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Metallic and semiconducting narrow carbon nanotubes
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We report local-density-functional results that show that narrow nanotubes with optimized diameters be-
tween about 0.34 and 0.5 nm can be either semiconducting or metallic, but with electron structures near the
Fermi level that often cannot be understood starting from the graphene sheet model, successful in the study of
larger diameter tubes. Our total-energy calculations indicate that narrow nanotubes recently observed either as
the central shell of a multiwalled tube or encased in a porous zeolite, if isolated, should be stable against
complete unzipping along the nanotube axis.
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There has been good progress recently in producing
bon nanotubes with diameters smaller than the 0.7 nm di
eter of icosahedral (I h) C60. These narrow nanotubes, wit
diameters in the range of about 0.33–0.50 nm, have b
found either as the central shell of a multiwalled carb
nanotube,1,2 encased in the channels of a porous zeo
crystal,3 or perpendicularly anchored to the surface of larg
nanotubes.4 The existence of even the narrowest of the
nanotubes is consistent with the results of semiempirical
lecular dynamics calculations that indicate that isola
single-walled carbon nanotubes~SWNT’s! with diameters as
small as 0.33 nm are mechanically stable to at least 110
where vapor phase tube growth is thought to occur.4

All SWNT’s can be indexed by a pair of integers asso
ated with rolling up a graphene sheet along one of its tw
dimensional lattice vectorsR5n1R11n2R2 to form a
(n1 ,n2) cylindrical nanotube with radiusr, whereR1 andR2

are defined as in Fig. 1. A simple model of the electro
structure of these tubes is a Slater-Koster tight-bind
model of the graphene sheet~characterized by the neares
neighborpp-p interaction,V0), with periodic boundary con-
ditions imposed over the rollup vector. This model, initia
proposed based on results of first-principles calculatio5

and now supported by many experiments,6–12 has been used
in successfully predicting many of the key properties
larger diameter carbon nanotubes.5,13–17These properties in
clude the grouping of SWNT’s as either metallic
semiconducting,5,7,8,13,14the linear dispersion relations of th
metallic tubes in the vicinity of the Fermi level«F ,5,11,12,16

the r 21 dependence of the semiconducting band gaps,7,8,15

the stability of the metallic tubes against a Peierls distortio5

and robust ballistic transport through metallic tubes.9,10,17

Although the simple graphene sheet model~GSM! pro-
vides a good starting point for understanding the electro
properties of SWNT’s with diameters similar to or grea
than I h C60, much less is known about narrow nanotub
where the effects of curvature can become more importa18

This lack of information has led to conflicting extrapolatio
from results for larger diameter SWNT’s to the narrow c
bon nanotubes. Thus, Qinet al.2 and Wanget al.3 assume
that nanotubes with diameters less than about 0.5 nm
generally metallic due to curvature, but Penget al. assume
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that the 0.33 nm SWNT they find anchored to a larger na
tube is a semiconductor, consistent with the neglect
curvature.4

We have calculated the electronic structure and equi
rium geometry of all narrow SWNT’s with diameters b
tween that of the (4,3) and (4,0) using a first-principle
all-electron, self-consistent local-density functional~LDF!
band-structure method originally developed to treat ch
polymers19 and especially tailored to take advantage of he
cal symmetry.20 This method calculates the total energy a
electronic structure using Gaussian-type orbitals within
one-dimensional~1D! band-structure approach. Our resu
predict that these narrow SWNT’s can be either semicond
tors or metals depending on their structure, but they can
be grouped by the 3n rule applicable to larger diamete
SWNT’s.7,8,13–16,21Although we find that the effects of cur
vature usually cause narrow SWNT’s to have an electro
structure near the«F qualitatively different from that ex-
pected from the simple GSM, we also find that this is n
always the case. Our calculations indicate that nanotu
with diameters as small as 0.382 nm are energetically st
and predict that the (4,3) has the largest band gap of
semiconducting SWNT’s.

Every (n1 ,n2) SWNT can be generated by repeated a
plications of a screw operationS that translates and rotates

FIG. 1. 2D graphene lattice structure. Rollup vectorR for the
narrow (4,2) SWNT is shown in terms of the primitive vectorsR1

and R2 of the graphene sheet. Armchair nanotubes are defined
rollup vectors along the (n,n) direction; zigzag nanotubes are d
fined by rollup vectors along the (n,0) direction. A unit cell at the
origin is highlighted in gray.
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TABLE I. Equilibrium geometries and band gaps of narrow SWNT’s obtained from the LDF calculat
See text for meanings of the geometric parameters.

(n1 , n2) r ~nm! u~rad! h8~nm! f~rad! h~nm! Gap~eV!

