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Virial coefficients of rare gases on xenon-plated graphite using image theory
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The first two virial coefficients and their temperature derivatives for Ne and for Ar atoms adsorbed on
xenon-plated graphite are reexamined with the implementation of the Mahanty’s image theory. On the assump-
tion that the substrate is treated as a good conductor, encouraging values of the second virial coefficientb2 and
the average lateral interaction energye2 of an isolated pair of adatoms are obtained when the ‘‘ideal surface’’
of the substrate is set at 1.9 Å above the xenon layer, a distance which is essentially identical to the van der
Waals radius of the xenon atom. Under such a situation, the strength of the adatom-adatom interaction is
weakened by a factor of 0.56 and 0.60 for the Ar and the Ne case, respectively, which are in concord with the
predictions asserted in earlier work. Discussions on the dependence on the dielectric constant of the substrate
are also given. The present results seem to indicate that the Mahanty’s theory provides a viable alternative
approach for studies of physisorption problems.
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I. INTRODUCTION

Measurement of adsorption heats and isotherms for
gases adsorbed on xenon-plated graphite offers a relat
clean way to study the dynamics of the interatomic poten
between the adatoms. Since the dominant factors invo
are the long-range van der Waal’s dispersion forces, the
sults are supposed to be much simpler to analyze and a
tively clear-cut conclusion can be achieved. Several ther
dynamic properties which characterize the behavior
isolated adatoms and pairs of adatoms for such systems
first analyzed experimentally by Barnes and Steele.1 In this
respect, with use of the Lennard-Jones LJ~6,12! potential, a
systematical study of the virial coefficients for argon ad
toms based on Ono’s formulas2 was carried out by Wu.3 The
calculated valuee1 which represents the average potent
energy of an isolated adatom was in good agreement with
experiment. It was argued that the so-called configuratio
integral for a single adatomZs was susceptible to improve
ment with a better pairwise interaction potential and a be
value of the separation distance between the xenon layer
graphite. On the other hand, the results for the second v
coefficient for a pair of adatomsb2 and the average latera
interaction energy of an isolated pair of adatomse2 far ex-
ceeded the experimental data. Good results could only
obtained by artificially lowering the well depth of the argo
argon interatomic potential by an amount of 30% from
gas phase value. Since the experiments were measured
very low temperature, these quantities were sensitive to
potential involved. Instead of the simple LJ potential, t
same systems of argon and neon adatoms were studied4,5 by
employing exp-6 potentials6 and various other interatomi
potentials, which were obtained from accurate bea
scattering data.7,8 The calculations ofZs ande1 were consis-
tent with the experiment. But even with the inclusion
three-body Axilrod-Teller-Muto~ATM ! contributions,9 the
above discrepancy of the second-order quantities persis

Actually, the second virial coefficient and the lateral e
ergy of the adatom pair are affected not only by the subst
0163-1829/2003/67~11!/115411~9!/$20.00 67 1154
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but also by the interatomic potential between the adato
However, since the force exerted on the adatoms by the
strate is quite strong near the surface, the effective in
atomic potentials should be carefully investigated for ph
isorption problems. Sinanog˘lu and Pitzer10 first pointed out
that the existence of the surface leads to the modification
the pair attraction in free space. Based on the continu
model, McLachlan11 derived explicitly a perturbation term to
demonstrate the presence of the above effect. A simpli
picture to visualize this phenomenon is that the second-o
weakening of polarization of the adatom-pair arises due
the interaction from their electrical images. It has been p
posed by Brownet al.12 that such a situation occurs whe
hydrogen molecules are brought up to the surface of pl
num. Mahanty and March13 developed a rigorous theor
which states that the nonretarded long-range dispersion in
action between adatoms is weakened near substrates. T
basically a more elaborate extension of the McLachla
work. It has been further developed and refined by der H
tog and Choy.14 During the past two decades, the investig
tion of adatom-pair potentials near substrates has attra
intensive interests in both experimental measurements
theoretical calculations. For example, Bruch15 made a gen-
eral discussion on physisorption interactions; Rauberet al.16

investigated the screening of the substrate upon various
sorbates within the McLachlan’s framework; Mahanty17 ap-
plied the image theory to study the behavior of the adato
on jellium models; Gibson and Sibener18,19 measured the
resonances of helium atoms from rare gases physisorbe
Ag~111! and evaluated the potential with the three-bo
ATM interaction; Aziz and Scoles20 considered two- and
three-body forces in the interaction of helium atoms w
xenon layers adsorbed on graphite, etc. Physisorption
become an active and productive area of research.

