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Absorption intensities of the multipole-field-induced zero-phonon transitions
in solid HD, HT, and DT
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Closed-form theoretical expressions are derived for the integrated absorption coefficient of various zero-
phonon single and double transitions in heteronuclear isotopic variants of hydrogen in condensed phase.
Theoretical analysis predicts a different kind of double transition in the spectra of solid HD, HT, and DT, where
the rotational energy of one molecule changes by three quanta and the rotational energy of another molecule
simultaneously changes by at least three quanta. The expressions for double transitions given in this paper may,
for example, be applied to double transitions involvingpara-H2–HD or ortho-D2–HD pairs.
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I. INTRODUCTION

Solid hydrogen as the archetypical molecular quant
crystal provides opportunities and challenges to experim
talists and theorists alike.1 The absorption process in soli
hydrogens (H2 , D2, HD, etc.! results primarily from induced
dipole moments, although the small nonadiabatic perman
dipole contributes to theR- andP-branch transitions for het
eronuclear isotopomers. General and special expression
the integrated absorption coefficients of all types of ze
phonon single and double transitions in solid H2 have been
derived by various groups.2–7 These expressions would als
be valid for D2 and T2, but the definitions of ortho and par
modifications with respect toJ ~rotational quantum number!
will be different. For heteronuclear molecules, the ortho-p
distinction does not exist and nearly all molecules in so
HD, HT, and DT are in theJ50 state, thus simplifying the
infrared spectrum and the theoretical analysis. Howe
complications arise due to the noncoincidence of the ce
of charge with the center of mass of the molecule. Furth
since these molecules are not perfectly centrosymmetric,
DJ transitions are allowed in addition to evenDJ transitions,
which are the only allowed transitions in homonuclear co
terparts such as H2.

Although theoretical expressions for the intensities of c
tain transitions in HD are derived by Poll an
co-workers,8–10 so far no attempt is made to give gene
expressions that are valid for all transitions of a similar ty
In the present paper, our concern is to derive closed-fo
expressions for the absorption intensities of zero-pho
single and double transitions in solid HD, HT, and DT. T
general expressions derived here for the single and do
transitions reduce to the special cases of Refs. 8–10. In
dition, our theoretical analysis predicts a different kind
double transitionTv(0)1@DJ5,>3#v8(0) in solid HD, HT,
and DT. The intensity formulas for this kind of transition a
also derived, and the predicted intensities imply that th
transitions are relatively strong. Here the symbolsQ, R, S,
etc., are used to denote, respectively, rotational transit
0163-1829/2003/67~13!/134305~9!/$20.00 67 1343
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with DJ50,1,2, etc. The subscript specifies the change
the vibrational quantum number~the lower state always be
ing v50) whereas the number in parentheses represents
lower-stateJ value. The symbol, denotes the order of the
multipole.

Experimentally, among the three heteronuclear iso
pomers of hydrogen, most infrared measurements of
multipole-induced spectrum in the solid phase have been
HD ~Refs. 11–13!, however, these measurements are not
extensive as those for H2. In solid HD, the pure rotational a
well as rovibrational transitions up toDJ55 ~induced by the
25-pole moment! have been observed, while in the case
HT, only the quadrupole-induced transitions have be
reported14,15and, to our knowledge, no spectroscopic stud
have been performed in solid DT. For some of the transitio
in HD for which absorption intensities are measured, th
retical intensities are not yet available. Also, given the fu
damental importance of the spectroscopy of the hydrogen
the condensed phase, it seems likely that important result
the heteronuclear hydrogens will be reported. One wo
then require theoretical absorption intensities to corre
with the experimental findings. In this paper, we provi
predicted intensities of transitions up toDJ511 ~induced by
the 211-pole moment! in solid HD. For other isotopomers
the intensities can be calculated with the available data.
theoretical approach adopted here is simple and extensio
the results to ‘‘mixed isotopomer transitions,’’ such
Rv(0)HD1@DJ5,#v8(0)H2 , Sv(0)HD1@DJ5,#v8(0)D2,
etc., is straightforward. Although mixed isotopomer tran
tions, where a HD molecule and a H2 or D2 molecule simul-
taneously take part in a transition, are observ
experimentally,11,13,16 and absorption intensities are me
sured for some of the lines, so far no theoretical analysis
intensities of such transitions has been attempted.

II. THEORY

The basic formalism for the absorption intensities
multipolar-induced transitions in solid hydrogens was fi
developed by VanKranendonk2 and others.17 They expressed
©2003 The American Physical Society05-1
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the intensity in terms of the matrix elements of the spher
components of the induced dipole moment of a pair of m
ecules. The dipole components were expanded in term
appropriately coupled products of three spherical harmon
Y,,m , describing the orientations of the internuclear axes
the two individual molecules in the pair,r1 (5r 1 ,v1) and
r2 (5r 2 ,v2), and of the vector separation between th
centers of mass R (5R,V). Balasubramanian an
co-workers4–6 adopted a slightly different approach to obta
closed-form expressions for the intensities of single a
double transitions in solid hydrogen. The latter method
followed in this paper.

