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Thermal step bunching and interstep attraction on the vicinal surface with adsorption
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We study statistical thermodynamical behavior of the vicinal surface with adsorption. We consider the case
where attractive lateral interactions between adsorbates are present, which cause the thermal step bunching. As
the microscopic model Hamiltonian for the vicinal surface with adsorption, we adopt a restricted-solid-on-solid
model coupled with the Ising system. Using the density-matrix renormalization group algorithm, we obtain
surface-free energy and adsorption coverage as functions of the surface slopep. We derive the step tension and
the step-interaction coefficient from the free energy. We clarify the origin of the thermal step bunching and the
adsorbate-mediated interstep attraction.
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I. INTRODUCTION

For the surface with adsorbates, there are numbers o
perimental or theoretical studies on the equilibrium surfa
structure with adsorbates.1–4 The surface is often recon
structed by adsorbates; the superlattice is formed due to
excluded volume effect of the adsorbates and the elastic
teractions among adsorbates and the substrate.

From the viewpoint of the crystal growth, the ‘‘excited
structures on the surface such as the surface steps, kinks
step, and ad islands/negative islands are important, since
microscopic crystal growth occurs on such places. The v
nal ~tilted! surface is especially important from the sam
point of view;4–7 the steps on the vicinal surface play the ro
of the ‘‘linear sink’’ of the adatoms on the surface. When t
adsorbates exist on the surface, we should study the inter
between adsorbates and the excited structures, since th
terplay may cause nontrivial effects on the behavior of
system.

Nevertheless, the theoretical study on the interplay
tween the excited structures on the surface and adsorb
has not been done sufficiently yet. One reason is the d
culty to construct effective models to explain the experim
tal results; the vicinal surface with adsorbates shows w
variety of phenomena depending on temperature, adsorp
vapor pressure, and the combination of materials. Ano
reason is the difficulty to make the precise estimation of
‘‘entropic effect.’’ The vicinal surface belongs to the Grube
Mullins-Pokrovsky-Talapov~GMPT! universality class and
is in the ‘‘critical’’ state.8–16 Reliable calculation of thermo
dynamic quantities in such a critical state is extremely di
cult, in general.

Recently, a highly reliable numerical algorithm called t
density-matrix renormalization group~DMRG! has been
devised.17 The DMRG, which is originally applied to quan
tum spin chains, have been successfully applied to t
dimensional ~2D! statistical-mechanical problems.18 What
0163-1829/2003/67~12!/125407~15!/$20.00 67 1254
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we will use in the present work is a variation of the DMRG
called the product wave-function renormalization group19

~PWFRG! which is suitable for study of vicinal-surface-typ
critical state.20–22

The simplest case of the zero-lateral interaction betw
adsorbates~Langmuir adsorption1! has been studied in ou
previous paper.23 We presented a decorated restricted-so
on-solid ~RSOS! model, and made detailed statistica
mechanical study on the roughening transition tempera
TR, surface-free energy, adsorption coverageQ, step tension
g, and step stiffnessg̃. We showed that the decorated RSO
model is exactly mapped to the original RSOS model w
the effective microscopic ledge energyeeff. The decorated
RSOS model shows the GMPT universal behavior.8–16 From
the exact analytic equation ofeeff, we pointed out the occur
rence of the multireentrant roughening transition.

For the case of nonzero-lateral interaction between ad
bates, we presented the RSOS model coupled with the I
system~RSOS-I model! in Refs. 24,25. We found that th
first-order transition occurs on the equilibrium crystal sha
~ECS!, below the roughening transition temperature; th
transition accompaniesthe thermal step bunchingor the
quasifacet formation24,25 ~see Fig. 1!. We also found that
interstep attraction seems to emerge upon adsorption.25

The aim of the present paper is to clarify the origin of t
thermal step bunching and the interstep attraction. For
purpose, we investigate the RSOS-I model in detail; in p
ticular, from the microscopic RSOS-I model Hamiltonia
we obtain the explicit functional form of the surface-fre
energy near the first-order transition. We also give surf
slope dependence of the adsorption coverage.

This paper is organized as follows. In Sec. II, we expla
the RSOS-I model Hamiltonian of the vicinal surface wi
adsorption. In Sec. III, we give brief explanation of the ca
culation method for surface quantities. In Sec. IV, we co
sider the case where the steps are weakly coupled with
sorbates~‘‘physisorption’’ case!. We give results of the
©2003 The American Physical Society07-1
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PWFRG calculation. We explain the relationship between
first-order transition on the ECS and the thermal step bun
ing ~or the quasifacet formation!. The step-tensiong and the
step interaction coefficientg are shown. In Sec. V, we ex
plain how the interchange between the ordered states c
the first-order transition on the ECS, based on the form of
free energy obtained by the PWFRG. In Sec. VI, we consi
the case where the steps are strongly coupled with adsorb
~‘‘chemisorption’’ case!. We show that the first-order trans
tion occurs without the interchange between the orde
states. In Sec. VII, we show how the adsorbate-media
interstep attraction is generated. Calculated results ofg andg
for the strong-coupling case is given in the section. To
derstand the dip in the temperature dependence ofg, we give
an explanation based on the step-droplet picture. In S
VIII, we mention the application to real systems. In Sec. I
we give summary of the paper.

II. SURFACE MODEL WITH ADSORPTION

A. RSOS-Ising coupled model

In order to treat steps, islands, and negative islands o
crystal surface, we consider an SOS model on a square
tice with nearest-neighbor~nn! interactions. The position o
each SOS column is expressed in terms of a pair of inte
as (m,n). The height of the column is denoted byh(m,n)
@Fig. 2~a!#.