Generally speaking, both the Mahanty’s theory and
ATM contribution are based on the dynamics of the corre
tion among dipoles. The former manifests itself macrosco
cally in terms of the dielectric constant of the substra
whereas the latter gives a microscopic description of the
©2003 The American Physical Society11-1
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teratomic interaction. Therefore, the image theory provi
another approach to consider the adsorptive induced inte
tions.

Mainly motivated by the disappointing results with th
inclusion of the ATM contribution in the previous work,4,5

we examine the validity of the Mahanty’s image theory
the study of the first two virial coefficients and their tempe
ture derivatives for argon and neon adatoms adsorbed
xenon-plated graphite. Substantially improved values forb2
ande2 are obtained. The discussion of their possible phys
implications will be presented in Sec. IV. A brief descriptio
of the virial expansion for physisorption and the ima
theory is given in Sec. II. In Sec. III, we outline how the
schemes are implemented in the present work. Finally, a c
clusion is given in Sec. V.

II. FORMALISM

A. The virial expansion for physisorption

Following Ono,2 the expressions for the number of ad
toms per unit areau and the pressure of the adatomsp are
given by

u5(
l 51

`

lg ll
l , ~1!

p5
1

b (
l 51

`

bll
l , ~2!

wherel is the activity,bl is the bulkl th cluster integral, and
g l is the surfacel th cluster integral, respectively. Hereb is
the usual notation for (kBT)21. In sufficiently dilute gas sys-
tems, Eq.~2! can be replaced by the expression for an id
gas

bpv05l, ~3!

with v05(h2b/2pm)3/2. The virial series up to the secon
order of Eq.~1! then becomes as

bpv05
1

g1
S u22

g2

g1
2
u2D 1O~u3!, ~4!

with

g15
1

av0
E h~r !dr , ~5!

and

g25
1

2av0
2E E dr1dr2h~r1!h~r2! f ~r1 ,r2!

1
1

av0
2E E dr1dr2h~r1! f ~r1 ,r2!. ~6!

Here a represents the total surface area, andh(r ) and
f (r1 ,r2) are given by

h~r !5exp@2bV1~r !#21, ~7!
11541
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f ~r1 ,r2!5exp@2bV2~r1 ,r2!#21, ~8!

whereV1 andV2 are, respectively, the adatom-surface pote
tial and the pair potential. Equation~4! is the adsorption
isotherm and is usually expressed as

bp5
1

Zs
~u2b2u2!. ~9!

Here Zs , the configurational integral for a single adatom
and b2, the second virial coefficient for a pair of adatom
are defined as

Zs5v0g1 , ~10!

b25
2g2

g1
2

. ~11!

In addition to the adsorption isotherm, the isosteric hea
adsorptionqst is also measured frequently. It is calculate
from the thermodynamics relation

qst52~] ln p/]b!u , ~12!

which in conjunction with Eq.~4! yields

qst5kBT2~e11e2u!. ~13!

The classical average potential energy of an isolated ada
e1 and the average lateral interaction energy of an isola
pair of adatomse2 are written down explicitly as follows:

e152
]

]b
ln Zs , ~14!

e252
]

]b
b2 . ~15!

B. The image theory

The long-range attractive part of the interatomic poten
is essentially the London nonretarded dispersion interac
of the form

V~r!52ALondon/r6. ~16!

Herer is the interatomic distance andALondon is the London
dispersion force constant.21 In the theory of Mahanty and
March13 the force constant of an adatom pair, at a distancz
from the substrate, is modified with a weakening functionF,

A85ALondonF. ~17!

In the case when the adatom pair is parallel to the surfacF
is written in terms of the dielectric constanted of the sub-
strate and the variables52z/r as

F5F~s;ed!511
D2

~11s2!3
2

4D~11s2/4!

3~11s2!5/2
, ~18!

D[~ed21!/~ed11!. ~19!
1-2
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The derivation of Eq.~18! is based on the appropriat
Green’s functionG connecting the electric field atr to a
dipole sourcem(v) at r 8 with a frequencyv, i.e.,

E~r !5G~r ,r 8;v!m~v!. ~20!

Taking the dielectric surface to be thex-y plane with bothr
andr 8 outside the dielectric, we have the Green’s function
the following form by use of the usual method of images

G~r ,r 8;v!5GD~r ,r 8!2D GI~r ,r 8!, ~21!

GD~r ,r 8![2““8
1

ur2r 8u
, ~22!

GI~r ,r 8![2““8
1

ur2r im8 u
. ~23!

TheGD(r ,r 8) is due to the free-space dipole source atr 8 and
GI(r ,r 8) is the indirect part, arising through the screening
the dielectric medium. Herer im8 is the image of the pointr 8.
By keeping only the leading order in the polarizabilities, t
effective dispersion interaction energy for the adatom p
can be expressed as13

E1252
\

4pE2`

`

dja1~ i j!a2~ i j!Tr@G~r2 ,r1!G~r1 ,r2!#.