~4,0! 0.171 p/4 a 0.073 p/4 a 0.213 metallic
~3,2! 0.180 0.821 0.017 2.480 0.050 0.46
~4,1! 0.191 0.749 0.048 4.935 0.047 metallic
~5,0! 0.206 p/5 a 0.073 p a 0.215 metallic
~3,3! 0.212 0.699 0a p a 0.125 metallic
~4,2! 0.217 0.672 0.028 5.159 0.081 0.34
~5,1! 0.228 0.608 0.052 5.168 0.039 0.00
~6,0! 0.245 p/6 a 0.073 p/6 a 0.215 metallic
~4,3! 0.246 0.593 0.012 1.783 0.036 1.28

aFixed value.
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primitive helical motif containing only a small number o
atoms.15 Because the symmetry group generated byS is iso-
morphic with the 1D translational group, Bloch’s theore
can be generalized so that the one-electron wave funct
will transform underS according toSmc i(k)5eikmc i(k).20

The quantity k is dimensionless and conventionally r
stricted to the central 1D Brillouin zone,2p,k<p. The
one-electron wave functions are then constructed from lin
combinations of these helically adapted Bloch functio
which in turn are constructed from linear combinations
nuclear centered products of Gaussians and real solid sp
cal harmonics. This approach has already been success
used in wide ranging studies of larger diameter SWNT’s.16,22

To obtain the LDF results presented below, we adopte
7s3p Gaussian basis set for carbon and assume 60 ev
spacedk points over the central 1D Brillouin zone in solvin
the self-consistent LDF equations.

To optimize the geometries of the narrow SWNT’s, w
started from the corresponding unrelaxed nanotubes
structed by rolling up a graphene sheet. In rolling up
sheet, we assumed that the underlying honeycomb lattice
a CuC bond distanced of 0.144 nm, chosen based on ea
12140
ns

ar
,
f
ri-
lly

a
ly

n-
e
ad

lier optimizations for the~5,5! SWNT.23 The geometries of
the tubes were defined in terms of five scalar parameterr,
u, h8, f, andh. For the unrelaxed tubes, the first three
these parameters (r , u, andh8) define the positions of the
two carbon atoms in a unit cell of graphene, such as t
highlighted in gray in Fig. 1, when mapped~rolled! to the
surface of the tube. The first atom in this unit cell can
thought of as mapped to an arbitrary point on the surface
a cylinder of radiusr, with the second atom located relativ
to it by rotating an angleu about the cylinder axis followed
by a translationh8 along this axis. All SWNT’s have aCN
rotational axis which coincides with the cylinder axis, whe
N is the largest common divisor ofn1 and n2. Hence, the
positions of these first two atoms can be used to loc
2(N21) additional atoms on the cylinder surface by (N
21) successive 2p/N rotations about this axis. Altogethe
these 2N atoms complete the specification of a primitiv
helical motif. The SWNT can then be generated by repea
application of a screw operationS(f,h) that translates this
motif a distanceh down the nanotube axis in conjunctio
with a rotationf about this axis.

For the unrelaxed tube the five parameters (r , u, h8, f,
luding:
le GSM
FIG. 2. LDF band structure and DOS for a series of similar diameter narrow SWNT’s at the equilibrium geometry of Table I, inc
~a! (5,0), ~b! (4,2), and~c! (3,3) nanotubes. Also shown as broken lines are the corresponding band structures from the simp
obtained by assumingV0522.5 eV and aligning«F with the LDF values shown as horizontal dashed lines.
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and h) can be easily expressed in terms ofn1 and n2.15

Starting from these unrelaxed values, the optimized val
given in Table I are then obtained by minimizing the ener
of the tube with respect to their variations. By constructi
this procedure maintains the helical and rotational symm
tries of these tubes but not necessarily their translatio
symmetry.

First, focus on the subset of zigzag tubes in Table I a
consider the (6,0), which has already been studied by B
et al.18 Within the GSM the (6,0) is predicted to be metalli
However, contrary to the assumptions of this model, this
all other (n,0) SWNT’s should have two different CuC
bond lengths: one corresponding to bonds oriented along
tube axis and the other corresponding to the remaining
axis bonds. Once this effect is taken into account, the (n,0)
SWNT’s, with n being a multiple of three, are found to b
quasimetallic with small band gaps13,21 that scale asr 22.24,25

Indeed, this scaling has been confirmed experimentally s
ing with tubes as narrow as the (9,0).26 Table I shows, how-
ever, that rather than being quasimetallic, the (6,0) is a
ally metallic. Our calculated band structure at t
equilibrium geometry does exhibit a small gap near«F which
would have separated occupied from unoccupied states,
were not for a partially occupied singly degenerate ba
This band is also present in the graphene sheet and
valence tight-binding (6,0) band structures, but in tho
cases completely empty because of the neglect of lon
range interactions including those across the tube. Thes
sults are consistent with the original studies of Blaseet al.18

Unlike the (6,0), the smaller diameter (5,0) and (4,
SWNT’s are semiconductors within the GSM, with ba
gaps exceeding an eV for reasonable choices of the nea
neighborpp-p interaction,V0.16 The results of Table I show
however, that these zigzag SWNT’s should also be meta
Again, this occurs because a singly degenerate band is
ered enough by interactions across the tube to convert t
SWNT’s to metals. This band can be seen in Fig. 2~a!, where
the LDF band structure and density of states~DOS! for the
(5,0) SWNT are depicted. Such a singly degenerate b
occurs in all (n,0) SWNT’s, but for quasimetallic tubes a
narrow as the (9,0) lies too high in energy to affect the sta
near«F .