For simplicity, we impose the RSOS condition26,27 such
that the nn height differenceDh should beDh50,61. This
simplification is reasonable, because configurations w
largeuDhu are energetically unfavorable. The Hamiltonian
the RSOS system is written as follows:

FIG. 1. An example of the adsorption-induced thermal s
bunching in the RSOS-I model~Sec. II; top view of the surface o
size 4083120 and with 24 steps on it!: A snapshot of the Monte
Carlo simulation at 13107 MCS for a50.1, J/e50.25, H/e
5(m/21J)/e520.02, andkBT/e50.5. ~a! The step condensation
The configuration of the RSOS vicinal surface is shown, wher
white ~black! point indicatesh(m11,n)2h(m,n)5Dx(m,n)51
(21). ~b! The adsorbate segregation: The configuration in the
sorption layer~Ising system! is shown, where white dots represe
adsorbates~up spins!. The RSOS system of~a! is covered with the
adsorption system of~b!.
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HRSOS5(
m,n

@euh~m11,n!2h~m,n!u

1euh~m,n11!2h~m,n!u#, ~2.1!

wheree is the microscopic ledge energy, and the summat
with respect to (m,n) is taken over all sites of the lattic
points. The RSOS condition is taken into account implicit
The statistical-mechanical behavior of the RSOS mode
well known,26,27 and the roughening transition temperatu
TR of the RSOS model27 is given by

e

kBTR
50.633. ~2.2!

In order to describe configurations of the monolayer ads
bate system, we consider 2D nn Ising model, where e
value of the Ising spin61 corresponds to presence/absen
of the adsorbates. The adsorbate is assumed to be put o
bridge site of the RSOS surface@Fig. 2~b!#. We denote the
Ising spin at the side betweenh(m,n) and h(m11,n) as
sy(m,n), and at the side betweenh(m,n) andh(m,n11) as
sx(m,n) @Fig. 2~c!#.

The Hamiltonian of the adsorbates system is written
follows:

HIsing52J(
m,n

@sx~m,n!sy~m,n!1sx~m,n!sy~m21,n!

1sx~m,n21!sy~m,n!1sx~m,n21!sy~m21,n!#

2H(
m,n

@sx~m,n!1sy~m,n!#, ~2.3!

where J is the coupling constant~for lateral interaction
among adsorbates!, and H is the external field~surface
chemical potential!. The Ising system also forms a squa
lattice, which is 45° rotated from the RSOS lattice. T
statistical-mechanical behavior of the 2D Ising system
well known,1,5,28,29and the order-disorder transition temper
ture Tc is exactly known as

p

a

-

FIG. 2. ~a! The top view of the RSOS model. The column heig
h(m,n) is assigned on the 2D square lattice with the site of (m,n).
The height difference between nn sitesDh is restricted to$1,0,
21%. ~b! 2D square lattice-gas~Ising! model, where the filled circle
represents the adsorbate~the up spin!, and the open circle with
dashed line denotes empty site~the down spin!. ~c! Adsorption sites
on the RSOS surface.
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J

kBTc
5

1

2
ln~11A2!. ~2.4!

As a microscopic effect of the adsorbates to the surface
oms, we introduce a microscopic coupling constanta such
that e is replaced bye(12as). Whena.0, an adsorbate
favors the ledge site, and whena,0, the adsorbate avoid
the ledge site~Fig. 3!.

The total Hamiltonian for the RSOS-I model is written
follows:

HRSOS2I5HRSOS1HIsing1Hint

5(
m,n

@e$12asy~m,n!%uh~m11,n!2h~m,n!u

1e$12asx~m,n!%uh~m,n11!2h~m,n!u#

2J(
m,n

@sx~m,n!sy~m,n!1sx~m,n!sy~m21,n!

1sx~m,n21!sy~m,n!1sx~m,n21!sy

3~m21,n!#2H(
m,n

@sx~m,n!1sy~m,n!#.

~2.5!

Furthermore, in order to discuss vicinal surface with nonz
inclination, we add the terms of Andreev field30 hW
5(hx ,hy), which makes surface tilt, as follows:

Hvicinal5HRSOS2I2hx(
m,n

@h~m11,n!2h~m,n!#

2hy(
m,n

@h~m,n11!2h~m,n!#, ~2.6!

where we have only the case withhx5h andhy50.

B. Lattice-gas representation for adsorbates

We can map the RSOS-I model to an equivalent RSO
lattice-gas model by replacing each Ising variables with the
lattice-gas~LG! variablec @c5(s11)/2#. The Hamiltonian
of the RSOS-lattice-gas coupled system is obtained from
Hamiltonian~2.5! as follows:

FIG. 3. Schematic figure for the relation between the step le
and the adsorbates. Whena50, the surface system is independe
of the adsorption system.
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HRSOS2LG5(
m,n

@ ẽ$12ãcy~m,n!%uh~m11,n!2h~m,n!u

1 ẽ$12ãcx~m,n!%uh~m,n11!2h~m,n!u#

24J(
m,n

@cx~m,n!cy~m,n!1cx~m,n!cy

3~m21,n!1cx~m,n21!cy~m,n!

1cx~m,n21!cy~m21,n!#

2m(
m,n

@cx~m,n!1cy~m,n!#1const, ~2.7!

where

ẽ5e~11a!, ã5
2a

11a
, ~2.8!

m52~H2J!. ~2.9!

The ẽ describes the microscopic ledge energy of the ‘‘clea
i.e., adsorbate-free, surface,m the chemical potential of ad
sorbates, 4J the lateral bond energy between adsorbates,
ã the microscopic interplay constant between adsorbates
the surface. Physically,H is related to the vapor pressure
adsorbatesP asH5(1/2)kBT ln P.

Instead of making calculations for every combination
the values of the microscopic parameters, we show the
culations on the typical two cases witha.0 andJ.0, since
our purpose of this paper is to clarify the origin of the the
mal step bunching and the interstep attraction in the cas
J.0.

Note that we can obtain the results for the case of2a
directly from the results for the case ofa, because the
RSOS-I Hamiltonian remains unchanged by replac
(a,sx ,sy ,H) with (2a,2sx ,2sy ,2H).

III. STATISTICAL-MECHANICS CALCULATION
WITH TRANSFER-MATRIX METHOD

The Andreev free energyf̃ (h)30 is calculated from the
partition functionZ as

b f̃ ~h!52 lim
N→`

1

N
ln Z, ~3.1!

Z5 (
$h(m,n)%

(
$sx(m,n)%,$sy(m,n)%

e2bHvicinal, ~3.2!

whereN is the number of lattice points of the RSOS syste
b51/kBT, kB the Boltzmann constant, andT the tempera-
ture. Physically,f̃ (h)-h curve correspond to the section pr
file of the equilibrium crystal shape.30 The system may un-
dergo phase transition as the Andreev field is changed
which we refer as the phase transition on the ECS.