~24!

When the pair is parallel to the surface, the trace of
Green’s functions is evaluated straightforwardly as

Tr@G~r2 ,r1!G~r1 ,r2!#5
6

r6
1

6D2

~r214z2!3

2
8D~r21z2!

r3~r214z2!5/2
. ~25!

Inserting Eq.~25! into Eq. ~24!, we obtain the weakening
function F(s;ed) of Eq. ~18! by identifying ALondon with
(3\/2p)*2`

` a1( i j)a2( i j)dj.21 The function F(s;ed) for
the case when the substrate is a perfect conductor is ex

FIG. 1. The behavior of the weakening factorF(s;ed) when the
substrate is an ideal conductor.
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itly shown in Fig. 1. It is seen that in such a case the we
ening factor varies monotonically from 2/3 to 1.

III. APPLICATION TO ADATOMS ON
XENON-PLATED GRAPHITE

Since the Mahanty’s theory is based on the dynamics
dipole-dipole correlation, only the dispersion partr 26 of the
interatomic potential should be modified. Therefore, ev
though there are more sophisticated potentials, e.g.,
Morse-Spline-van der Waals form or the Hartree-Fock D
persion form,7,8,22which gives an accurate description of th
pairwise interaction, these refinements are not applicabl
this theory due to their mixture of other dispersion types.
addition, utilization of the same potential models employ
in the previous work3–5 will illustrate the significance of the
image effect more clearly. Thus the simple LJ~6,12! and
exp-6 models are still used here for comparisons.

A. The standard Lennard-Jones potential

This is the simplest model for the interatomic potenti
which reads

V254eY2YF S sY2Y

r D 12

2S sY2Y

r D 6G . ~26!

The subscriptY stands for Ne or Ar.

B. The exp-6 model suggested by Hogervorst

The interatomic potential in this model6 is written as

V25
e

126/a H 6

a
expFaS 12

r

r m
D G2S r m

r D 6J , ~27!

with r m as the interatomic distance for the minimum pote
tial energye anda as a factor determining the hardness
the repulsive part of the potential.

With the presence of xenon monolayer located at a d
tance 3.66 Å on top of the graphite,23 the separation betwee
the adatoms and the carbon atoms of graphite is relativ
large. As a result, the repulsive effect of theY-carbon inter-
action can be omitted completely and only the attractive p
needs to be taken into account. Furthermore, the disc
distribution of carbon atoms in a single layer may be
placed by an equivalent uniform distribution. The adato
graphite interaction potential is then given by23

VY2C52eY2C(
l 50

`

~ l 1z8/d!24. ~28!

Here d53.35 Å is the interplanar spacing of the graphi
andz8 is the distance between the adatom and the first
bon layer. Consequently, the adatom-surface potential for
LJ type is expressed as

V1~r !54eY2Xe(
i

F S sY2Xe

Ri
D 12

2S sY2Xe

Ri
D 6G

2eY2C(
l 50

`

~ l 1z8/d!24, ~29!
1-3
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where

Ri5ur2Ri8u, ~30!

and Ri8 is the location of thei th xenon atom. The corre
spondingV1(r ) for the exp-6 type can be similarly obtaine
by replacing the first term on the right-hand side of Eq.~29!
by Eq. ~27!. The relevant potential parameters are listed
Tables I and II.

The experimental data of Ref. 1 were obtained by ass
ing that the xenon layer was squared packed, with an are
18.6 A2 for a unit cell. However, the xenon atoms on grap
ite prefer a hexagonal structure instead. In previous work3–5

the simpleA33A3R 30° model, with a lattice constant o
4.26 Å, was used for the calculation. Furthermore, an
mense amount of more sophisticated experiments20,25–28

have shown that the periodicity imposed by the graphite
tential is different from that favored by the xenon atoms a
the resultant hexagonal structure is distorted in the mis
dislocation domain. To reduce the degree of complexity,
assume that the xenon layer still has a hexagonal array
a larger averaged lattice constant of 4.30 Å~Ref. 20! to take
into account of both the incommensuration with respect
the substrate and the contribution of the distortion. Besid
the fractional coverageũ in Ref. 1 was defined as the numb
of adatoms per unit cell rather than per unit area, it is the
fore necessary to make a suitable modification on the de
tions of Zs , b2, and e2 for a better comparison with th
experiment. From Eqs.~5!, ~9!, ~10!, and the relation

ũ5Ns /a/~18.6 Å2!5~18.6 Å2!u, ~31!

whereNs is the total number of the adatoms, we modifyZs
as

Zs5
18.6 Å2

u E
V

h~r !dr . ~32!