Based on the results for the narrow zigzag SWNT’s
might be tempting to conclude that all narrow SWNT’s a
metallic. However, this is not the case. Indeed, the result
Table I when combined with those from earlier firs
principles studies of larger diameter SWNT’s,16,22 imply that
the (4,3) SWNT has the largest band gap of all poss
SWNT’s. In addition, for a reasonable choice ofV0, the cal-
culated band gap for this tube is close to that predicted fr
the expressionEg5uV0ud/r obtained from the simple GSM
by ignoring the effects of trigonal warping.15,16

The (4,2) and (3,2) SWNT’s also have appreciable ba
gaps. Like the (4,3), both of these tubes are also predicte
be semiconductors within the GSM, but unlike the (4,3
their band gaps cannot be estimated from this model. A
unlike the (4,3), the character of the HOMO-LUMO pa
determining their band gaps is far different from what wou
be predicted from the GSM. This is illustrated in Fig. 2~b!,
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where the LDF and GSM band structures for the (4
SWNT are depicted. If the GSM were applicable, then
(4,2) would be a direct band-gap semiconductor with a g
approximately 15% larger than the (4,3). However, Fig. 2~b!
and Table I show that the (4,2) is an indirect band-g
semiconductor,27 with a gap approximately 75% smaller tha
the (4,3).

Finally, consider the (3,3) SWNT that is the only arm
chair tube among the set of narrow nanotubes treated
Table I. The LDF band structure and DOS for this tube at
optimized geometry of Table I are given in Fig. 2~c!. The
optimized radius of this tube is 0.21 nm, close to that
ported by Qinet al.2 As can be seen from Fig. 2~c!, this tube
has a first-principles electronic structure in the immedi
vicinity of the «F similar to that predicted from the GSM
with two bands of different symmetry crossing approx
mately 2/3 across the zone and«F pinned at this crossing
Also, the magnitudes of the Fermi velocities correspond
to these two bands are similar. Of course, due to the eff
of curvature the bands do not cross exactly atk52p/3 and
the magnitude of their slopes at«F are not identical. In ad-
dition, the positions of the peaks in the DOS nearest to«F
differ from what would be expected based on the GSM.22,28

Nevertheless, Fig. 2~c! shows that the GSM does provide
good starting point for understanding the electronic struct
of this narrow metallic SWNT in the immediate vicinity o
«F . However, in comparison to larger diameter (n,n) tubes,
the (3,3) should be far more susceptible to a spontane
symmetry breaking that could convert it into
semiconductor.5 Thus, if the narrow (3,3) armchair SWNT

FIG. 3. Normalized strainEs ~circles! and edgeEe ~black
squares! energies of narrow SWNT’s, withEs fit to C/r 2 with C
50.021 eV nm2 and Ee fit to b/r with b50.110 eV nm;r 5r c

when the curves intersect. Points forEs are for the tubes of Table
plus a relaxed (3,0). Points forEe are for the (n,0) tubes withn
53-6. Inset shows a couple unit cells of a strip and correspond
(5,0) tube segment.
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could not only be made but also isolated, it would be wor
while to search for a Peierls gap and any accompanying
pological excitations.

Table I shows that SWNT’s as narrow as the (4,0)
locally stable. However, the global stability of an isolat
SWNT should be determined mainly by the competition b
tween the strain introduced by rolling up a planar graph
strip to form the tube and the decrease in energy resul
from the elimination of the dangling bonds along the edg
of the strip. The normalized strain energyEs defined by the
difference between the total energy per carbon of the na
tube and that of the graphite sheet, should scale asr 22.23,29

On the other hand, the normalized ‘‘edge energy’’Ee defined
by the difference between the total energy per carbon o
extended graphitic strip and that of the graphite sheet, sh
scale asr 21.30,31Hence, asr decreasesEs will increase more
rapidly thanEe , implying the existence of a critical radiusr c
such that ifr ,r c , then the nanotube is unstable with resp
to the planar strip (Es.Ee).

Spin-unrestricted results forEe from relaxed strips are
compared toEs in Fig. 3. Even for narrow SWNT’s the
translational unit cell of the strip can contain a large num
.
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of atoms given byNs54(n1
21n2

21n1n2)/L, whereL is the
largest common divisor of 2n11n2 and 2n21n1.15 Hence,
Ee was calculated only for the zigzag tubes. This simplific
tion should not significantly affect the fitting shown in Fig.
that results inr c50.191 nm. Although thisr c is within the
range of predictions based on semiempiric
approaches,4,30,31Penget al.observed a SWNT with a radiu
of 0.165 nm which they suggested was a (4,0) SWN4

However, because the radius of this tube is nearr c , it could
be mechanically stable at room temperature, but energ
cally unstable with respect to the corresponding strip.4 In any
event, our calculated value ofr c indicates that the narrow
SWNT’s found encased in multiwalled tubes1,2 and zeolites,3

if isolated, should be stable against complete unzipp
along the nanotube axis.

In summary, although many of the narrow SWNT’s a
stable and can be either semiconductors or metals, their e
tronic structure near«F often cannot be understood startin
from the graphene sheet model.
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