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Optically detected magnetophonon resonances inn-Ge in tilted magnetic fields
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We investigate the influence of the angular dependence of optically detected magnetophonon resonance
~ODMPR! in n-type germanium in a tilted magnetic field. With the ODMPR conditions, qualitative features of
the ODMPR effects are investigated according to the incident photon frequency, the strength of the magnetic
field, the temperature, and the difference of Landau level indices as a function of the tilt angle to the applied
magnetic field in the quantum limit condition, in which\vc@kBT is satisfied. In particular, anomalous
behaviors of the ODMPR line shape, such as the splitting and the shift of ODMPR peaks, are discussed in
detail.
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The optically detected magnetophonon resona
~ODMPR! allows one to make quantitative measurements
the scattering strength for specific Landau levels, and yie
direct information on the nature of the electron-phonon
teraction in semiconductors.1–8 The purpose of the presen
work is to investigate the angular dependence of the optic
detected magnetophonon resonance effects on the mag
conductivity ofn-Ge in the tilted magnetic fields obtained b
using the Mori-type projection operator technique,9 and to
investigate the features of optically detected magnetopho
resonance effects in magnetoconductivity as a function of
incident photon frequency, the strength of magnetic field,
difference of Landau level indices, and the temperature
such materials.

Consider a system of many noninteracting electronsNe in
interaction with phonons, initially in equilibrium with a tem
peratureT. Then, in the presence of the static magnetic fi
tilted with an angle ofu from thez axis chosen to be paralle
to the principal axis of an ellipsoidal energy surface,B
5B(sinu,0, cosu), with the Landau guage of vector pote
tial AÄB„Ày cosu,0,y sinu), one-electron normalized
eigenfuncitonsFl(r ), and eigenvaluesEl in the conduction
band are given, respectively, by

Fl~r !5
1

ALxLz

fN~y2yl!exp~ ikxx1 ikzz!, ~1!

El5EN~kx ,kz!5~N11/2!\vs1\2~k•B/B!2/2mB , ~2!

whereul& means the Landau statesuN,k& in the conduction
band andN(50,1,2, . . . ) is theLandau-level index.fN(y)
are the eigenfunctions of the simple harmonic oscillator w
yl5(mtkz sinu2mlkx cosu)\/eBmB , and Lx and Lz are, re-
spectively, thex- andz-directional normalization lengths.kx
and kz are, respectively, the wave vector component of
electron in thex andz direction,vs(5eB/ms) is the cyclo-
tron frequency in the conduction band, andmB is the effec-
tive mass in the magnetic field direction withmB5ml cos2u
1mt sin2u. Here 1/ms

25 cos2u/mt
21sin2u/(mtml).

When a linearly polarized electromagnetic wave of amp
tudeE5(0,E cosvt,0) with frequencyv is applied along the
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z axis, the absorption power delivered to the system isP

5E2 Re@s̄yy(v̄)#/2 for the Faraday configuration
(E'B),9,10 where Re means ‘‘the real part of’’v̄5v

2 id (d→01), s̄yy(v̄)[@syy(v̄)1syy(2v̄)#/2 and
syy(v̄) @or syy(2v̄)] is the complex optical conductivity
corresponding to the right~or left! circularly polarized wave,
which can be expressed in the linear-response theory as9,10

syy~v̄ !5
\

iV (
l8,l

f ~El8!2 f ~El!

El82El

3
u j yl8lu2

\v̄2El81El2 i\S̃0l8l~v̄ !
, ~3!

where V represents the volume of the system,j y is the y
component of the single-electron current operator,f (El) is a
Fermi-Dirac distribution function, and the quantit
i\S̃0l8l(v̄) means the line shape function. Therefore, t
real parts and the imaginary parts ofi\S̃0l8l(v̄) are, respec-
tively, defined by the lineshift terms@\¹̃0l8l(v̄)# and the
linewidth terms @ i\G̃0l8l(v̄)#, for the transition arising
from the resonant absorption or emission of a single pho
of frequencyv and of a single phonon of frequencyvq
between statesul& and ul8&.