Hereu is the area of a unit cell and the integration is tak
over the whole volumeV above the unit cell. A similar deri-

TABLE I. The relevant constants in LJ~6,12! potentials.

Y eY-Xe (K) sY-Xe (Å) eY-Y (K) sY-Y (Å) eY-C (K)

Ara 166 3.74 124 3.40 1782
Neb 91.13 3.39 36.38 2.82 531.5

aReference 3.
bReference 5.

TABLE II. The relevant constants in exp-6 potentials.

e(K) a r m(Å)

Ar-Xe a 188 15.0 4.07
Ar-Ar b 123 14.0 3.87
Ne-Xea 69 15.0 3.91
Ne-Neb 38 14.5 3.15

aReference 24.
bReference 6.
11541
n

-
of
-

-

-
d
t-
e
ith

o
s,

-
i-

vation shows that both quantitiesb2 and e2 should be di-
vided by the factor (18.6 Å2)/u.

For an efficient evaluation ofg1 and g2, it is useful to
take into account the behavior ofh(r ) to arrive at accurate
results. Figure 2 displays the values ofV1(r )/(kBT) at the
center of the triangle as a function of the distance betw
the adatom and the xenon plane. It is clear that the weigh
factorh(r ) is extremely large, about 10 000, only around t
vicinity of the potential minimum. Thus, it is important t
maintain the greatest accuracy for the integration near
maximum ofh(r ), which accounts for most of the contribu
tion to the integral. In addition, the second term on the rig
hand side of Eq.~6!, which contains only one factor ofh(r ),
can be safely dropped out in comparison with the first do
nant term.

In actual calculations, due to the strong repulsive inter
tion when the adatoms are near the substrate and the r
decaying for the magnitude of the effective potential wh
the adatoms are far away from the surface, it is found t
only a very narrow range along thez axis yields significant
contribution to the integration. In the present work, the ran
is set to be@0.6,1.2# and@0.5,0.9# ~in units of 4.30 Å) for the
Ar and the Ne case, respectively. Different orders of Gau
Legendre quadratures29 are then employed for the integra
tion. The contributions beyond these intervals are negligib
The integrations over the area of the unit cell are carried
with the aid of a seven-point formula.30 The rate of conver-
gence for the result is extremely fast if the unit cell is se
tioned into aggregates of equilateral triangles appropria
in accordance with the behavior ofh(r ) or f (r ,r 8). From
numerical comparisons it is found that the evaluation with
integrating points in the half unit cell is enough to ensure
accuracy up to fourth digits. This efficient algorithm is e
sential for the evaluation ofg2, which contains a six-
dimensional integration. The sum over xenon atoms in
~29! is carried out over the nearest 75 atoms, with a unifor
density approximation taking into account the contributio
from those further away.5 As to the adatom-graphite interac
tion, we first calculate the first six terms of the series and

FIG. 2. Profiles of the surface potentials for both argon and n
adatoms at the center of the triangle lattice as a function of
distance between the adatom and the xenon plane. The distanc
the minimum of the surface potential are 3.29 Å, 3.15 Å, 2.82
and 2.95 Å for Ar-LJ, Ar-exp-6, Ne-LJ, and Ne-exp-6 cases, resp
tively.
1-4
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remaining contributions can then be obtained by
asymptotic trigamma-function expansions.5 For the treatment
of the f (r1 ,r2) term in theg2, only the first four neares
rings, see Fig. 3, are considered. By a ring we mean
equivalent half lattices with equal distances from the orig
The contributions from the fifth ring and further far away c
be omitted.

With the implementation of the Mahanty’s image theo
the strength of the pair attraction is modified with the wea
ening factorF(s;ed) through Eqs.~17! and ~18!. Figure 1
shows that theF(s;ed) stays close to the minimum value 2
whens is smaller than 0.5; and quickly increases to the va
near unity ass is varied from 0.5 to 2.0. This indicates th
for a fixed interatomic separationr the dependence o
F(s;ed) on the distancez, which represents the distance
the adatom pair from the substrate surface, is rather su
especially near the vicinity of the surface. For the pres
physisorption systems, the typical value ofr is of the order
of the lattice constant (;4.30 Å), as illustrated in Fig. 3. As
a result, the potential between the adatoms is significa
weakened when the adatom pair is at a distance of;2 Å
from the surface. On the contrary, the image effect beco
small as the pair is located at;4 Å away. However, this
range is not large on the scale of the thickness of the
‘‘surface’’ itself. This means that an unambiguous position
the surface required by the image theory is not easily id
tified. To remedy the ambiguity of the interface, the conc
of an ideal surface, referred to as areferenceplane in Fig. 4,
is proposed. The virial coefficients and their temperature
rivatives are then investigated with a series of different
sitions for the reference planes. Moreover, to simplify t
calculation, the substrate, which is composed of the xe
monolayer and graphite, is assumed as a perfect metal b

