2 .
allows a rather quantitative comparison with our predictions.A . and 1k{, are not independent but related by

Irrespective of the path along which the 2D-QSI critical 3 )

point is approached, our predictiofy < Tem/Tc is well 1dT. 1 dA” N 1 S 2 d(1Ifp) ®
confirmed, including the spin-triplgi-wave superconductor T, dy 3a- dy 34570 dy
SrLRuUQ,. Here, reduced .’s were achieved by using crys-

tals containing impurities and defecfsintriguingly enough  In tetragonal cuprates, Whekg o=\ 0= Apo, it reduces to
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1 dT, 1 dA~ 2

, 1200 Br.=Bat Binz (0)- 13

— = 5o T 3Mabo
Te dy 3A dy 3 dy In analogy to Eq(10), the approach to 2D-QSI criticality is

N 1, d(l/)\io) , then associated with the flow
§)\c,0—dy : (7) ) 1 1
. o By =3Bz, F3Pm2 = 3Ba— Bt BinZ (o)
In the underdoped regime, tuned by variation of the dop- ¢ ’ '

ant, substitution, or impurity concentration, the cuprates un- (14

dergo a 2D-QSI transition. Here the universal relattdn The 2D-QSI transition is also characterized by the scaling

relationg*1®

_DiRds 1
[

= 8
167°kg A2,(0) ®

Te=a50",  &ap=Eansd - (15
between transition temperature and zero-temperature ig,, is the in-plane correlation length extrapolated to zero
plane penetration depth hold; denotes the thickness of the temperature and® measures the distance from the critical
superconducting sheets aRy is a universal dimensionless point with dynamic critical exponentand correlation length
constant. Considering variations in the dopant, substitueréxponentr. In cuprates there is consistent evidence for a
concentration, etc., denoted lyy it then follows that the 2D-QSI transition withz=1 andv~1.15These estimates
. 2 . -
changes inT., ds, and 1k3,(0) are not independent but coincide with the theoretical prediction for a 2D disordered

related by Bosonic system with long-range Coulomb interactibfiis?
This strongly suggests that in cuprate superconductors the
i ﬂ: i %Jr)\z (O)i 1 9) loss of phase coherence, due to the localization of Cooper
T. dy dg dy ab = gy )\gb(o) ' pairs, is responsible for the 2D-QSI transition.

o _ ) To explore the scaling behavior of the isotope coefficient
Thus the approach to 2D-QSI criticality is associated with &or the transition temperaturgr_along the hole concentra-

flow to tion axisx we can use the empirical relation
1dT, 1ddg , d| 1
S S S\ [ 2T Xyt X
Te dy dody ' “#dy|\z Te(0) = =5~ (XX (%=X, Xm==7—, (16
m
_)i %H\z (O)i 1 (10) due to Preslanet al? It describes the phase-transition line
ds dy ant = dy )\gb(o) ’ of cuprate superconductors in the temperature-dopant con-

centration(x) plane very wel?® The hole concentratiopcan
As the isotope substitution is concerned it is useful tobe varied effectively by changing the oxygen content and
rewrite Eq.(7) in the form substitution in noncopper site, adopts its maximum value
Tem at optimum dopingk=X,,. X, denotes the underdoped
andx, the overdoped limit. Note that this empirical relation

is fully consistent with a 2D-QSI transition wittw=1 and
6= (X—x%y)Ix,, becauseT.(X)=[4T:m/(Xo—Xy)I(X—X,)
~T.m(X—X,). The main effect of isotope substitution is the
M dB shift of x,, to a slightly larger value and df,, to a slightly
Be=— B v (120  lower value. Concentrating on the behavior close to 2D-QSI
criticality, we obtain with Eq(12) the expression

2 1 1
B, =3Pzt 3Bm2 = 3hA (11)

where B is the isotope coefficient defined by

B=(Tc, Napo, Aog, A7) anddM=1M—18M. It reveals g
that a change of the transition temperature upon isotope sub- L= _MXTem o Tem B, = M ﬁ. (17)
stitution is unalterably linked to a change in the specific heat ¢ (Xo—Xg)Tu T 7 M %, dM

and the penetratlo_n dgpths. Note that.a yamshmg 'Sqt.Op?hus the flow to 2D-QSI criticality along the hole concen-
effect onT, merely implies that the contributions of specific tration axis is characterized by the depressiofT of giving

heat and penetration depths cancel. In this context it is im-ise 10 a diveraent isotone coefficie The amplitude of
portant to recognize that the universal relations, includind 9 P At P