The basic experimental quantity that is directly relata
to theory is the integrated absorption coefficient defined

ã5~c/Nl !E ln~ I 0 /I !dn/n. ~1!

Here c is the speed of light,I 0 and I are, respectively, the
incident and transmitted intensities,n is the wave number o
the line~in cm21), l is the sample length, andN is the num-
ber of absorbing molecules per cm3. Theoretically,ã is re-
lated to the matrix elements of the induced dipole mom
m ind

18

ã5~8p3/3h!(
ninf

u^ f nf um indu ini&u2/di , ~2!

whereu ini& andu f nf& are the initial and final states,ni andnf
are the labels of the respective degenerate components
di (52J911) is the initial-state degeneracy. The task
developing an expression forã for any specifiable transition
thus reduces to one of evaluating the appropriate expres
for the induced dipole moment.

In order to calculatemind , let us consider an isolated mo
lecular pair 1 andk in a single crystal of solid HD, HT, or DT
at 0 K and assume a rigid hexagonal close-packed~hcp! lat-
tice. Since, in the heteronuclear isotopomers, the cente
mass~CM! does not coincide with the center of charge~CC!,
one must express all of the relevant quantities in CM co
dinates. We take advantage of the recent computation
rovibrational matrix elements of the multipole moments
these molecules in CM coordinates,19 and, as shown in Fig
1, place the CM of molecule 1 at the origin of a laborato
fixed coordinate systemXYZ ~the Z axis pointing along the
hexagonal axis!. The CM of the moleculek is located by the
position vectorR1k (5R1k ,V̂1k), while the CC of this mol-
ecule is given byS1k (5S1k ,V̂1k8 ). The orientations of the

axes of the two molecules are given byv̂1(5u1 ,f1) and
v̂2(5u2 ,f2). The electric field at moleculek, due to the
13430
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2,-pole moment of molecule 1 polarizesk to produce in it an
induced dipole momentmind(,;1,k). This has an isotropic
componentm iso parallel to the field and an anisotropic pa
man, which is dependent on the orientation ofk. The polar-
izability matrix elements are available in the CC coordina
and hence spherical componentsmn(,;1,k) of the two parts
of the multipole-induced dipole moment as a function ofS1k
can be written as5,17

FIG. 1. Multipolar induction in a molecular pair (1,k) in solid
HD, representative of heteronuclear isotopomers. The origin ‘‘O’’
of the laboratory coordinate systemXYZ is placed at the CM of
molecule 1. The vectorXk connects the CM of moleculek to its CC.
The Z axis lies along the hexagonal axis of the hcp lattice.v i

(5u i ,f i) defines the orientation of the molecule.
mn
iso~,;1,k,S1k!54p@~,11!/~2,13!#1/2Q,

CM~r 1!aCC~r k!S1k
2(,12)(

m
~2 !mC~,,1,,11;m,n,m

1n!Y,,2m~v̂1!Y,11,m1n~V̂1k8 !, ~3!
5-2
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mn
an~,;1,k,S1k!5~2 !,11@128p3~,11!/27#1/2Q,

CM~r 1!gCC~r k!S1k
2(,12)(

mM
C~2,1,1;n2M2m,M1m,n!

3C~,,,11,1;m,M ,M1m!Y,,m~v̂1!Y2,n2M2m~v̂k!Y,11,M~V̂1k8 !. ~4!
la

n
in
In the above equationsQ,
CM(r 1) is the 2,-pole moment of

molecule 1 in the CM coordinate,aCC(r k) andgCC(r k) are,
respectively, the isotropic and anisotropic parts of the po
izability of moleculek in the CC coordinate,C is a Clebsch-
Gordan coefficient, andr 1 or r k is the internuclear separatio
in the corresponding molecule. In order to express the
duced dipole moment as a function ofR1k , we make use of
the relation betweenR1k andS1k illustrated by Fig. 1,

R1k5S1k2Xk , ~5!
s
e
r

t-
K
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and expandmn(,;1,k,R1k) as a Taylor series:

mn~,;1,k,R1k!5mn~,;1,k,S1k!2Xk•“S1k
mn~,;1,k,S1k!

1 1
2 Xk•Xk :“S1k

“S1k
mn~,;1,k,S1k!1••• .

~6!

Using the gradient formula20 and Eqs.~3!, ~4!, and ~6!, the
m iso andman expressed as functions ofR1k can be written as
@retaining only the first two terms in Eq.~6!, i.e., terms up to
linear in Xk , in each case#
mn
iso~,;1,k,R1k!5mn

iso~,;1,k,S1k!14p@4p~,11!~,12!~2,13!/3~2,15!#1/2Q,
CM~r 1!xka

CC~r k!S1k
2(,13)

3(
mn

~2 !m1nC~,,1,,11;m,n,m1n!C~,11,1,,12;m1n,2n,m1n

2n!Y,,2m~v̂1!Y1,n~v̂k!Y,12,m1n2n~V̂1k8 !, ~7!

mn
an~,;1,k,R1k!5mn

an~,;1,k,S1k!1~2 !,11
16p2~2,13!