IV. RESULTS AND DISCUSSIONS

A. Ar adatoms

The experiment for the Ar physisorption was carried o
at a temperature of 79.2 K.1 The calculated values ofZs and
e1 show that these single-adatom properties are indepen
of the assumed position of the reference plane. This is
pected since, from Eqs.~7! and~32!, these two quantities ar
related to the adatom-surface potentialV1 only, which should
not depend upon the reference-plane position. TheZs from
the LJ model is calculated as 10.2 cm3/site and a larger re

FIG. 3. Rings of equivalent half-lattice zones.
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sult of 12.9 cm3/site is obtained from the exp-6 model. Th
measured data is 5.3960.16 cm3/site. As was discussed
before,4,5 the Zs is sensitive to the behavior of the potenti
model used. It is seen, from Fig. 2, that the exp-6 poten
has a deeper well and therefore results in a worse valu
Zs . The error in theZs can be removed by use of accura
interatomic potential obtained from beam-scattering data4,8

Actual numerical computations also reveal that the final
sults ofZs are sensitive to the adopted lattice constant of
xenon monolayer. For instance, the incorrect lattice cons
of 4.26 Å leads to a worse result of 11.1 cm3/site in the LJ
model. Thus correct geometric structures of the xenon mo
layer are essential for accurate values ofZs . In contrary to
Zs , the e1 is less sensitive to the above factors, due to
logarithm dependence in Eq.~14!. The calculated value ofe1
is found to be2708 K and2745 K for the LJ and exp-6
models, respectively. They are close to the experimental
of 2700621 K.

The results of the second-order coefficientb2 and its tem-
perature derivativee2 for various positions of referenc
planes are summarized in Table III. Several interesting f
tures are observed from this table. First of all, combined w
the image effect, there is a remarkable variation of the m
nitudes forb2 ande2 as the reference-plane position is va
ied. In particular, all these values are lower than the ‘‘u
modified’’ ones, which are obtained without use of the ima
theory. To make a comparison, consider the case when
reference plane coincides with the xenon layer. The co
sponding values ofb2 ande2 in the LJ scheme are reduce
from 4.87 to 3.88 and2863 K to 2685 K, respectively.
Hence, the inclusion of the image correction yields mu
better results.

Second, the results with the image contributions can
significantly improved by moving the reference plane furth
up above the xenon layer, whereas they converge to the
modified results when the reference plane is moved in
opposite direction. This is a direct consequence of
asymptotic behavior of the weakening functionF(s;ed).
When the reference plane is set below the xenon layer,

FIG. 4. Geometry of the adatoms absorbed on the xenon-pl
graphite. The reference plane serves as the ‘‘ideal surface’’ of
substrate with the implementation of the image theory. Here,
lengths are given in units of angstrom.
1-5
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TABLE III. The second virial coefficientb2 and the average
lateral interaction energye2 of an isolated argon pair for variou
reference planes under LJ and exp-6 models. ‘‘2 ’’ and ‘‘ 1 ’’ in
column 1 mean that the reference plane is below and above
xenon layer, respectively. The lattice constant of the xenon laye
4.30 Å.

Distance (Å) b2 e2 (K)
LJ exp-6 LJ exp-6

22.00 4.55 4.56 2807 2819
21.90 4.54 4.54 2804 2816
21.80 4.52 4.52 2801 2812
21.70 4.50 4.51 2797 2809
21.60 4.48 4.48 2794 2805
21.50 4.46 4.46 2790 2801
21.40 4.44 4.44 2786 2797
21.30 4.41 4.41 2781 2792
21.20 4.39 4.39 2777 2788
21.10 4.36 4.36 2771 2782
21.00 4.33 4.33 2766 2777
20.90 4.30 4.29 2760 2771
20.80 4.26 4.26 2754 2764
20.70 4.23 4.22 2747 2757
20.60 4.19 4.18 2740 2750
20.50 4.14 4.14 2733 2742
20.40 4.10 4.09 2724 2733
20.30 4.05 4.04 2716 2724
20.20 4.00 3.98 2706 2715
20.10 3.94 3.92 2696 2704