Egs.(5), (6), and(11) also apply in the presence of disorder. the divergence is controlled b@pu, the isotope coefficient
Indeed, since the critical exponeatof the specific heat is associated with the shift of the underdoped limit upon iso-
negative in the 3DXY universality class, Harris criterion tope substitution. Approaching the 2D-QSI critical point
implies that disorder is irrelevant at finite temperatth@n  along the disorder or substitutide.g., substitution for Cu
the other hand, close to 2D-QSI criticality the isotope coef-axis, denoted by, T, vanishes a@$*

ficients of T, and zero-temperature in-plane penetration _

depth are according to E) related by Te=Tem(1=Ylye)?. (18
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TABLE |. Estimates forAT, /T, and\2,,A(1/\3,,) derived from the magnetic torque measurements of
Hofer et al® on La,_,Sr,CuQ, and thexSR measurements of Khasanewal?® on Y;_,Pr,Ba,Cu;O;_ 5.

X T, (*0) (K) ATGIT, Nabo A1\ 5p0)
La,_,Sr,CuQ, 0.15 37.2 -0.008 -0.033
0.086 22.19 -0.051 -0.062
0.08 19.1 -0.073 -0.086
Y,_4PrBa,Cu0,_ 0 91.4 -0.0044 -0.025
0.3 57.2 -0.049 -0.072
0.4 42.6 -0.059 -0.079

Upon isotope substitutiory. shifts to a slightly smaller should be. Invoking Eq$12) and(23) the isotope coefficient
value, becausg, is lowered(see Fig. 1 Concentrating then of the condensation energy adopts then close to the 2D-QSI
on the divergent part oBy_so that the effect off ,can be critical point the form

neglected we obtain with E412) and forzv=1 the expres-

sion ~ MdE cm
ﬁE—_Ed_—(Z"'Z),BTC“T_C- (24)
Tem M dy.
=g, =—— 19
P, Te Py Py, ye dM (19 IIl. COMPARISON WITH EXPERIMENT

On the other hand, approaching the 2D-QSI critical point e are now prepared to confront these predictions for the
along the residual resistivity axis, there is the scalingisotope effect with experiment. Although the experimental
relation'**> data on the isotope effect on transition temperature and pen-
R etration depth are rather sparse, some insight can be obtained

Te=Tem(1= pan/pan)™, (20 from the estimates listed in Table I. 1aSrCuO, and
where p,,, and pS, denote the residual and critical residual Y1-xPxBaCs07—s undergg4a doping tunza(liSZD-QSI tran-
in-plane resistivity, respectively. In the 2D limit the relevant Sition atx~0.05 andx~0.55, resp.ecnvel)}. "~ These esti-
measure of resistivity is the sheet resistanté=d.p,y, mates 2have Egen derived _from §f|t of the (_axperlmental data
adopting at criticality a fixed valugy™~h/(4e?).141517.1 for 1I\5,(T),>” to the leading critical behavior

Consideringzv=1 and approaching 2D-QSI criticality along

the in-plane resistivity axis, the isotope coefficieff_ izz 21 2%, t=1-T/T., v=2/3. (25)
adopts then with Eq(12) the form Nab  Mabo
Tem M dpsy Tem M ddg An example is shown in Fig. 2. Since there is mounting
Br=7 < am T Pde BT T g am evidence for 3DXY criticality and the available data are
¢ Pab ¢ S

rather sparse close ., we keptv fixed. For this reason
(22) and in view of the excellent fits to both the 13Sr,CuQ,
B, denotes the isotope coefficientaf, the thickness of the and Y;_,Pr,Ba,CuO;_ 5 data, the estimates quoted in Table
2D slab. Sincedg remains finite upon isotope substitution,
this also applies t@y_. Thus close to 2D-QSI criticality we
obtain with Eqs(13), (17), (19), and(21) the relation La,, Sr, CuO,

Tcm Tcm Tcm

Bt :T_Cle :T_CByC%T_CﬂXU%ﬂlh\ib(o), 22

Cc S
revealing thatBr «T.n,/T. holds with a unique factor of
proportionality, irrespective of the axis the 2D-QSI critical
point is approached.