9
@2~,11!~,12!/~2,15!#1/2Q,

CM~r 1!xkg
CC~r k!

3S1k
2(,13) (

mnM
C~2,1,1;n2M2m,M1m,n!C~,,,11,1;m,M ,M1m!C~,11,1,,

12;M ,2n,M2n!Y,,m~v̂1!Y1,n~v̂k!Y2,n2M2m~v̂k!Y,12,M2n~V̂1k8 !, ~8!
tion
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wherexk is the magnitude of the vectorXk that connects the
CM of moleculek to its CC. As a small digression, let u
return to Eq.~6! to estimate the order of magnitude of th
relative contribution tomn from the quadratic and the linea
terms. From Eq.~6!, we have

Tquad

Tlin
'UXk•Xk :“S1k

“S1k
mn~,;1,k,S1k!

Xk•“S1k
mn~,;1,k,S1k!

U .
From Eqs.~3! or ~4! this reduces to

uXku2S1k
2(,14)

uXkuS1k
2(,13)

5
xk

S1k
.

In HD, for instance,xk5r e/6, wherer e50.74 Å is the equi-
librium bond distance. ForS1k if we substitute the neares
neighbor distance of 3.64 Å, appropriate for solid HD at 0
 ,

the above ratio becomes 0.034. This justifies the trunca
of the Taylor expansion@Eq. ~6!# at the linear term.

The expressions~3!, ~4!, ~7!, and~8! restrict the rotational
transitions that the individual molecules in the pair can u
dergo. However, there is no restriction on the vibration
transitions. This makes it possible to observe pure rotatio
as well as rovibrational transitions in the fundamental a
overtone regions. It is clear that the first term ofm iso in Eq.
~7!, which is given by Eq.~3!, can cause a rovibrationa
transition in molecule 1 that obeys the selection ruleDJ
<, ~with restriction J81J9>,). This rotational transition
may occur with or without a simultaneous pure vibration
transition in moleculek. The former possibility results in a
double transition of the type@DJ5,#v1

(0)1Qvk
(0) while,

in the latter case, we have a single transition@DJ
5,#v1

(0). On theother hand, the second term ofm iso in Eq.
~7! implies the possibility of another type of double trans
tion @DJ5,#v1

(0)1Rvk
(0). Equation ~4! implies that the
5-3
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first term ofman in Eq. ~8! permits a different kind of double
transition in which both molecules in the pair (1,k) can
change their rotational states withDJ1<, ~with restriction
J181J19>,) andDJk<2 ~with restrictionJk81Jk9>2), which
corresponds to a double transition of the type@DJ
5,#v1

(0)1Svk
(0). The spherical harmonic product rule20

results in a sum of first-order and third-order spherical h
monics,Y1,m8(v̂k) andY3,m9(v̂k), in the second term of Eq
~8!; hence this term ofman gives rise to @DJ5,#v1

(0)

1Rvk
(0) and@DJ5,#v1

(0)1Tvk
(0) types of double transi

tions.
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It is evident how the formalism adopted in this paper
derive intensity formulas for induced transitions in the h
eronuclear molecules has advantages over the one deve
by Poll, Tipping, and others.8–10The forms of the parts of the
induced dipole moment mentioned above, which contrib
to a single transition@DJ5,#v1

(0) and to double transitions
@DJ5,#v1

(0)1Qvk
(0) and@DJ5,#v1

(0)1Svk
(0) in solid

HD, HT, and DT are similar to those applicable to so
para-H2 and the derivation of intensity formulas for thes
types of transitions is straightforward. Considering on
lower-order multipolar induction, one can write the intens
expressions for the heteronuclear isotopomers as4,5
ã$@DJ5,#v~0!%5
8p3~,11!

3ha(2,14)
^00uaCC~r !u00&2^v,uQ,

CM~r !u00&2j,11S,11 , ~9!

ã$@DJ5,#v1
~0!1Qvk

~0!%5
8p3~,11!

3ha(2,14)
^vk0uaCC~r !u00&2^v1,uQ,

CM~r !u00&2j,128 S,128 , ~10!

ã$@DJ5,~>4!#v1
~0!1Svk

~0!%5
16p3~,11!

27ha(2,14)
^vk2ugCC~r !u00&2^v1,uQ,

CM~r !u00&2j,128 S,128 , ~11!

ã$Sv1
~0!1Svk

~0!%5
8p3

3ha8
j48S48$

2
3 ^v12uQ2

CM~r !u00&2^vk2ugCC~r !u00&21 2
3 ^v12ugCC~r !u00&2^vk2uQ2

CM~r !u00&2

2 4
5 ^v12uQ2

CM~r !u00&^vk2uQ2
CM~r !u00&^v12ugCC~r !u00&^vk2ugCC~r !u00&%, ~12!