In order to calculate Eq.~3.1! by the transfer-matrix
method,31 we map the RSOS-I Hamiltonian@~2.5! and~2.6!#
to a decorated vertex model@Fig. 4~c!# or a 304-vertex

e
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FIG. 4. ~a! Top view of four nn columns on
the RSOS lattice.~b! 19-vertex model.~c! The
decorated vertex model. Ising spins are rep
sented by circles.~d! Transfer matrixT repre-
sented by the decorated vertex model.
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model.23–25 The height differences between nn RSOS c
umns@Fig. 4~a!# are mapped to 19-vertex model@Fig. 4~b!#,
and the four Ising spins~circles! decorate the vertex@Fig.
4~c!#. Total number of allowed vertex configurations is th
193245304. The statistical weight of each decorated-ver
configuration is obtained from the RSOS-I Hamiltoni
@~2.5! and ~2.6!#.

In the transfer-matrix method, the problem is reduced
finding the largest eignevalue of the transfer matrix. For
agonalization of the transfer matrix, we employ the PWFR
algorithm,19–21 whose efficiency has been well established

The surface gradientpW (px5p,py50) is obtained by the
thermal average of the height difference as follows:

p~h!5^h~m11,n!2h~m,n!&az /ax , ~3.3!

where^•& expresses the thermal average,az (ax) is the lat-
tice constant for thez ~x! direction. We setaz5ax51, here-
after. By sweeping the fieldh, we obtain ap-h curve.

The magnetizationM, the sublattice magnetizationMx
andM y are obtained by

Mx5^sx&, M y5^sy&,

M5~Mx1M y!/2, ~3.4!

respectively.
The adsorption coverageQ is calculated as

Q5~M11!/2. ~3.5!

From the thermodynamics of the surface,30,13the surface-free
energy per projected areaf (p) is calculated from thef̃ (h)
by Legendre transformation as

f ~p!5 f̃ ~h!1pW •hW , ~3.6!

wherehW 5(h,0).
12540
-

x

o
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IV. STEPS WEAKLY COUPLED
WITH ADSORBATES „aÄ0.1…

A. Large J case

WhenJ is large enough so that the order-disorder tran
tion temperature exceeds the roughening transition temp
ture TR of the terrace with adsorption, adsorption layer
always in the ordered state at the temperatures less thanTR,
which means that the freedom of the adsorbates is froz
Then the RSOS-I system reduced to the original RSOS
tem by the replacement of the microscopic ledge energe
with eeff5e(12a) (H.0) or eeff5e(11a) (H,0). The
roughening transition temperature of the terrace with adso
tion is also given by Eq.~2.2! aseeff/kBTR50.633.27

B. Medium J case: The first-order transition on the ECS

WhenJ is not so large, the interplay between the surfa
system and the adsorbates system becomes significant.
typical case, we takeJ/e50.25 (Tc;0.5TR). We have made
statistical-mechanical calculation with the PWFRG alg
rithm in the case ofa50.1, andH/e520.02.

At kBT/e50.8, we showh dependence of2 f̃ (h)/kBT
@Fig. 5~a!# andp(h) @Fig. 5~c!#; and we showp dependence
of f (p)/kBT @Fig. 5~b!#, andM52Q21 @Fig. 5~d!#.

The curve of2 f̃ (h)/kBT is consistent with the GMPT
universal behavior;f (p)/kBT has a cusp atp50; p-h curve
shows universal behavior ofp}Ah2hc,

8–16,32–35wherehc
corresponds to the facet edge. Since we setH,0, the value
of M at p50 is negative; and thenM increases continuously
asp increases. Contrast to the case ofJ50,25 Mx is almost
the same asM y .

At kBT/e50.55, the calculated surface quantities a
shown in Fig. 6. All the values of external parameters e
cept temperature are the same as the values of param
in Fig. 5.

The first-order transition on the36–38,13ECS is shown in
the figure. There exist two ‘‘branches’’ in respective figure
One branch corresponds to the surface with the adsorp
coverageQ;0, and the other branch corresponds to the s
7-4
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face with Q;1. At p50, the surface-free energy of th
surface withQ;0 is lower than the one withQ;1; then the
surface withQ;0 appears. The facet edge position is o
tained from the two curves of the Andreev free energy as
cross point of the two curves. At the facet edge, the slopp
jumps from 0 to a finite valuep1 at the facet edge on th
ECS; andM also jumps from a negative value (Q;0) to a
positive value (Q;1).

For some systems,3,13,36–42the form of f (p) for the first-
order transition is expected phenomenologically. Our pres
calculation gives the explicit form off (p) and Q(p) from
the microscopic model.

FIG. 5. Surface thermodynamical quantities calculated
PWFRG algorithm. kBT/e50.8, a50.1, J/e50.25, and H/e

520.02. ~a! Andreev free energy2 f̃ (h)/kBT versus Andreev field
h/kBT. ~b! Surface-free energy per projected areaf (p)/kBT vs sur-
face slopep. ~c! p vs h/kBT. ~d! Mean magnetizationM52Q21
vs p. Q surface slope adsorption coverage.

FIG. 6. Surface thermodynamical quantities calculated by
PWFRG algorithm.kBT/e50.55, a50.1, J/e50.25, and H/e
520.02. The dashed lines in~a!, ~c!, and~d! shows the line for the

metastable state.~a! 2 f̃ (h)/kBT vs h/kBT. ~b! f (p)/kBT vs p. The
branch withQ;0 is drawn by dashed line, while the branch wi
Q;1 is drawn by solid line.~c! p vs h/kBT. ~d! M52Q21 vs p.
12540
-
e

nt

At kBT/e50.6, we show another case of the first-ord
transition in Fig. 7. At the facet edge, the GMPT behav
appears; while at a certain value ofh, hq , two curves of
2 f̃ (h)/kBT crosses; then the slopep jumps from a lower
valuep0 to an upper valuep1, andM also jumps.f (p) curve
contacts a tangential line atp0 and p1. There should be a
region of ]2f (p)/]p2,0 in betweenp0 and p1, where the
state would not be realized since the system is thermo
namically unstable.