Another quantity of interest is the condensation energy
per unit volume. Close to 2D-QSI and 3D-QSN criticality its

()7 (107 m?)

) ) 0
singular part scales as the inverse of the zero-temperature 186
correlation volume, so that T(K
(K)
_E(TZO)M5;(D+Z)OCTCD+Z’ (23 FIG. 2. Isotope effect on transition temperature and in-plane

_ N _ penetration depth in La,Sr,CuQ, at x=0.086. The upperfO)
using Eq.(15). Thus along the quantum critical endline and lower curve 0) are fits to Eq(25) yielding the parameters
Yc(X) (see Fig. 1, the condensation energy vanishes, as itisted in Table I. Experimental data taken from Hoé¢ral. (Ref. 8.
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1.2 . . . . 4 . — r
d 4
s
1.0 =Y, _xPr!Ba,CuaCt,_s B /)
* la SrCuQ, Lot ] 34 /! 5
0.8 il g /
P ° Vi
A T I 21 ‘ .
-3 0.6 ., . - o /l
& e ~ )/ A ®m La, SrCuO, (T)
- < -~ XX
= oAl L7 i W ® La, SrCuo, (M) |
il -~ 4 A Y PrBaCuO
' I, J . 1x x 73
o2{m -7 g 0
L : 0 2 4 6 8 10
0-0 T T T 1/BT
0.0 02 04 06 0.8 e
Pr, FIG. 4. Oxygen isotope effect in La,SrCuQ, and

Y1_«PrBaCu;0; in terms of 1,Bm§b(0) versus 1B . The dashed

line marks the critical behavior close to 2D-QSI criticality, that is
Eq. (13) with ,Bds=0, while the solid curve is Eq13) with B,
=—0.24, indicating the crossover due to the isotope effeadan

FIG. 3. 'Bl’kib,o versusfr_ for Y, _Pr,Cu0O;_5 (H: x=0, 0.3,
and 0.4 and La_,Sr,Cu0, (®: x=0.08, 0.086, and 0.35The
straight line is Bmib,o:'BTc and the dashed one iﬁl”‘ib,o
:3'8Tc/2' Data points taken from Table I.

This yields with Eq.(22)
| should be reliable and with that reveal the flow to 2D-QSI

criticality. To uncover this flow we displayed in Fig. 3 the B Tem
plot 'Bmibo versusBr . Although the set of data points is Br,~0.2 I'rC ' (27)

sparse, key trends emerge. As decreases the data points . . L
flow to the straight line, signaling the approach to 2D_QS||rrespectlve of the path the 2D-QSI transition is approached.

i) To clarify the uniqueness of this estimate for the factor of
criticality, where 84,2 2 see Eqs(14 ) _ )
Y _’Bl”abo_)’gmab(o)_)ﬂTc_)oc[ as(14) proportionality further, we follow our previous work.
and (22)]. In this flow both cuprates appear to cross the Fig. 5 we displayed the experimental data

dashed line, corresponding m‘h‘ibO: 3BT0/2. Here the con- for YBaz,yLayCug,O7,25 La1.958r0.15cu17yNiyo4126

tributions of specific heat and out-of-plane penetration deptly, _ prBa,Cu,0; (Ref. 27 and SsRu0, in terms of 81
cancelsee Eq(11)]. This clearly reveals that except for this versusT./T Note that SfRuO, is a spin-tripletp-wavce
special point the isotope effect on transition temperature anguperco?]du%n'z(.)r with an intrinsréiozl.S K. It is the only

the critical amplitude of the in-plane penetration depth arqayered perovskite superconductor without Cu so far. Re-

not simply related. Indeed, the contributions of the specific ; . . .
: . ducedT_’s were achieved by using crystals containing impu-
heat and out-of-plane penetration depth cancel at this special. . . . . X
; ; : rities and defects. Moreover, in conjunction with the scaling
point only. There is also the experimental fact that close to