0.00 3.88 3.86 2685 2693
10.10 3.82 3.79 2674 2681
10.20 3.75 3.72 2661 2668
10.30 3.67 3.64 2648 2655
10.40 3.59 3.56 2634 2640
10.50 3.51 3.47 2619 2625
10.60 3.41 3.38 2604 2609
10.70 3.32 3.28 2587 2592
10.80 3.21 3.18 2569 2574
10.90 3.11 3.06 2551 2556
11.00 2.99 2.95 2532 2536
11.10 2.87 2.83 2512 2517
11.20 2.74 2.70 2491 2496
11.30 2.61 2.57 2470 2476
11.40 2.47 2.44 2449 2455
11.50 2.33 2.30 2427 2435
11.60 2.19 2.16 2406 2414
11.70 2.05 2.03 2385 2395
11.80 1.90 1.89 2364 2376
11.90 1.76 1.76 2344 2359
12.00 1.62 1.64 2325 2343
12.10 1.48 1.52 2308 2328
Unmodified 4.87 4.88 2863 2875
Wua 4.3660.34 28616130
ATMb 5.0060.64 28476127
Expt.c 1.7760.35 24206105

aReferences 3.
bReference 4.
cReference 1.
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separation between the reference plane and the adatom
is also increased and the value ofF(s;ed) is close to 1,
which means that the image effect is marginally small.
the other hand, this effect will be enhanced as the refere
plane is moved above the xenon layer. In particular, by s
ting the reference planes at positions of 1.7–2.1 Å above
xenon plane, the values for bothb2 ande2 are brought to be
in excellent agreement with the experiment. These val
(1.7–2.1 Å) are quantitatively similar to the van der Waa
radii of xenon atoms. Intuitively, they locate the referen
plane at the edge of the substrate, with the consideratio
the rigidity of the electron cloud of the xenon atom. Furth
more, these results are consistent with the work of Zarem
and Kohn,31 where the polarization potential between a ne
tral atom and a crystalline solid surface was considered an
was concluded that the reference-plane position is exa
half the distance of the interplanar of the solid if the intera
tion is taken to be a van der Waals type varying asr 26.
Therefore, within the experimental uncertainty, it is tempti
to set a definitive position of the reference plane at 1.9
(1.9.3.66/2) above the xenon layer.

Under such a condition, we probe the change of the w
depth of the Ar-Ar potential due to the image effect. T
most stable position of the pair, within the LJ model, is c
culated to be at 3.29 Å above the xenon plane. The profile
the interatomic potential influenced by image effect is p
sented in Fig. 5~a!. The well depth is lowered from
2124.00 K~of the free gas phase! to 269.58 K. This means
that the reduction factorf Ar-Ar is 0.56, which is consisten
with the prediction of 0.6 asserted in the earlier work.3,4 For
comparisons, we also display in Fig. 5~a! the pair potential
when the reference plane is located at a position 2.0 Å be
the xenon monolayer. The well depth differs very slightly
a minor amount of 4.04 K, with the lowering rate less th
3%. Similar conclusions are obtained within the framewo
of the exp-6 model.

Finally, the earlier results4 of including the Ar-Ar-Xe
three-body effect, labeled ‘‘ATM’’ in Table III, are also
shown here. The value forb2 and e2, evaluated with the
accurate beam-scattering interatomic potential,7 was 5.00
and 2847 K, respectively. These are rather disappointi
which could reflect the inadequacy of the three-body con
bution in the present situation.

B. Ne adatoms

The experiment for the Ne physisorption was carried
at a low temperature of 23.2 K.1 In this case, the virial co-
efficientZs is extremely sensitive to the interatomic potent
model. The calculated value is 2376310220 cm3/site for the
LJ model and 67310220 cm3/site for the exp-6 potential
The exp-6 model, as displayed in Fig. 2, has a more shal
minimum and a more localized profile, and yields better
sults. The discrepancy between this value and the experim
tal number (1.69310220 cm3/site) reflects the sensitive ex
ponential dependence on the energy/temperature sca
such a low temperature and the demand of an accurate i
atomic potential. More details were discussed in Ref. 5. T

he
is
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calculation for the average potential energy of the isola
neone1 is 2360 K using the LJ model. The correspondin
result in the exp-6 model is2266 K. This is close to the
experimental value of224067.2 K.

Table IV lists the calculated two-particle quantities ofb2
ande2 for various reference planes. The results from the
model are relatively smaller than those from the exp-6
tential. This is primarily due to the fact thatb2 is propor-
tional to the inverse square ofZs through Eq.~11!. It is also
shown from this table that these second-order quantities
in best agreement with the experimental values when
optimized position of the reference plane is placed at 1.9
above the xenon layer, in consistent with the situation
argon physisorption.