At kBT/e50.62, we show surface quantities of a critic
point Tc(H) defined as the end of the first-order transition
Fig. 8. kBTc(20.02)/e is slightly higher thanTc (kBTc /e
'0.567) for the pure 2D square Ising system.

y

e

FIG. 7. Surface thermodynamical quantities calculated by
PWFRG algorithm. kBT/e50.6, a50.1, J/e50.25, and H/e
520.02. The dashed lines in~a!, ~c!, and ~d! show the lines for

metastable states.~a! 2 f̃ (h)/kBT vs h/kBT. ~b! f (p)/kBT vs p. ~c!
p vs h/kBT. ~d! M52Q21 vs p.

FIG. 8. Surface thermodynamical quantities calculated by
PWFRG algorithm.kBT/e50.62, a50.1, J/e50.25, and H/e

520.02. ~a! 2 f̃ (h)/kBT vs h/kBT. ~b! f (p)/kBT vs p. ~c! p vs
h/kBT. ~d! M52Q21 vs p.
7-5
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C. Thermal step bunching

When first-order transition on the surface occurs, tw
phase coexistence occurs under the condition of a fixed m
slope. The surface with a slopep breaks up into two surface
with the slopep0 and the slopep1 ~Fig. 9!. We call this
separation of the surfaces as the thermal step bunching.

In the case ofp050 @Fig. 9~a!#, the one of the separate
surfaces is the singular surface and forms a wide terrac
the vicinal surface; the other of the separated surfaces
slopep1 is formed by the bunching process of steps in
vicinal surface. Since the surface with slopep1 is not the
singular surface, we call the surface as a quasifacet. Note
the boundary between the surface withp0 and the surface
with p1 is sharp; nevertheless, the quasifacet itself is rou
becausef (p) does not from the cusp singularity atp5p1.

In the case ofp0Þ0 @Fig. 9~b!#, both of the separated
surfaces are quasifacets.

From the thermodynamics of vicinal surface, we have f
lowing equations;30

p52] f̃ ~h!/]h, ~4.1!

h5] f ~p!/]p. ~4.2!

At the two-phase coexistence, we have

f̃ „h~p0!…5 f̃ „h~p1!…,

h~p0!5h~p1!5hq . ~4.3!

From Eq.~3.6! together with Eqs.~4.3!, we have

f ~p1!2 f ~p0!5hq~p12p0!. ~4.4!

The equation Eq.~4.4! means that thef (p) curve contacts
with a tangential line with slopehq at both pointsp0 andp1.

We show an example of the coexistent surfaces by Mo
Carlo calculation in Fig. 1, wherep050. The surface made
up of bunched 24 steps forms a quasifacet with the slop
p1, and adsorbates segregate on the quasifacet.

FIG. 9. The schematic figure for the surface separation w
mean slopep. ~a! p050. ~b! p0Þ0.
12540
-
an

in
th
e

at

h,

-

te

of

D. Step tension and step stiffness

At lower temperatures thanTR, f (p) takes the GMTP
universal form8–13 as follows:

f ~p!5 f ~0!1gupu/az1gupu31O~ upu4!, ~4.5!

whereg is the step tension,az51 is the unit length of the
step height, andg is the step interaction coefficient.

From Eqs.~4.2! and ~4.5!, h is obtained as

h5g/az13gupu21O~ upu3!. ~4.6!

By assuming thath-p curve has the form of Eq.~4.6!, we
obtain step tensiong and step-interaction coefficientg from
the least-square fitting of the calculatedh-p curve to

h5A01A2upu21A3upu31A4upu4. ~4.7!

The obtained step tension and step-interaction coefficient
shown in Figs. 10~a! and 10~b!.

For T,Tc(H)'0.62e/kB , there are two branches in bot
g and g; one branch corresponds to the step on the surf
with the adsorption coverageQ;0 and the other branch43

corresponds to the step on the surface withQ;1.
The two branches ofg converge to the curves of Isin

approximation of the RSOS surface witheeff5(11a)e
51.1e andeeff5(12a)e50.9e, respectively, where the ex
plicit forms of g and the step stiffnessg̃ are given23,44,45as

g5eeff1kBT ln@ tanh~eeff/2kBT!#, ~4.8!

g̃5kBTsinh~g/kBT!5kBT@exp~eeff/kBT!tanh$eeff/~2kBT!%

2exp~2eeff/kBT!coth$eeff/~2kBT!%#/2. ~4.9!

h

FIG. 10. az51, a50.1, J/e50.25, andH/e520.02. ~a! Tem-
perature dependence of step tensiong/e. Solid line with open
circles: The surface with adsorption in the disordered phase. S
line with open triangles: Surface with the adsorption coverageQ
;1. Dashed line with open squares: Surface with the adsorp
coverageQ;0. The curves calculated from Eq.~4.8!: eeff5e ~dot-
ted!, eeff50.9e ~dashed!, and eeff51.1e ~dot dashed!. ~b! Step-
interaction coefficient 3g/kBT. Solid line with open circles: The
surface with adsorption in the disordered phase. Solid line w
open triangles: Surface with the adsorption coverageQ;1. Dashed
line with open squares: Surface with the adsorption coverageQ
;0. The curves calculated from Eq.~4.9! with the universal rela-
tion Eq. ~4.10!: eeff5e ~dotted!, eeff50.9e ~dashed!, and eeff

51.1e ~dot dashed!.
7-6
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The two branches ofg converges to the curves obtained fro
the step stiffness through the following univers
relation;14,15

gaz
35

p2

6

~kBT!2

g̃
. ~4.10!

Therefore, the character of a single step is preserved
though the first-order transition occurs.

In the temperature region ofkBTc(H)/e,kBT/e,0.9, the
curve of g and g converge to the ones calculated from 2
square Ising model witheeff5e. Since the adsorption layer i
in the disordered phase withQ;0.5, the adsorbates com
randomly to the step ledge.

At higher temperatures than 0.9 (kBT/e.0.9), the values
of g shift upwards and the values ofg shift downwards from
the values of 2D Ising system witheeff5e. In this tempera-
ture region, the multilevel height configurations of the s
face increases sinceg decrease; then the multilevel objec
block step deformation, which increases the step stiffness
addition, the fluctuation of a single step is suppressed by
multilevel objects, entropy in the step free energy decrea
which increasesg.