ã$Sv~0!1Sv~0!%5
32p3

45ha8
j48S48^v2ugCC~r !u00&2^v2uQ2

CM~r !u00&2, ~13!
nal

i-

r-

r
m-
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e

or
where S,115( jk8 (a2/R1 jR1k)
,12P,11(cosujk) and S,128

5(k8(a/R1k)
2,14 are the positive-definite lattice sum

~their values are given in Table I! and a is the nearest-
neighbor distance in the crystal. The prime denotes exclu
of terms withj 51 or k51. The additional termj, described
as the phonon renormalization factor, corrects the rig
lattice sum to allow for zero-point motions.1–5,8–10The ex-
pressions~9! and ~10! are not valid for,51, because for a
DJ51 transition the transition amplitude arising from th
induced dipole moment interferes with that from the perm
nent dipole moment of the heteronuclear molecule and
intensities are modified by this interference effect. A detai
theoretical discussion of the intensities of theRv(0) transi-
tions is given in Ref. 21. The specific expressions~12! and
~13! for the double transitions of the typeS(0)1S(0) em-
body an interference term which arises when the roles of
molecules 1 andk in the pair are interchanged. Further, f
v15vk5v, the two normally distinct doubly degenera
statesu1v1 ,2;kvk,2& and u1vk ,2;kv1 ,2& become a single
n

-

-
e

d

e

composite state and division by 2 is required to get the fi
expression~13!.4

We turn now to the intensity formulas for double trans
tions of types @DJ5,#v1

(0)1Rvk
(0) and @DJ5,#v1

(0)

1Tvk
(0). For anydouble transition, we first obtain the pa

tial absorption coefficientã(1,k) due to the molecular pai
(1,k) and the net absorption coefficient is obtained by su
ming the pair absorption coefficients overk,

ã5(
k

ã~1,k!. ~14!

As pointed out in Ref. 6, the orientation of the intermolecu
axis ~the angular coordinatesV̂1k in Fig. 1! does not affect
the value ofã(1,k). We exploit this freedom to locate th
center of charge of moleculek at (0,0,Sk), that is, on theZ
axis in Fig. 1, which simplifies the algebra considerably. F
this choice, the second terms ofm iso in Eq. ~7! and man in
5-4
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Eq. ~8!, responsible for the occurrence of the abov
mentioned transitions, reduce, respectively, to

4p@~,11!~,12!~2,13!/3#1/2Q,
CM~r 1!xka

CC~r k!

3S1k
2~,13!~2 !n(

n
C~,,1,,11;n2n,n,n!

3C~,11,1,,12;n,2n,0!Y,,n2n~v̂1!Y1,n~v̂k!,

and

@128p3~,11!~,12!~2,13!/27#1/2

3Q,
CM~r 1!xkg

CC~r k!S1k
2(,13)(

mn
~2 !m1n11

3C~2,1,1;n2m2n,m1n,n!

3C~,,1,,11;m,2m2n,2n!C~,11,1,,12;n,

2n,0!Y,,m~v̂1!Y1,n~v̂k!Y2,n2m2n~v̂k!.

TABLE I. Numerical values of various lattice sums needed
the calculation of absorption intensities of transitions in solid h
drogens. The values for,57 and 9–11 have not been reporte
previously. The computation assumesR1 j andR1k as the distances
between the centers of charge of two molecules.a is the nearest-
neighbor distance.

, ( jk8 (a2/R1 jR1k)
,12P,11(cosujk) (k8(a/R1k)

2,14

1 2.5464 14.4544
2 0.3062 12.8028
3 0.8129 12.3119
4 7.1414 12.1323
5 31.3581 12.0592
6 14.3510 12.0275
7 15.4048 12.0131
8 2.9352 12.0063
9 6.1809 12.0031
10 2.2565 12.0015
11 33.8280 12.0008
13430
-

The contributions of moleculek to R- or T-branch transitions
due to an anisotropic interaction can be isolated by mak
use of product rule for spherical harmonics,20

Y1,n~v̂k!Y2,n2m2n~v̂k!5(
M

2~1/2p!1/2C~1,2,1;n,n2m

2n,M !Y1,M~v̂k!

1~9/28p!1/2C~1,2,3;n,n2m

2n,M !Y3,M~v̂k!. ~15!