. ) . ) relations(15) and (20) the experimental data on thi, de-
the_ m_a>_<|mumTc the _|sotope effect on xébo IS substanna_ll, pendence of the in-plane correlation length, as well as the
while it is very small inT . A glance to the universal relation

L dependence of . on residual in plane resistivity, point to a
(11) shows that even foﬁTczo a substantial isotope effect P ¢ P Y. P

. . 2D-QSI transition withz=1 andv~ 1.2 Thus, in agreement
on the in-plane penetration depth can be expected, whenever "o scaling prediction§22) and (27) for By versus

the contributions of the specific heat and out-of-plane pen- / . ith red d indi db
etration depth do not cancel. Indeed, the absence of an isg<m/ Tc: B, increases with reducel; and, as indicated by

tope effect in one of the quantities entering Etyl) is not  the solid curves in Fig. 5, tends to diverge as
bound to the absence of an effect in all the others.

Additional evidence for the flow to 2D-QSI criticality 8, ~0 17Tin
stems from the plot ﬂl”‘ib(o) versus ],BTC shown in Fig. 4 T it

for the oxygen isotope effect in La,Sr,CuQ, (Refs. 8 and
7) and Y; _,Pr,Ba,Cu;0,.° It clearly reveals the crossover to
the asymptotic 2D-QSI behavior, indicated by the dashe
straight line, Wher%Tc_’Blh\sb(O)! because@ds remains fi-
nite, while Bt =TmBq /T, diverges[Eq. (22)]. For com-
parison we included the solid curve, which is E#3), pro-
viding for B, the oxygen isotope coefficient afg, the
estimate

(28)

Note that the copper isotope effect in Y&aLO;_ ;5 (Ref.

59) leads to analogous behavior. Thus there is the remarkable
experimental fact thaﬁyc, Bp, and,Bds describing the shift

of the critical point along the disorder, Cu substitution, dop-
ant, and sheet resistance axis, respectil@e Eqs(22) and
(27)] adopt the nearly unique values, ~ By ~ B,
~0.17-0.24, including the spin-triplgb-wave supercon-
ductor SgRuQy. It stems from a mechanism which shikg,

Y. anddg upon isotope substitution, subject to the intriguing
constraint that the associated coefficim'ﬁ » By, and B,

26 .
(26) adopt nearly the same value. As a consequence, in these ma-
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isotope substitution will hardly affect disorder and Coulomb
repulsion, the mechanism left is the electron-phonon interac-
tion, which renormalizes the mass of the fermions and with
that mass and exchange of the pairs. Indeed, inelastic
neutron-scattering experiments on cuprate superconductors
give clear evidence of a strong electron-phonon coupfing.

In particular, characteristic phonon anomalies generated by a
large electron-lattice interaction have been detected in
La,CuQ,.31~3*Here a strong softening of the high-frequency
copper-in-plane-oxygen bond-stretching modes is found as
holes are doped in the insulating parent compound, i.e., we
have an unmistakable and important example for a direct
correlation of hole doping with the phonon anomalies. Dop-
ing leads to a strong decrease of the planar oxygen breathing
mode frequency and even more strongly for a CuO bond-
stretching vibration. Similar to the observations in doped
La,CuQ, pronounced phonon anomalies for the Cu-in-plane-
oxygen bond stretching vibrations have also been observed
by neutron scattering experiments in Yf8ax0,.3%** These
experimental results strongly suggest that the anomalous
phonon softening upon hole doping and the associated strong
electron-phonon coupling is a generic feature of cuprates.
Moreover the measured frequency shift of the transverse op-
tic phonons due to the substitution O by 80 yielded in
underdoped YB#Cu;0; (T,=68 K) an isotope coefficient

of the expected magnitude for copper-oxygen stretching
modes, with3,=0.5+0.1.3°

T /T,
FIG. 5. (@ Br. versusT./T¢y, YBa,_,La,CusO; (Ref. 25, IV SUMMARY AND CONCLUSIONS
Lay 95S10.1sC Wy —yNiy O, (Ref. 26, and Y, _,Pr,Ba,Cu;0; (Ref. 27.
The solid curve is Eq(28). (b) Bt versusT./T, for SLRUG,.
Experimental data taken from Maat al. (Ref. 16. The solid curve
is Eq. (28).