V. FIELD-INDUCED FIRST-ORDER TRANSITION

In order to get intuitive insight for the origin of the firs
order transition of the surface, we present a mean-fi
theory via Callen’s identity.46

We choose a certain siteb5(mb ,nb) on the lattice. We
rewrite the HamiltonianHvicinal @Eq. ~2.6!# as follows:

Hvicinal52sx,bHy,b
eff ~ uDhy,bu!1others ~5.1!

52sy,bHx,b
eff ~ uDhx,bu!1others,

~5.2!

where

Hy,b
eff ~ uDhy,bu!5J@sy~mb ,nb!1sy~mb21,nb!

1sy~mb ,nb11!1sy~mb21,nb11!#

1H1aeuDhy,bu, ~5.3!

Hx,b
eff ~ uDhx,bu!5J@sx~mb ,nb!1sx~mb11,nb!

1sx~mb ,nb21!1sx~mb11,nb21!#

1H1aeuDhx,bu, ~5.4!

Dhx,b5h~mb11,nb!2h~mb ,nb!,

Dhy,b5h~mb ,nb11!2h~mb ,nb!. ~5.5!

From Eqs.~5.3!–~5.5!, the mean field acting on an adsorba
on the surface is

^Hy,b
eff &54JMy1H1ae^uDhyu&, ~5.6!

^Hx,b
eff &54JMx1H1ae^uDhxu&. ~5.7!
12540
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Here, we have the relation̂uDhxu&'p1d and ^uDhyu&'d.
Therefore, whena.0, surface steps and surface roughne
give rise to a positive effective field.

From the Callen Identity,46

^sx,b&5
1

Z (
$h%

(
$sy%

(
$sx,b8%

(
sx,b

sx,be2bHvicinal

5^tanh@bHy,b
eff ~ uDhy,bu!#&. ~5.8!

Note thatf (uDhu)5 f (0)1@ f (1)2 f (0)#uDhu holds for arbi-
trary functionf due to the RSOS condition (Dh50,61). We
then rewrite right-hand side of Eq.~5.8!

^sx,b&5^tanh@bHy,b
eff ~0!#&1^@ tanh$bHy,b

eff ~0!1bae%

2tanh$bHy,b
eff ~0!%#uDhy,bu&. ~5.9!

Using tanhX2tanhY5sinh(X2Y)/(coshXcoshY), we obtain

^sx,b&5^tanh@bHy,b
eff ~0!#&1sinh~bae!K uDhy,bu

Q L ,

~5.10!

^sy,b&5^tanh@bHx,b
eff ~0!#&1sinh~bae!K uDhx,bu

Q8
L ,

~5.11!

Q5cosh@bHy,b
eff ~0!1bae#cosh@bHy,b

eff ~0!#, ~5.12!

Q85cosh@bHx,b
eff ~0!1bae#cosh@bHx,b

eff ~0!#. ~5.13!

For the better mean-field approximation, we use Eqs.~5.10!
and ~5.11!. We approximatê uDhy,bu/Q& as

FIG. 11. Slope dependence ofM52Q21 with H/e50.02 ~dot
dashed!, 0 ~solid!, 20.02 ~dotted!, and 20.04 ~two dots dashed!.
~a! a50.1, J/e50.25, andkBT/e51.1. ~b! a50.5, J/e50.15, and
kBT/e50.7.
7-7
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K uDhy,bu
Q L 5

^uDhy,bu&
^Q&

. ~5.14!

We have, from Eqs.~5.10! and ~5.11!, the self-consisten
equations in the mean-field approximation:

Mx5tanh~4bJMy1bH !1sinh~bae!
d

Q̃
, ~5.15!

M y5tanh~4bJMx1bH !1sinh~bae!
p1d

Q̃8
, ~5.16!

Q̃5cosh@~4bJMy1bH !1bae#cosh~4bJMy1bH !,
~5.17!

Q̃85cosh@~4bJMx1bH !1bae#cosh~4bJMx1bH !.
~5.18!

We introduce quantitiesM andD as

M5~Mx1M y!/2, D5~M y2Mx!/2. ~5.19!

Sinced'0 for low T, Eqs.~5.15! and ~5.16! become

M5
sinh@8bJM12bH#

2Q̃9
1p

sinh~bae!

2Q̃8
, ~5.20!

D5
sinh@28bJD#

2Q̃9
1p

sinh~bae!

2Q̃8
, ~5.21!

Q̃85cosh@4bJ~M2D!1bH1bae#

3cosh@4bJ~M2D!1bH#, ~5.22!

FIG. 12. Slope dependence ofM52Q21 for several tempera
tures. ~a! H/e520.02, a50.1, andJ/e50.25. kBT/e50.8 ~dot
dashed!, 0.9 ~dotted!, 1.0 ~solid!, and 1.1~two dots dashed!. ~b!
H/e50, a50.5 andJ/e50.15. kBT/e50.5 ~dot dashed!, 0.6 ~dot-
ted!, 0.7 ~solid!, and 0.8~two dots dashed!.
12540
Q̃95cosh@4bJ~M2D!1bH#cosh@4bJ~M1D!1bH#.
~5.23!

In Fig. 11 and Fig. 12, we showM -p curve obtained by the
numerical solution of Eqs.~5.20! and ~5.21! with d50.

Note thatuDu!1 for J.0. Eqs.~5.20! and ~5.21!, then,
become

M5tanh~4bJM1bH !1p
sinh~bae!

2Q̃8
, ~5.24!

D5
cosh~4bJM1bH !

cosh2~4bJM1bH !14bJ
p

3
sinh~bae!

2cosh~4bJM1bH1bae!
. ~5.25!

The mean-field critical temperatureTc
MF for the ‘‘pure’’ 2D

Ising system (H50, a50) is 4J/kBTc
MF51. For T

.Tc
MF, regardingb!1 and Q̃8;Q̃9;1, we approximate

further the Eqs.~5.24! and ~5.25! as

M5
be

124bJ
@H/e1pa/2#, ~5.26!