In a similar analysis for the argon adsorption, we stu
the change of the well depth of the neon-neon interac
with the same optimized position of the reference plane. T
resultant interatomic potential is displayed in Fig. 5~b!. The
most stable position of the neon pair is found to be at 2.95
above the xenon plane within the exp-6 model. The w
depth in such a situation is weakened from238.00 K~of the
free gas phase! to 222.62 K, with an effective reduction
factor f Ne-Ne of 0.60, which lies in the range between 0.6
and 0.65 suggested before.5 On the other hand, the we
depth of the pair potential is essentially unaltered if the r
erence plane is placed at 2.0 Å below the xenon layer.

FIG. 5. Interatomic potentials with the image effect for~a!
Ar-Ar pairs in LJ models and~b! Ne-Ne pairs in exp-6 models
when the reference plane is set 2.0 Å below and 1.9 Å above
xenon plane, along with that in free space. The most stable pos
of the argon pair and the neon pair is 3.29 Å and 2.95 Å above
xenon plane, respectively.
11541
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TABLE IV. The second virial coefficientb2 and the average
lateral interaction energye2 of an isolated neon pair for variou
reference planes under LJ and exp-6 models. ‘‘2 ’’ and ‘‘ 1 ’’ in
Column 1 mean that the reference plane is below and above
xenon layer, respectively. The lattice constant of the xenon laye
4.30 Å.

Distance (Å) b2 e2 (K)
LJ exp-6 LJ exp-6

22.00 2.81 3.08 2101 2127
21.90 2.80 3.07 2100 2127
21.80 2.79 3.07 2100 2126
21.70 2.78 3.06 2100 2126
21.60 2.77 3.05 299 2126
21.50 2.75 3.04 299 2125
21.40 2.74 3.03 298 2125
21.30 2.73 3.02 298 2124
21.20 2.71 3.00 297 2124
21.10 2.69 2.99 296 2123
21.00 2.68 2.97 296 2122
20.90 2.66 2.96 295 2122
20.80 2.64 2.94 294 2121
20.70 2.61 2.92 293 2120
20.60 2.59 2.90 292 2119
20.50 2.56 2.88 291 2118
20.40 2.53 2.86 290 2117
20.30 2.50 2.83 288 2116
20.20 2.47 2.80 287 2114
20.10 2.43 2.77 286 2113

0.00 2.39 2.74 284 2111
10.10 2.34 2.70 282 2110
10.20 2.29 2.66 280 2108
10.30 2.24 2.62 278 2106
10.40 2.19 2.57 276 2104
10.50 2.13 2.52 274 2101
10.60 2.06 2.46 271 299
10.70 1.99 2.40 269 296
10.80 1.92 2.34 266 293
10.90 1.84 2.27 263 290
11.00 1.75 2.19 260 287
11.10 1.66 2.11 257 283
11.20 1.57 2.03 254 280
11.30 1.48 1.94 251 276
11.40 1.38 1.84 248 272
11.50 1.28 1.75 245 269
11.60 1.18 1.65 242 265
11.70 1.09 1.55 240 261
11.80 1.00 1.45 238 258
11.90 0.91 1.35 236 254
12.00 0.84 1.26 234 251
12.10 0.77 1.17 233 249

Unmodified 2.96 3.21 2107 2133
Hsuea 2.604 2.918 2106.9 2137.4
ATMa 3.869 2138.1
Expt.b 0.9060.18 252610

aReference 5.
bReference 1.
1-7
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The previous results5 of including the Ne-Ne-Xe three
body effect are also shown in Table IV, with the same la
for the argon case. The disappointing values indicate that
consideration of such effects will not improve the secon
order properties significantly. However, the calculations
this work seem to imply that the Mahanty’s image theo
serves as another viable approach for the present system

Before closing this section, three aspects should be m
tioned here. First of all, one may worry about the deviatio
of both b2 ande2 caused by the error of the lattice consta
of the xenon monolayer. In Table V, we demonstrate
values of these two quantities calculated with lattice c
stants of 4.26 Å, 4.28 Å, and 4.32 Å, respectively. It
shown that these deviations with a variation of60.02 Å of
the lattice constant are less than 1%, which is much sma
than the experimental tolerance. Therefore, approxima
the relatively complicated structure of the xenon monola
by an average lattice constant of 4.30 Å introduces no s
stantial errors to the value ofb2 or e2. Second, we are sur
prised with the present calculations with the simplifying a
sumption that the substrate is treated as a perfect condu
In reality, the image effect from the real substrate might
be so significant as from the perfect conductor. To probe
dependence on the dielectric constant of the substrate, w
in Table VI the calculations ofb2 and e2 based on three
different values of dielectric constants. This table shows t
the error in eitherb2 or e2 is less than 1% with the dielectri

TABLE V. The second virial coefficientb2 and the average
lateral interaction energye2 of an isolated argon pair for variou
reference planes under the LJ model, with the lattice constant o
xenon monolayer as 4.26 Å, 4.28 Å, and 4.32 Å, respectively. C
umn 1 shows the location of the reference plane above the xe
layer.