To obtain the magnetoconductivitysyy(v̄) of Eq. ~3! for
the nondegenerate limit and the quantum limit (\vc
@kBT), we use the matrix elements of they-component
single-electron current operator given by

u^Nkxkzu j yuN8kx8kz8&u
25

e2ms\vs

mt
2 @~N11!dN11N8

1NdN21N8#dkx ,k
x8
dkz ,k

z8
. ~4!

The angular dependent magnetoconductivity is directly p
portional to the matrix element with respect to the curre
operator in Eq.~4!. We also replace summations with respe
to kx and kz of (l(5N,kx ,kz)

in Eq. ~3! by the relation:6
©2003 The American Physical Society42-1
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(kx ,kz
(•••)5LxLz /(4p2)**1stBZdkxdkz(•••) because the

ranges ofkx andkz are, respectively, given within

2
eBmBLy

2\ml cosu
1

mt

ml
kztanu,kx,

eBmBLy

2\ml cosu
1

mt

ml
kztanu

and2p/Lz,kz,p/Lz . In addition, we assume that thef ’s
in Eq. ~3! can be replaced by the Boltzmann distributi
function for nondegenerate semiconductor,6 i.e., f @EN(kz)#
'exp@b(m2EN(kx ,kz))#, where b51/kBT, with Boltzmann
constantkB and temperatureT, and the chemical potentia
m is 1/b ln@Ab/(2pmB)4p2ne\

2ml cosu sinh@(b/2)\vs#/
(msvsmB)] with the electron densityne(5Ne /V). Then we

FIG. 1. Spectral line shapes of the magnetoconductiv

@s̄yy(v̄)# as a function of the applied magnetic field forn-Ge at
T5250 K as a function of magnetic fieldB for the various tilt
anglesu of the tilted magnetic field in cases ofv50, 3, and 7 THz.
11534
obtain the angular dependent magnetoconductivity co
sponding to the right circularly polarized wave as

syy~v̄ !5A 2be4\4ne
2ms

2

pmBml
2mt

4 cos2u
e2b\vs/2 sinh2S b

2
\vsD

3(
N

~N11!e2b[N1(1/2)]\vsE
2p/Lz

p/Lz
e2b\2kz

2/2mB

3
GN11,kx ,kz ;N,kx ,kz

~v!

~\v2\vs!
21GN11,kx ,kz ;N,kx ,kz

2 ~v!
dkz ~5!

y FIG. 2. Magnetic field strength dependence of the magnetoc

ductivity @s̄yy(v̄)# as a function of the ratio between the incide
photon frequency and the phonon frequency,v/vLO , for various
tilt anglesu at T5250 K in cases ofvc /vLO51.0, 0.7, and 0.3,
respectively. Herevc meanseB/mt .
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FIG. 3. Magnetic field strength dependence of the magnetoconductivity@s̄yy(v̄)# as a function of the ratio between the incident phot
frequency and the phonon frequency,v/vLO , for various temperature in cases ofu50°, u530°, andu570°, respectively, for~a!
vc /vLO51.0 and~b! vc /vLO50.4.
b

for a shift of zero,¹̃0.0, in the spectral lineshape.
The relaxation ratesG(v) in Eq. ~5! associated with the

electronic transition betweenuN11,kx8 ,kz8& and uN,kx8 ,kz8&
can be expressed for nonpolar optical phonon scattering

GN11,k
x8 ,k

z8 ;N,k
x8 ,k

z8
5

AmBD8

2A2p\
(

N8ÞN
H ~n011!S u@Q12~kz8!#

AQ12~kz8!

1
u@Q21~kz8!#

AQ21~kz8!
D 1n0S u@Q11~kz8!#

AQ11~kz8!

1
u@Q22~kz8!#

AQ22~kz8!
D J , ~6!
11534
y

with

Q16~kz8!5\v1~N2N8!\vs1
\2kz8

2

2mB*
6\vLO , ~7!