Next we need the matrix elements for the part of induc
dipole moment that contributes to the corresponding tra
tion between the initial and final states of the pair of m
ecules. Throughout this paper, any mixing of rotational sta
of individual molecule by the anisotropic interaction prese
in the crystal is neglected and the rovibrational states for
pair are taken as simple product states

u1v1 ,J1M1 ;kvk ,JkMk&5u1v1 ,J1 ,~r 1!&ukvk ,Jk ,~r k!&

3YJ1 ,M1
~v̂1!YJk ,Mk

~v̂k!,

in which uv,J,(r )& refers to the radial part of the wave func
tion of the vibrating rotator. The initial stateu i &
5 u10,00;k0,00& 5 u10,0,(r 1)&uk0,0,(r k)&Y0, 0(v̂1)Y0,0(v̂k)
is the same for all transitions considered. The final stateu f &,
reached by the molecular pair subsequent to absorption
the transitions@DJ5,#v1

(0)1Rvk
(0) and @DJ5,#v1

(0)
1Tvk

(0) are, respectively,

u1v1 ,,M18 ;kvk ,1Mk8&5u1v1 ,,,~r 18!&ukvk ,1,~r k8!&

3Y,M
18
~v̂1!Y1,M

k8
~v̂k!

and

u1v1 ,,M18 ;kvk ,3Mk8&5u1v1 ,,,~r 18!&ukvk ,3,~r k8!&

3Y,M
18
~v̂1!Y3,M

k8
~v̂k!.

Insertion of the matrix elements in Eq.~2! and summation
over the lattice in Eq.~14! yield

r
-

ã$@DJ5,~.1!#v1
~0!1Rvk

~0!%5
8p3~,11!~,12!~2,13!

9ha(2,16)
^v1,uQ,

CM~r !u00&2j,139 S,139 H ^vk1uxaCC~r !u00&2

1
1

225
^vk1uxgCC~r !u00&21

2

15
^vk1uxaCC~r !u00&^vk1uxgCC~r !u00&J , ~16!

ã$@DJ5,~.3!#v1
~0!1Tvk

~0!%5
16p3~,11!~,12!~2,13!

75ha(2,16)
^v1,uQ,

CM~r !u00&2^vk3uxgCC~r !u00&2j,139 S,139 , ~17!
5-5
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TABLE II. Computed values for rovibrational matrix elements^v8J8uÔu00& of various operatorsÔ involving polarizability andx for
HD, HT, and DT. The parameterx stands for the distance between the centers of charge and mass. The matrix elements are valid in th
of charge coordinate system. The algebraic sign of the matrix elements is determined by the phase convention that each radial wa
is real and positive at its outermost extremum. This means that the innermost wave function lobe is positive for even lev
50,2,4, . . . ) andnegative for odd levels (v51,3,5, . . . ).

v850 v851 v852
J8 Ô HD HT DT HD HT DT HD HT DT

0 a(r ) 5.38552 5.37394 5.33407 0.68551 0.66469 0.5879920.06051 20.05671 20.04391
1 xa(r ) 1.31311 1.95839 0.76878 0.30382 0.44078 0.1547920.00873 20.01201 20.00344
1 xg(r ) 0.49572 0.73613 0.28466 0.19157 0.27669 0.09565 0.01065 0.01526 0.005
2 g(r ) 2.00763 1.99563 1.95494 0.53109 0.51524 0.4565120.01598 20.01426 20.00915
3 xg(r ) 0.50043 0.74239 0.28620 0.17912 0.25973 0.09101 0.00607 0.00919 0.003
io

ns

a
p

-
o
e

to

ra
d-
.
t

-
on
to-
spe-

der

e
to
e
-
the
te

,
n-
cal
–10.
dif-
whereS,139 stands for the lattice sum(k8(a/R1k)
2,16 and

j,139 is the corresponding reduction factor. In the absorpt
intensity Eq.~17!, the restriction,.3 is imposed to preclude
use of this expression to calculate the intensities of tra
tions of typesR1T, S1T, andT1T. The intensity contri-
bution to theR1T transitions from Eq.~17! is negligible
relative to that from Eq.~16!. ~The former contribution is
due to the induced dipole that arises from the very we
permanent dipole moment of molecule 1 and the anisotro
polarizability of moleculek. In contrast, the latter contribu
tion originates from a relatively strong induced dipole m
ment, due to the 23-pole moment of molecule 1 and th
polarizability of moleculek.! For T1T transitions the role of
molecules 1 andk can be interchanged, which gives rise
an interference effect, and a lengthy derivation leads to

ã$Tv1
~0!1Tvk

~0!%

5
192p3

ha12
j69S69$

1
5 ^v13uQ3

CM~r !u00&2^vk3uxgCC~r !u00&2

1 1
5 ^v13uxgCC~r !u00&2^vk3uQ3

CM~r !u00&2

2 2
7 ^v13uQ3

CM~r !u00&^vk3uQ3
CM~r !u00&

3^v13uxgCC~r !u00&^vk3uxgCC~r !u00&%, ~18!

ã$Tv~0!1Tv~0!%5
384p3

35ha12
j69S69^v3uxgCC~r !u00&2^v3u

3Q3
CM~r !u00&2. ~19!