Distance (Å) b2 e2 (K)
4.26 Å 4.28 Å 4.32 Å 4.26 Å 4.28 Å 4.32 Å

0.10 3.80 3.81 3.82 2676 2675 2672
0.20 3.73 3.74 3.75 2664 2663 2660
0.30 3.66 3.66 3.68 2651 2650 2647
0.40 3.58 3.58 3.60 2637 2636 2633
0.50 3.49 3.50 3.51 2622 2621 2618
0.60 3.40 3.41 3.42 2606 2605 2602
0.70 3.30 3.31 3.32 2590 2589 2585
0.80 3.20 3.21 3.22 2572 2571 2568
0.90 3.09 3.10 3.11 2554 2553 2549
1.00 2.98 2.98 3.00 2534 2533 2530
1.10 2.86 2.86 2.88 2514 2513 2510
1.20 2.73 2.74 2.75 2494 2493 2490
1.30 2.60 2.60 2.62 2473 2472 2469
1.40 2.46 2.47 2.48 2451 2450 2448
1.50 2.32 2.33 2.34 2429 2429 2426
1.60 2.18 2.18 2.20 2408 2407 2405
1.70 2.03 2.04 2.05 2386 2386 2384
1.80 1.89 1.90 1.91 2365 2365 2363
1.90 1.74 1.75 1.77 2345 2345 2343
2.00 1.60 1.61 1.63 2327 2326 2325
11541
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constanted>15.0. However, an error of 10% will arise whe
ed is taken as 5.0. One possible explanation and remedy
this error is inspired from the Mahanty’s work.17 According
to his work, which was based on the jellium model, there
additional screening when the adatoms are actually emb
ded inside the metallic electrons that spill out of the surfa
His results make the conclusion that the strength of the
tractive interaction between two adatoms is only 12%, rat
than 2/3, of the free-space value if one or two of these a
toms is or are inside the surface with surface-plasmon
quency equal to the principal adsorbate absorption freque
Hence, this phenomenon offers possible compensation o
commodation of the less reduction of interatomic poten
by the realistic substrate. Further work will be needed
completely clarify these issues. Finally, the uncertainty of
experiment is somewhat larger. Highly precise experime
may be needed for a more definite conclusion to arrive.

V. CONCLUSION

The second virial coefficient and its temperature deri
tive are recalculated for the physisorption of both argon a
neon adatoms on xenon-plated graphite with the implem
tation of the image theory. In earlier works, the inclusion
three-body ATM contributions has not achieved satisfact
results for these cases. In order to fit the experimental m
surements, the strength of the pairwise interaction mus
lowered, without complete justifications, by an apprecia

he
l-
on

TABLE VI. The second virial coefficientb2 and the average
lateral interaction energye2 of an isolated argon pair for variou
reference planes under the LJ model, with dielectric constanted of
the substrate as 5, 10, and 15, respectively. Column 1 shows
location of the reference plane above the xenon layer.

Distance (Å) b2 e2 (K)
5 10 15 5 10 15

0.10 4.08 3.95 3.90 2720 2697 2690
0.20 4.02 3.88 3.84 2710 2686 2678
0.30 3.96 3.82 3.77 2698 2673 2665
0.40 3.89 3.74 3.69 2686 2660 2652
0.50 3.82 3.66 3.61 2673 2646 2637
0.60 3.74 3.57 3.52 2659 2631 2621
0.70 3.65 3.48 3.42 2644 2614 2605
0.80 3.56 3.38 3.32 2627 2597 2587
0.90 3.46 3.27 3.21 2609 2578 2569
1.00 3.35 3.16 3.10 2591 2559 2549
1.10 3.23 3.04 2.98 2571 2538 2529
1.20 3.11 2.91 2.85 2549 2517 2507
1.30 2.97 2.77 2.71 2527 2494 2485
1.40 2.83 2.63 2.57 2503 2471 2462
1.50 2.68 2.47 2.42 2479 2447 2439
1.60 2.52 2.32 2.26 2453 2423 2415
1.70 2.36 2.16 2.11 2427 2398 2391
1.80 2.18 1.99 1.95 2400 2373 2369
1.90 2.01 1.82 1.78 2374 2349 2345
2.00 1.82 1.65 1.62 2347 2325 2322
1-8
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amount from its gas phase value. In this paper, we ob
acceptable results when the reference plane, referred to a
‘‘ideal surface’’ of the solid bulk, is set at 1.9 Å above th
xenon plane. The self-consistency of the present work se
to indicate that the Mahanty’s image theory can provide
other approach in the consideration of the adsorption indu
interactions.
e

k,

em
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