FIG. 13. f (p)-p curves.a50.5 andJ/e50.15. Temperatures o
the curves arekBT/e50.5, 0.45, 0.4, 0.35, and 0.3 from the top
the bottom. Values atp50 are shown by symbols forkBT/e
50.45~open diamond!, 0.4 ~open triangle!, 0.35~open square!, and
0.3 ~open circle!. ~a! H50. ~b! H/e520.01.
7-8
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D5
be

114bJ
pa/2. ~5.27!

Therefore, fora.0, M and D increase linearly asp in-
creases; and the rate of the increase is proportional toa. We
can see this from Fig. 11 clearly.

For T,Tc
MF , the first-order transition occurs inM -p

curve. There are two solutions for the Eq.~5.24!; the one
corresponds to the equilibrium state and the other to
metastable state. We showM -p curves for several tempera
tures in Fig. 12.

FIG. 14. p-bh curves (a50.5 and J/e50.15), where b
51/kBT. Temperatures of curves arekBT/e50.3, 0.35, 0.4, 0.45,
0.5, and 0.55, from the right to the left. Dashed line: The values
metastable state.~a! H50. ~b! H/e520.01.

FIG. 15. M2p curves (a50.5 andJ/e50.15). Temperatures
of curves arekBT/e50.3, 0.35, 0.4, 0.45, 0.5, and 0.55, from th
top to the bottom. The values atp50 are shown by symbols fo
kBT/e50.45 ~open diamond!, 0.4 ~open triangle!, 0.35 ~open
square!, and 0.3~open circle!. Dotted line: The values for meta
stable state.~a! H50. ~b! H/e520.01.
12540
e

This first-order transition is similar to the field-induce
first-order transition in the ferromagnetism. In the case
H,0, as we can see from Eq.~5.4!, M,0 at p50. As h
increases,p increases; thenHeff increases from a negativ
value to a positive value. This sign change of theHeff cause
the abrupt change between the ordered states, which we
the field-induced first-order transition. When H>0, M is
always positive for everyp. Therefore, the first-order trans
tion never occurs.

VI. STEPS STRONGLY COUPLED
WITH ADSORBATES „aÄ0.5…

When a increases, the interplay between surface st
and adsorbates becomes larger. We give the PWFRG re
in the case ofa50.5, J/e50.15, and forH/e50, and
20.01 in Figs. 13–15.

In Fig. 13, we show surface-free energyf (p) as the func-
tion of p. h-p curves andM -p curves are given in Figs. 14
and 15, respectively. The Monte Carlo results are also sh
in Fig. 16.

Similar to the case of the smalla, the first-order transi-
tion occurs forH,0. In thep-h curve,p always jumps from
p050 to p5p1(T,H). This means that the thermal ste
bunching of the type shown in Fig. 9~b! does not occur.

r

FIG. 16. An example of the top view of the RSOS-I surface: t
snapshot on Monte Carlo simulation at 73106 MCS. a50.5, J/e
50.15, andkBT/e50.4. Above: the configuration of the RSO
vicinal surface, where a white~black! point designateh(m11, n)
2h(m,n)5Dx(m,n)51(21). Below: the configuration of Ising
system~adsorption layer!, where white dots represent up spins~ad-
sorbates!. The RSOS system is covered with the adsorption syst
Size: 4083120. Number of step5 24. ~a! H/e50. ~b! H/e
520.01.
7-9
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FIG. 17. 2 f̃ (h(p))/kBT-pu curve, whereu53, 4, and 5.a50.5, J/e50.15, andH50. ~a!, ~b!, and~c! kBT/e50.45. ~d!, ~e!, and~f!
kBT/e50.4. ~g!, ~h!, and~i! kBT/e50.35. Dotted line: values for the metastable state.
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What is remarkable for strong-coupling case is that
first-order transition occurs even for positiveH ('0) in a
temperature range nearkBT/e'0.4 ~which is close to the
critical temperatureTc'0.340 of the ‘‘pure’’ Ising system!.
Since there may not occur the sign change of the effec
field for H.0 case, the explanation given in the preced
section cannot be applied to this type of the first-order tr
sition. We may call this type of first-order transition a
‘‘fluctuation-induced’’ transition.

There exists two end points (kBT/e50.45 andkBT/e
50.35) of the fluctuation-induced first-order transition.
theses points, there occurs the second-order transition. I
estingly, we have found thatf (p) does not take the well
known GMPT form at these points.

In order to see this, we draw2 f̃ „h(p)…/kBT-pu curve in
Fig. 17. From Eqs.~3.6!, ~4.5!, and~4.6!, we obtain

f̃ „h~p!…5 f ~0!22gupu323g4upu424g5upu51O~ upu6!,
~6.1!

where we have expandedf (p) as

f ~p!5 f ~0!1gupu/az1gupu31g4upu41g5upu51O~ upu6!.
~6.2!

From the figures, the linearity of the curve is the best wh
u54 atkBT/e50.45 andkBT/e50.35. g seems to vanish a
the end point of the fluctuation-induced first-order transitio
12540
e

e
g
-
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n
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VII. ADSORBATE-MEDIATED INTERSTEP ATTRACTION

A. Interstep attraction caused by density fluctuation
of adsorbates

We show that the density fluctuation of adsorbates g
rise to short-ranged attractive interaction between the ste

In the coarse-grained description, the Ising partHIsing and
the interaction partHint in the Hamiltonian~2.5! can be writ-
ten as46,47~in the Gaussian approximation for the Ising field!;

HIsing5E d2xH 1

2
@¹W f~x!¹W f~x!1mm

2 f2~x!#J ,

Hint52aeE d2xf~x!u¹Wxh̃u, ~7.1!

where the fieldf(x) denotes the local deviation of magn
tization from its mean values on the terrace,mm is the
‘‘mass,’’ h̃(x) is the ‘‘height field,’’ and¹x is the derivative
along thex direction.

After performing the integration with respect to the fie
$f(x)% as,

E Df exp@2b~HIsing1Hint!#;exp@2bHstep#, ~7.2!

we obtain the effective Hamiltonian as

H c
eff5HRSOS1Hstep. ~7.3!
7-10
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The second termHstep is the Hamiltonian for the interaction
between steps given as

Hstep52const~ae!2E d2yE d2x8

3u¹xh~y!u
1

2¹21mm
2

u¹xh~x8!u, ~7.4!

where@2¹21mm
2 #21 is calculated by way of Fourier trans

formation; we obtain the term which amounts to the exp
nentially decaying form exp(2mmuy2xu) of the interaction.