Q26~kz8!5\v1~N82N21!\vs2
\2kz8

2

2mB*
6\vLO , ~8!

where n05@exp(b\vLO)21#21 is the phonon distribution
function, u(x) in Eq. ~6! is Heaviside step function by
u(x)51 for x>0 and 0 for x,0. Here kx85kx cosu
2kzsinu, and kz85kx sinu1kzcosu. In order to obtain Eq.
~6!, we transformed the sum overqz8 into an integral form in
2-3
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the usual way as(q
z8
→@Lz /(2p)#*2p/Lz

p/Lz dqz8 and used the

following property of the Dirac delta function:d@ f (x)#
5( id@x2xi #/u f 8(xi)u with xi being the roots off (x). From
these conditions, the relaxation rates@and hence, the angula
dependent magnetoconductivitiessyy(v) andsyy(2v)] for
the nonpolar LO-phonon scattering show the resonant be
iors at P\vs6\v5\vLO (P[N82N51,2,3, . . . ). When
the ODMPR conditions are satisfied, in the course of sca
ing events, the electrons in the Landau levelsN can make
transitions to one of the Landau levelsN8 by absorbing
and/or emitting a photon of energy\v during the absorption
of a LO phonon of energy\vLO . Equation~5! is the basic
equations for the ODMPR spectral line shape, which ena

FIG. 4. Shifts of resonant peaks as a function of tilt angleu of
an applied magnetic field for various differences of Landau le
indices in cases ofv50, 3, and 7 THz.
11534
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us to analyze ODMPR effects in semiconductors under
tilted magnetic fields.

We present the numerical results of the angular depen

magnetoconductivity formulas̄yy(v̄) in Eq. ~5!. Here, spe-
cial attention is given to the behavior of the ODMPR lin
shape, such as the appearance of ODMPR peaks, the an
dependent magnetoconductivity, and the shift of ODMP
peaks. For our numerical results, the parameters ofn-Ge are
taken11,12 by effective massesmt50.082m0 and 1.64m0,
with m0 being the electron rest mass, a LO-phonon ene
\vLO530.3 meV, the electron densityne5431024 m23,
and the constant of the nonpolar interactionD851.059
310268 kg2 m7 s24. In addition, as many as 21 Landau le
els are included in the calculation of the angular depend
magnetoconductivity.

Figures 1~a!, 1~b!, and 1~c! show the spectral line shape
of the magnetoconductivities for the nonpolar materialn-Ge
as a function of magnetic field for the various tilt anglesu of
the tilted magnetic fieldB applied to the bulk material in cas
of v50, 3, and 7 THz atT5250 K. As shown in Figs. 1~a!,
1~b!, and 1~c!, we can see the following features:~i! Various

peaks depending on theP values are observed in thes̄yy(v̄)
at each tilt angle.~ii ! As the difference of Landau level indi
ces increases, the MPR (v50) and ODMPR peak position
are shifted to the lower magnetic field region.~iii ! The shift

of the resonant peaks in thes̄yy(v̄) is sensitive to the tilt
angleu of the applied magnetic field. The peaks in the ma
netoconductivities shift to the higher magnetic field regi
with increasing tilt angleu of the applied magnetic field an
the variation of peak position increases as the tilt angleu of
the applied magnetic field increases.~iv! The splitting of the
ODMPR peaks takes place from MPR peaks and the w
of splitting depends on the incident photon frequency. T
splitting width from MPR peaks increases with increasi
incident photon frequency.~v! The height of these peaks i
the conductivities are closely related to the tilt angleu. The
height of these peaks increases with increasing tilt angleu of
the applied magnetic field. The resonant behaviors are a
ally given byP\vs6\v5\vLO(P[N82N51, 2, and 3!.
If there is no photon energy\v in the ODMPR condition, it
becomes MPR condition given byP\vs5\vLO(P[N8
2N51,2,3). Accordingly we see that the ODMPR peaks a
split from the MPR peaks. It seems that the splitting is due
the absorption and emission of a photon during the abs
tion of a phonon.