We have seen that the experimental data on the isotope
effects on transition temperature and in-plane penetration
depth in cuprate superconductors reveal remarkable consis-
tency with the universal relations for a system undergoing a

. . - . 3D-XY phase transition at finite temperature and a quantum
terials the isotope effects and the pairing mechanism are un; P b q

. > ) uperconductor to insulator transitions in two dimensions
related. In this context it is important to note that the S'mu"(ZD-QSI) Although the relevant experimental data on the
taneous occurrence of pairing and pair condensation require§cact on transition temperature and in-plane penetration

the absence of thermal and quantum fluctuations. On thﬁepth are rather sparse and the effect on the out-of-plane
contrary, we have seen that cuprates flow, tuned by the conE—

) . : enetration depth and specific heat remains to be investi-
bined effect of quantum fluctuations and disorder, to 2D-QS P P

iticalit d that the isof ftoct " on t ated, there is mounting evidence that cuprates fall at finite
criicaiity and that the isotope etfects on transition e.mpera’[emperature into the 3B-Y and at zero temperature, close to
ture, specific heat, and penetration depths are not indepe

) : . ) the insulator-superconductor boundary into the i-QSI
?heenrtrnbal1JItfIrl(Jaclze'[lttJ(?sgi(E)r{strt]c()a ggx?r::g rg?\/t:ec:‘lt)h\i/\;hllacehh;?/?grlrﬁiol_universality classes. By definition, the universal relations
lows that along the flow to ZDG\.(— S| criticality fluctua- hold irrespective of the dopant or substituent concentration.
ow 9 W S Q iticality Tuctue They apply whenever critical fluctuations dominate. In this
tions are relevant so that pairing and pair condensation d

i Ut . Th icall Il val f Rase pairing and pair condensation do not occur simulta-
hot occur simultaneously. The generically small valugel o, 5y This differs from conventional superconductors

around the maximum transition temperature is then due tQ\Ihere f|uctuations do not p|ay an essentia' role and mean-
the Cance”a.tion of the SpeCifiC heat and penetration dept%'d treatments appear to Work_ Here pairing and pair con-
contributions[Eg. (11)], while the rise ofgr_with reduced  densation occurs simultaneously and due to the absence of
T. (Fig. 4 reflects the flow to 2DXY-QSI criticality, where  fluctuations the universal relations do not apply. Given then
the scaling prediction&22), (27), and(28) apply. the analysis presented here, together with additional evi-
We have seen that close to 2D-QSI criticality the isotopedence for the importance of critical fluctuations in the cu-
effects stem from the shift of the phase diagram dndpon  prates, it becomes clear that the isotope effects in these ma-
isotope substitution. On the other hand, the 2D-QSI transiterials do not provide direct information on the pairing
tion is driven by the exchange of pairs which favors superimechanism. These effects are subject to the universal rela-
conductivity and the combined effects of disorder and Coutions and the phase diagram. In the underdoped cuprates con-
lomb repulsion of the pairs, which favor localization. Sincesidered here, they provide useful information on the flow to
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2D-QsSI criticality and the interplay between the isotope ef-mass of the fermions and with that the mass and the ex-
fects on transition temperature, specific heat, and penetratiarthange of the pairs, is the relevant mechanism, giving rise to
depths. Concerning the mechanism of the isotope effects, the shift of the phase diagram.

leads to a shift of the phase diagrai. is lowered and this Finally we hope that this novel point of view about the
implies unalterably a shift of the critical dopant, substituent,isotope effects in fluctuation dominated superconductors will
impurity, and defect concentration, where the 2D-QSI transistimulate further experimental work to obtain new data to
tion occurs. This transition is driven by the exchange ofconfirm or refute our predictions.

pairs, which favors superconductivity and the combined ef-

fects of dls_ord_er an(_j COL_Jlomb repulsu_)n pf the_ pairs, which ACKNOWLEDGMENTS

favor localization. Since isotope substitution will hardly af-
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