FIG. 18. An example of the step configuration with two ste
a50.5, J50.15,H/e50.005, andkBT/e50.4. Size of the system
3203320. Time: 13107 MCS/site. We adopt periodic boundar
condition; the system is replicated iny direction and inx direction,
where the surface height is added by 2~22! for the replica system
in x (2x) direction. The dotted curve shows the step on the left s
in the replicated system.

FIG. 19. The two-step terrace width distribution function. Siz
1603160. ~a! a50.1, H/e520.02, andkBT/e50.5. Time: 2
3108 MCS/site. Solid line:J50.25. Dashed line:J50. ~b! a
50.5, J50.15, H/e520.01, and kBT/e50.4. Time: 1
3108 MCS/site.
12540
-

Therefore, adsorbate-mediated step interaction is of s
ranged, and the strength of the adsorption is proportiona
a2. Note that the sign in front of the integral is always min
implying that the interaction is attractive.

We think this interstep attraction is the origin of th
fluctuation-induced first-order transition mentioned in t
preceding section.

B. Terrace width distribution

To confirm the interstep attraction in the RSOS-I syste
we have made Monte Carlo calculations. We study the
race width distribution function of the surface with two ste
~Fig. 18!. In Fig. 19, the two-step terrace width distributio
function are shown fora50.1 anda50.5. The value of
parameters are chosen so that the field-induced~for a
50.1) first-order transition or the fluctuation-induced~for
a50.5) first-order transition occurs.

For a50.1, double broad peaks are seen in the terr
width distribution, which can be attribute to the weak inte
step attraction. The attraction is not strong enough to ca
thermal bunching.

For a50.5, there are two sharp peaks, and we have c
firmed that the peak width is essentially independent of
system size. The off-peak values of the distribution reduce
zero in the large system size limit. Thus, the steps form
bound state due to adsorbate-mediated interstep attracti

C. Step tension and step-interaction coefficient

For a50.5, we obtained step tensiong and step-
interaction coefficientg by the least square fitting of the ca
culatedp-h curve Eq.~4.7!. We shows the results in Figs. 2
and 21.

.

e

:

FIG. 20. Temperature dependence of step tensiong/e obtained
by the least-square fitting of the PWFRG results to Eq.~4.7! with
Eq. ~4.6!, where we setaz51, a50.5, and J/e50.15. H/e
520.02 ~line with the reversed open triangle!, 20.01 ~line with
the open triangle!, 0 ~line with the open circle!, 0.01~line with the
open diamond!, and 0.02~line with the open square!. Dotted line
with closed circles:J50, H50, anda50.5. Dotted line with the
reversed closed triangles: the step tension of the original RS
system with eeff50.5e obtained by the PWFRG algorithm
Dash dotted line: the step tension calculated from Eq.~4.8! with
eeff50.5e.
7-11



n

em
e
,

e

n

ar

r

q.
tes.
ction,
tion
teps
p’’
nt

ple-
e
x-

ef
G

e

he

f a

NORIKO AKUTSU, YASUHIRO AKUTSU, AND TAKAO YAMAMOTO PHYSICAL REVIEW B 67, 125407 ~2003!
In the lower temperature thanTc'0.34, and forH>0, g
and g converge to the RSOS one witheeff50.5e, sinceM
(Q) '1. WhenH,0, the field-induced first-order transitio
occurs.

In the temperature regionTc,T,0.6e/kB , g andg show
interesting behavior. WhenH/e,0.0035, the fluctuation-
induced first-order transition occurs. As we decrease t
perature fromT'0.6e/kB , g obtained by the least-squar
fitting decreases continuously; theng becomes negative
where the first-order transition occurs. For 0<H/e
<0.0035, further decrease in the temperature cause th
crease ofg, leading finally to positiveg. At the end points of
the first-order transition,Ts,l and Ts,u , g becomes zero24,25

(kBTs,l /e'0.35 andkBTs,u /e'0.45 in the case ofH50).
As for the case of 0.0035,H/e,0.02, g shows the qua-

sireentrant step behavior.48 One simple possible explanatio
for the vanishing ofg at Ts,l and Ts,u , might be given in
terms of the ‘‘single-step’’ mechanism; due to Eq.~4.10!,
vanishing ofg implies divergence of step stiffnessg̃. As a
check for this mechanism, we have made the Monte C
calculation of the scaled single-step fluctuation widths,
which is related tog̃ as

s25
kBT

g̃
. ~7.5!

The calculateds2 is finite and monotonically increasing fo
0.35<kBT/e<0.55~Fig. 22!. Hence,g̃ does not show diver-
gent behavior, which rejects the single-step mechanism.

FIG. 21. Temperature dependence of the step-interaction co
cient 3g/kBT obtained from the least-square fitting of the PWFR
results to Eq.~4.7! with Eq. ~4.6!. az51, a50.5, andJ/e50.15.
H/e520.02 ~line with the reversed open triangle!, 20.01 ~line
with the open triangle!, 0 ~line with the open circle!, 0.0035~line
with 1), 0.005~line with 3), 0.01 ~line with the open diamond!,
and 0.02 ~line with the open square!. Dotted line with closed
circles: J50, H50, and a50.5. Reversed closed triangle: th
step-interaction coefficient of the original RSOS system witheeff

50.5e obtained by the PWFRG algorithm. Dash dotted line: t
step-interaction coefficient calculated from Eq.~4.9! with eeff

50.5e together with the universal relation Eq.~4.10!.
12540
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D. Step-droplet picture

Recall that, in the derivation of the universal relation E
~4.10!, it is assumed that the steps do not form bound sta
In our case, as has been discussed in the preceding se
there arises interstep attraction due to the density fluctua
of the adsorbate. If the attraction is strong enough, the s
may form bound states, which invalidate the ‘‘single-ste
universal relation Eq.~4.10!. We present here an argume
for the vanishing ofg in terms of the bound steps.