Figures 2~a!, 2~b!, and 2~c! show the magnetic-field
strength dependence of the magnetoconductivitiess̄yy(v̄) as
a function of photon frequency for the various tilt anglesu in
case ofv/vLO51.0,0.7, and 0.4 atT5250 K. Various peaks
are observed according to the incident photon frequency
the strength of magnetic field. It is clearly seen from t
figures that main peaks are observed in terms of the cy
tron resonance condition (v5vc), whereas subsidiary peak
are exhibited in terms of the ODMPR condition (P\vs
6\v5\vLO). As the tilt angleu of the applied magnetic
field increases, the peaks due to the ODMPR shift to
smaller value region ofv/vLO . As the value ofvc /vLO

l

2-4



h
n

h

th

nc
a

-
d

t

t
f
o
th

ot

e
-
e
t
n

m
he

nd
tic

ag-

s as

s-
s

ller

the

ngle
ce
of

non
be
as

-
it
of

da-

OPTICALLY DETECTED MAGNETOPHONON RESONANCES . . . PHYSICAL REVIEW B 67, 115342 ~2003!
decreases, the number of the resonant peaks increase. T
fore, all peaks can be assigned from the cyclotron resona
~CR! and the ODMPR condition.

Figures 3~a! and 3~b! show the magnetic field strengt
dependence of the magnetoconductivitiess̄yy(v̄) as a func-
tion of photon frequency for the various temperature in
cases ofv/vLO51.0, and 0.4 atu50°, 30°, and 70°, re-
spectively. Various peaks are observed according to the i
dent photon frequency and the strength of magnetic field
those in Figs. 2~a!, 2~b!, and 2~c!. As the temperature in
creases, the height of these peaks due to the ODMPR
creases at the fixed values region ofv/vLO . As the value of
vc /vLO decreases and the tilt angleu of the applied mag-
netic field increases, the number of the resonant peaks
crease as those in Figs. 2~a!, 2~b!, and 2~c!.

Figures 4~a!, 4~b!, and 4~c! show the shifts of resonan
peaks as a function of tilt angleu of the applied magnetic
field for the variousP values in case ofv50, 3, and 7 THz.
The shifts of resonant peaks are observed according to
incident photon frequency and theP values as a function o
tilt angle of the applied magnetic fields. The shifts of res
nant peaks are the largest at 90° tilted angle for all of
incident photon frequencies and theP values. The splitting of
the shifts of resonant peaks increases with increasing ph
frequency like those in Figs. 1 and 2.

So far, we have applied the angular dependent magn
conductivitys̄yy(v̄) obtained by using the Mori-type projec
tion operator technique ton-Ge materials and studied th
anomalous behavior of the ODMPR line shape, such as
splitting and the shift of ODMPR of the angular depende
magnetoconductivitys̄yy(v̄).

Our results show the following.~1! As a linearly polarized
photon of amplitudeE and frequencyv is incident along the
r,
-
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z axis, the splitting of the ODMPR peaks takes place fro
the MPR peaks.~2! As the photon frequency is increased, t
shifts of the ODMPR peak positions are increased.~3! As the
difference of Landau level indices is increased, the MPR a
ODMPR peak positions are shifted to the lower magne
field side and the shifts of ODMPR is decreased.~4! The
peaks in the magnetoconductivities shift to the higher m
netic field region with increasing tilt angleu of the applied
magnetic field and the variation of peak position increase
the tilt angleu of the applied magnetic field increases.~5!
The splitting width from MPR peaks increases with increa
ing incident photon frequency.~6! The height of these peak
increases with increasing tilt angleu of the applied magnetic
field. ~7! As the tilt anglesu of the applied magnetic field
increases, the peaks due to the ODMPR shift to the sma
value region ofv/vLO . ~8! As the value ofvc /vLO de-
creases, the number of the resonant peaks increase.~9! As the
temperature increases, the height of these peaks due to
ODMPR decreases at the fixed values region ofv/vLO . ~10!
The shifts of resonant peaks are the largest at 90° tilted a
for all of the incident photon frequencies and the differen
of Landau indices values. In addition, strong oscillations
the magnetoconductivity in bulk materials such asn-Ge are
expected in terms of the optically detected magnetopho
resonance, which indicate that the ODMPR should also
observed experimentally in such bulk semiconductors,
pointed out by Hai and Peeters.8 Despite the above short
comings of the theory, we believe that our results make
possible to understand analytically the essential physics
ODMPR in nonpolar materials.

This work was supported by the Korea Research Foun
tion Grant No. KRF-2001-037-DA0015.
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