Here it is important to mention that the substitutionv15vk
in Eq. ~18! does not automatically lead to Eq.~19!. Instead it
yields an extra factor of 2 because of the double degene
that exists forv1Þvk . One final special case must be a
dressed. TheS1T transition types derive intensity from Eq
~11! as well as from Eq.~17!. Again, an interference effec
plays an important role and further calculation yields
13430
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ã$Sv1
~0!1Tvk

~0!%

5
64p3

3ha10
jS$ 21

25 ^v12uQ2
CM~r !u00&2^vk3uxgCC~r !u00&2

1 1
9 ^v12ugCC~r !u00&2^vk3uQ3

CM~r !u00&2

1 2
5 ^v12uQ2

CM~r !u00&^vk3uQ3
CM~r !u00&

3^v12ugCC~r !u00&^vk3uxgCC~r !u00&%, ~20!

whereS stands for the lattice sum(k8(a/R1k)
10 andj is the

phonon renormalization factor.

III. RESULTS AND DISCUSSION

Equations~9!–~13! and ~16!–~20! give the integrated ab
sorption coefficients for different types of zero-phon
single and double transitions in the heteronuclear iso
pomers of hydrogen in condensed phase. Of these, some
cial cases for solid HD, namely,Tv(0),Uv(0),Vv(0),Sv(0)
1Rv8(0),Sv(0)1Tv8(0), and Uv(0)1Qv8(0), have been
treated previously.8,9 Also, in Ref. 10, Pollet al. give some
selected dipole coefficients for HD,AL

(n)(l1l2L;r 1r 2R),
which arise from ‘‘n-shifted’’ @obtained throughn repeated
applications of an operation, which is used to get first-or
shifted coefficients~for details see Ref. 10!# multipolar-
induced dipolesAl(l1l2L;r 1r 2R) of H2 ~homonuclear!
molecule. TheseAL

(n) functions can be used to calculate th
intensities of special case transitions in solid HD. In order
calculate (n11)-shifted induced dipoles by this method, on
needs prior knowledge ofn-shifted dipoles. Moreover, a gen
eralization of the results seems to be impossible. Using
transformation of multipole moments from one coordina
system to another,19,22

Q,
CM~r !5Q,

CC~r !1 (
,150

,21
~2 !,2,1,!

,1! ~,2,1!!
x,2,1Q,1

CC~r !,

and setting the distance between the CM and the CCx
5r /6 for HD, it can easily be shown that the general inte
sity formulas given in this paper reduce to the theoreti
expressions for the special cases reported in Refs. 8
Thus, the present derivation of general expressions via a
5-6
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TABLE III. Predicted integrated absorption coefficients of typical zero-phonon single and double transitions in solid HD. Also in
are experimental and earlier theoretical values, wherever data are available.

Integrated absorption coefficientã/cm3 s21 Integrated absorption coefficientã/cm3 s21

Experiment Theory Experiment Theory

Transition Lo
~Ref. 11!

Lee
~Ref. 13!

Tipping and
co-workers

~Refs. 8–10!

This work Transition Lo
~Ref. 11!

Lee
~Ref. 13!

Tipping and
co-workers

~Refs. 8–10!