Assume that step formn-body bound states. Byrn , we
denote the density of then-body bound step~by r1, we de-
note the ordinary nonbounded step density!. Since each
bunch ofn-bound steps can be regarded as a single multi
height step, the system ofn-bound steps may be again in th
GMPT universality class. Hence, we have the following e
pansion of the vicinal-surface-free energyf:

f 5gnrn1Bnrn
31~higher-order tems!, ~7.6!

with

Bn5
p2

6

~kBT!2

g̃n

, ~7.7!

wheregn is the step tension of then-bound step, andg̃n the
corresponding stiffness (g15g,g̃15g̃).

Note that, roughly~in the order-of-magnitude estimation!,
we have49

gn;ng1 , ~7.8!

g̃n;ng̃n , ~7.9!

which leads to

Bn;
1

n
B1 . ~7.10!

Since the surface gradientupW u relates torn as

fi-

FIG. 22. Temperature dependence of the fluctuation width o
single step~Monte Carlo calculation!. a50.5, J/e50.25, and
H/e50.005. Size: 1603160. Average time: 63106 MCS/site.
7-12
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upW u5nrnaz . ~7.11!

We have@rn5upW u/(naz)5r1 /n#

f 5gnrn1Bnrn
3~1higher-order terms!

;g1r11
1

n4
B1r1

3 ~7.12!

5g1upW u/az1gupW u3, ~7.13!

with

g5
B1

n4az
3

. ~7.14!

Hence,g can vanish ifn diverges:g→0 (n→`).
In the above argument, we have fixedn. There may, how-

ever, the cases where the value ofn is distributed in a range
In other words, steps form ‘‘droplets’’ with mean droplet si
^n& ~See Fig. 16!. In such cases, we should modify E
~7.14! to

g;
B1

^n&4az
3

, ~7.15!

which also vanished as the mean droplet size^n& diverges.
We think that this step-droplet picture gives a valid expla
tion for the vanishing ofg at Ts,l andTs,u .

Seemingly similarn-body bound step have appeared
the discussion of ‘‘quantumn-mer.’’50 In Ref. 50, it has been
shown that energy balance between the long-range~elastic!
repulsion and the short-range attraction leads to formatio
stablen-bound steps~quantumn-mers!. We may refer to this
mechanism of the formation of bound step as theenergy
origin. In contrast, our mechanism may be referred to as
entropy origin, because the short-ranged attraction itself
generated by fluctuation of the adsorbates density.

VIII. APPLICATION TO REAL SYSTEMS

Let us briefly comment on the relevance of the pres
work to existing experimental observations. Adsorptio
induced faceting or step bunching has been reported in v
ous systems.3,51–61For some systems, the faceting or the s
bunching has been reversible upon adsorbate adsorp
desorption, which suggest that the adsorption-induced
bunching is of thermodynamic origin. For example, the gi
step formation observed for Au on Si~001! surface51,52 is
understood as the thermal step bunching of the field-indu
type, which we have been proposed in the present paper
atoms on Si~001! have attractive lateral interaction amon
themselves, suggesting thatJ.0; Au atoms avoid ledge o
the step on the surface,52 which suggestsa,0. The mac-
rostep formation observed for Ga/Si~111! system60 may also
be understood as the field-induced first-order transition.
12540
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atom favors the step ledge,60 and changes step energy,60

which suggestsa.0. It is known that chemisorbed oxyge
on54 Ag~331! or Ag~110! causes53 faceting, which is revers-
ible upon O2 adsorption and desorption. Ozcomertet al. ob-
served the vicinal surface of O/Ag~110! system,53 and they
gave a phenomenological form off (p). Their f (p) is quite
similar to our f (p) curve in case ofa50.5, J50.15, H
50, andkBT/e;0.4. Therefore, the system may possibly
a realization of the step bunching due to the adsorb
mediated interstep attraction.

IX. SUMMARY

We have studied the interplay between the vicinal surf
and the adsorption below the roughening temperature. In
paper, we have clarified the origin of the thermal step bun
ing or the quasifacet formation by making detail calculati
on the surface thermodynamical quantities.

We have presented the restricted solid-on-solid mo
coupled with the Ising model~RSOS-I model! on the square
lattice @Eqs. ~2.5! and ~2.6!#. The coverage (Q) of the ad-
sorption is assumed to be less than 1, and the surface h
difference between nn site is restricted to$0,61%. We have
introduced the coupling constanta between the surface an
the adsorbates. Smalla corresponds to the physisorption sy
tem, and largea corresponds to the chemisorption syste
We have concentrated on the case of the attractive lat
interaction between adsorbates (J.0).

We have calculated, by the transfer-matrix method,

Andreev free energyf̃ (h), p-h curves (p is the surface
slope, andh is the Andreev field!, and M -p curves (M
52Q21). As an efficient computational algorithm, w
adopt the PWFRG algorithm19 which is a variant of the
DMRG algorithm.17

The surface-free energy per projected areaf (p) is calcu-

lated from the Andreev free energyf̃ (h) by the Legendre
transformation. Step tensiong and step-interaction coeffi
cient g are obtained from the least-square fitting of the c
culatedp-h curves to the GMPT universal form off (p).

For steps weakly coupled with adsorbates (a50.1), the
field-induced first-order transition occurs as Andreev fieldh
changes, where the surface slopep assumes a finite jump
This field-induced first-order transition occurs forT,Tc and
H,0, whereTc is the critical temperature of the 2D Isin
system, andH is the magnetic field connecting to the chem
cal potential of the adsorbatesm asH5m/21J.

For steps strongly coupled with adsorbates (a50.5), the
fluctuation-induced first-order transition occurs. Th
fluctuation-induced first-order transition occurs forT;Tc ,
which occurs even at positiveH. The origin of the
fluctuation-induced first-order transition is the adsorba
mediated interstep attraction caused by the density fluc
tion of adsorbates on the surface.

For positive H, at the end points of the fluctuation
induced first-order transition, the step-interaction coeffici
7-13
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g vanishes. This vanishingg phenomena has been explain
in terms of the step-droplet picture.

The phenomena of the step bunching have usually b
discussed under the nonequilibrium conditions such as
electromigration.62 We would like to stress that th
adsorption-induced bunching or the quasifacet formation
cussed in the present paper is an equilibrium phenome
giving a mechanism of the step bunching.
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