This work

T0(0) 4.1310215 3.94310215 R0(0)1T1(0) 6.47310217

U0(0) 1.2310215 1.1310215 2.0310215 1.86310215 R0(0)1U1(0) 9.46310218

V0(0) 1.1310216 8.9310217 2.1310216 1.96310216 R0(0)1V1(0) 4.90310219

W0(0) 3.6310218 2.88310218 R0(0)1W1(0) 2.96310220

9.8310220

X0(0) 8.36310220 R1(0)1S1(0) 7.2310217 6.5310217 6.32310217

Y0(0) 4.67310222 R1(0)1T1(0) 3.52310218

Z0(0) 2.82310223 R1(0)1U1(0) 5.12310219

D@J510#0(0) 3.07310225 R1(0)1V1(0) 2.65310220

D@J511#0(0) 1.39310225 R1(0)1W1(0) 1.60310221

T1(0) 2.4310216 2.26310216 S0(0)1S0(0) 5.10310214

U1(0) 1.7310216 1.5310216 2.2310216 2.00310216 S0(0)1S1(0) 2.5310215 5.71310215

V1(0) 2.1310217 3.8310217 3.32310217 S1(0)1S1(0) 6.3310217 8.46310217

W1(0) 6.98310219 S0(0)1S2(0) 3.72310217

X1(0) 2.70310220 S1(0)1S2(0) 2.96310218

Y1(0) 1.92310222 S2(0)1S2(0) 1.37310221

T2(0) 1.45310219 S0(0)1T0(0) 3.1310216 1.2310215 1.20310215

U2(0) 1.70310218 S0(0)1U0(0) 6.9310217 9.76310217

V2(0) 7.42310219 S0(0)1V0(0) 2.32310218

W2(0) 2.76310220 S0(0)1W0(0) 7.44310220

Q1(0)1S0(0) 6.68310214 S1(0)1T0(0) 7.7310217 7.52310217

Q1(0)1S1(0) 1.1310215 1.59310215 S1(0)1U0(0) 5.6310218 6.83310218

Q1(0)1S2(0) 1.6310217 2.84310217 S1(0)1V0(0) 1.63310219

Q2(0)1S0(0) 3.3310216 5.21310216 S1(0)1W0(0) 5.21310221

Q2(0)1S1(0) 5.2310218 1.24310217 S0(0)1T1(0) 1.2310216 1.19310216

Q2(0)1S2(0) 2.22310219 S0(0)1U1(0) 7.0310218 1.05310217

Q3(0)1S0(0) 4.9310218 8.59310218 S0(0)1V1(0) 3.94310219

Q3(0)1S1(0) 2.04310219 S0(0)1W1(0) 1.81310220

Q1(0)1T0(0) 9.9310216 9.66310216 S1(0)1T1(0) 4.42310218

Q1(0)1U0(0) 7.3310217 5.5310217 5.12310217 S1(0)1U1(0) 7.35310219

Q1(0)1V0(0) 1.3310218 1.22310218 S1(0)1V1(0) 2.76310220

Q1(0)1W0(0) 4.9310220 3.90310220 T0(0)1T0(0) 1.10310217

1.3310221

Q1(0)1X0(0) 1.06310221 T0(0)1T1(0) 2.43310218

Q1(0)1Y0(0) 3.10310223 T1(0)1T1(0) 8.10310220

Q1(0)1T1(0) 5.54310217 T0(0)1T2(0) 3.04310220

Q1(0)1U1(0) 5.51310218 T0(0)1U0(0) 2.51310219

Q1(0)1V1(0) 2.07310219 T0(0)1U1(0) 2.70310220

Q1(0)1W1(0) 9.47310221 T1(0)1U0(0) 3.22310220

R0(0)1S0(0) 4.81310214 T1(0)1U1(0) 3.47310221

R0(0)1T0(0) 1.2310215 1.13310215 T0(0)1V0(0) 8.28310221

R0(0)1U0(0) 8.80310217 T0(0)1V1(0) 1.4310221

R0(0)1V0(0) 2.89310218 T1(0)1V0(0) 1.06310221

R0(0)1W0(0) 1.22310219 T1(0)1V1(0) 1.80310222

R0(0)1S1(0) 1.14310215
134305-7
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TABLE IV. Predicted intensities of some of the mixed isotopomer transitions in a HD crystal.

Transition ã/cm3 s21 Transition ã/cm3 s21

Q1(0)HD1S0(0)H2 6.79310214 Q1(0)H21W1(0)HD 1.10310220

Q1(0)HD1U0(0)H2 4.46310216 Q2(0)H21S0(0)HD 7.18310216

Q1(0)HD1W0(0)H2 8.45310218 R0(0)HD1S0(0)H2 4.89310214

Q1(0)HD1S1(0)H2 1.77310215 R0(0)HD1U0(0)H2 4.06310217

Q1(0)HD1U1(0)H2 2.87310218 R0(0)HD1W0(0)H2 2.01310220

Q1(0)HD1W1(0)H2 1.66310221 R0(0)HD1S1(0)H2 1.27310215

Q2(0)HD1S0(0)H2 5.30310216 R0(0)HD1U1(0)H2 4.93310218

Q1(0)H21S0(0)HD 7.79310214 R1(0)HD1S1(0)H2 7.05310217

Q1(0)H21T0(0)HD 1.13310215 R1(0)HD1U1(0)H2 2.67310219

Q1(0)H21U0(0)HD 5.97310217 S0(0)HD1S0(0)H2 1.04310217

Q1(0)H21V0(0)HD 1.42310218 S0(0)HD1U0(0)H2 4.51310217

Q1(0)H21W0(0)HD 4.55310220 S0(0)HD1S1(0)H2 6.63310219

Q1(0)H21S1(0)HD 1.85310215 S1(0)HD1S0(0)H2 5.80310219

Q1(0)H21T1(0)HD 6.46310217 S0(0)HD1U1(0)H2 5.47310218

Q1(0)H21U1(0)HD 6.42310218 T0(0)HD1U0(0)H2 1.16310219

Q1(0)H21V1(0)HD 2.41310219
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and
ferent route provides an independent confirmation of the
sults in Refs. 8–10 and vice versa. The factor 1/18 that
pears in Eqs.~10! and ~14! of Ref. 9 should in fact be
replaced by 1/3.

The intensity expressions in the present paper are m
compact than those in Refs. 8–10 and contain rovibratio
matrix elements of the multipole moments in the CM co
dinate system and ofa(r ),g(r ), xa(r ), and xg(r ) in the
CC coordinate system. While the required rotation
vibrational matrix elements for the multipole moments up
order 11 are reported for all heteronuclear isotopomers,19 for
other operators the required matrix elements are only av
able for HD.10 In Table II, we list the necessary rovibration
matrix elements ofa(r ),g(r ),xa(r ), andxg(r ) for all het-
eronuclear isotopomers, including HD, as we believe th
matrix elements are more accurate than the results give
Ref. 10. A comprehensive listing of different matrix elemen
may be obtained from the authors on request. These m
elements are computed using ther-dependent polarizability
functions given by Rychlewski,23 potentials of Ref. 24, and
the computer program ‘‘LEVEL 6.0’’ obtained from Le Roy.25

Finally, using the data given in Tables I and II, and the e
pressions derived in this paper, we give in Table III theor
ical values of integrated absorption coefficients for the va
ous zero-phonon transitions in solid HD. A comparison
the present results with other theoretical works and the
perimental observations is also made, wherever the data
available. The theoretical calculations assume that the p
non renormalization factors are equal to 1. The value for
nearest-neighbor distancea is taken as 6.8824 a.u. from Re
26. In general, there is good agreement among the pre
work, the experimental observations, and the previous th
retical estimates. Our theoretical intensities for single a
double transitions differ by 2–30 % from the intensities p
dicted by Tipping co-workers.8–10 In fact, for most cases, ou
values are closer to experimental observations. This is du
the fact that the various rovibrational matrix elements use
13430
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our calculations, particularly of higher-order multipole m
ments, are more accurate. Pollet al.10 have predicted two
possibilities for intensities of the transitionsW0(0) and
Q1(0)1W0(0) dependent upon the sign of^06uQ6u00& for
the H2 molecule, which is obtained from the observed inte
sity of the W0(0) transition.27 Our predicted intensity is
close to the value obtained for the positive sign of the ma
element, in agreement with the computedQ6 matrix element
for the H2 molecule.28 For Sv1

(0)1Tvk
(0) type transitions

an experimental intensity is available only for one transitio
S0(0)1T0(0), and ourvalue as well as the Ref. 8 theoretic
value are approximately a factor of 4 larger than the exp
mental result. Accurate measurements of the intensity of
transition and other transitions of this type are therefore
quired to validate Eq.~20!. Intensities of, hitherto unob
served, double transitions ofT1DJ>3 type and of transi-
tions involvingDJ>7 are predicted here to the best of o
knowledge. New infrared measurements with high sensi
ity, as have been demonstrated by Okumuraet al.27 and Win-
newisser and co-workers29 in their observations ofW andY
transitions in solid H2, could test the reliability of the presen
results for higher-order multipole-induced transitio
(W,X,Y, etc.! and for the predicted double transitions
typesT1T,T1U,T1V, etc.

One can also make use of the intensity formulas
double transitions given in this work to calculate the inte
sity of mixed isotopomer transitions, where both molecu
are initially in theJ50 rotational state. All expressions fo
double transitions, except Eqs.~13! and ~19!, are applicable
to mixed double transitions when both molecules are hete
nuclear. Equations~12! and ~18!, rather than Eqs.~13! and
~19!, are the correct formulas forv15vk5v. When one mol-
ecule of the pair undergoing simultaneous transitions
homonuclear~para-H2 or ortho-D2), then, is restricted to
even values and, in the intensity expressions,v1 and vk
should, respectively, be associated with homonuclear
5-8
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heteronuclear molecules. For example, the expression fo
intensity of theRv(0)HD1@DJ5,#v8(0)H2 transition is

ã$@DJ5,#v8~0!H21Rv~0!HD%

5
8p3~,11!~,12!~2,13!

9ha(2,16)

3^v8,uQ,
H2~r !u00&2j,139 S,139

3H ^v1uxaHD~r !u00&21
1

225
^v1uxgHD~r !u00&2

1
2

15
^v1uxaHD~r !u00&^v1uxgHD~r !u00&J .

Note that for homonuclear molecules the center of mass
incides with the center of charge. When calculating the
tensities of transitions of the typeSv(0)H21Tv8(0)HD, Eq.
~11! rather than Eq.~20! should be used. Again, for trans
tions Sv(0)H21Sv(0)HD, Eq. ~12! and not Eq.~13! should
be applied. In Table IV, we give the predicted intensities
some mixed isotopomer transitions. However, most such
perimentally measured transitions involveortho-H2, and the
present formalism can be applied to develop expressions
the transitions involvingJ51.
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IV. CONCLUSION

Closed-form formulas are derived for the intensities
single and double transitions in solid HD, HT, and DT. The
formulas can be applied to many mixed isotopomer tran
tions and the same method can be applied to predict
intensities of other kinds of mixed isotopomer transitions.
this paper, we provide tests of fundamental concepts for
prototype systems of solid hydrogens. We hope to stimu
further studies, both experimental and theoretical, of ot
molecular solids. In view of the availability of very accura
rovibrational matrix elements of multipole moments19,28,30,31

up to rank 11 for all isotopomers of hydrogen and the h
sensitivity recently achieved in absorption experiments,27,29

together with the ease of growing high optical quality hydr
gen crystals by the rapid vapor deposition method,32 new and
accurate measurements of the infrared spectra of solid hy
gen of all isotopic variants are desirable.
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