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Correlation effects in vertical gated quantum dots
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The influence of the electron-electron correlation on the electronic properties of vertical gated quantum dots
with three-dimensional confinement has been studied by the configuration interaction method. We have found
that the correlation is essential in the weakly confined electron systems and becomes negligibly small for the
strongly confined electrons. We have determined the role of the correlation in the single-electron transport-
spectroscopy experiments in the gated quantum dots. The correlation slightly changes the stability diagram, but
considerably affects the magnetic-field dependence of the confined-electron energy spectra.
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The single-electron transport in the vertical gated qu
tum dot1,2 ~QD! has been described3,4 with the use of the
Hartree-Fock~HF! method. Although this method does n
take into account the electron-electron correlation, go
agreement has been obtained3,4 with the stability diagram
measured2 without a magnetic field. However, the comput
tional results5 exhibit systematic deviations from the expe
mental data obtained in the magnetic field,1 which can be
ascribed to the electron-electron correlation. The configu
tion interaction~CI! method was applied6–8 to the correlation
in QD-confined electron systems in the framework of t
two-dimensional parabolic confinement potential model. T
parabolic potential was also used in calculations,9,10 which
account for the electron-electron correlation in the spin lo
density approximation. Matagne and Leburton11 used the
spin local density approach with the confinement poten
derived from the Poisson equation. The results obtained11 are
rather far from the experimental data.1,2 Based on the exist
ing calculations,6–11 one can hardly estimate the role of th
correlation in the transport-spectroscopy experiments.1,2 In
the present paper, a systematic study of the correlation
fects is performed for the vertical QD’s by the CI metho
We apply the model parabolic potential as well as the rea
tic confinement potential obtained from the self-consist
solution4 of the Poisson-Schro¨dinger problem and discuss th
role of the correlation in the single-electron transport via
vertical gated QD’s.

We consider the three-dimensional system ofN electrons
confined in the QD of the cylindrical symmetry. First, w
solve the one-electron eigenproblem using trial wave fu
tions of the form

c~r !5 (
kx ,ky50

kx1ky<k

ckxky
xkxykyexp@2a~x21y2!2bz2#, ~1!

wherea andb are the nonlinear andckxky
the linear varia-

tional parameters. Next, we use one-electron wave funct
~1! to build the Slater determinants, which form the basis
for the diagonalization of theN-electron Hamiltonian by the
CI method. TheN-electron eigenstates possess definitez
components of the total angular momentum and the t
spin; so they are labeled by the corresponding quantum n
bers (L,S). Basis~1!, complemented by the spin wave fun
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tion, allows for a construction of (N
(k11)(k12)) Slater determi-

nants with definiteL andS. For eachN-electron state we use
the basis composed of all Slater determinants with the
quired spin-orbital symmetry. The Gaussians in Eq.~1! lead
to the analytical expressions for the Coulomb matrix e
ments. In the present paper, we consider the systems of
three, and four electrons withL50, . . . ,6.

The conditions of the single-electron tunneling4 are deter-
mined by the chemical potentials, defined asmN5EN
2EN21, where EN is the ground-state energy of th
N-electron QD. In the vertical QD,1 the confinement of elec
trons in the growth~z! direction is much stronger than th
lateral confinement in thex-y plane. Therefore, in the
N-electron QD, all the confined electrons occupy the grou
state of the quantized motion in thez direction, which allows
us to describe this state by a singlez-dependent Gaussian@cf.
Eq. ~1!#. This leads to a slight overestimation of the groun
state energy, which is the same for all the occupied states
it has no influence on the relative values of the chemi
potentials of the electrons in the QD.

Before considering the real QD,1,2 we study the correla-
tion effects in the idealized QD described by the model c
finement potential, which is assumed to be a rectangular
tential well in thez direction and a lateral potentialUcon f
5mev

2(x21y2)/2, whereme is the electron effective band
mass and\v is the confinement energy. We take the para
eters of the nanostructure, which correspond to the cylin
cal QD of Taruchaet al.1; e.g., the quantum well has widt
12 nm in thez direction and depth 220 meV. The values
all the other parameters are the same as in Ref. 4. In
gated QD,1,2 the lateral confinement energy\v is not
constant4 but decreases from;6.7 to ;5.4 meV whenN
increases from 1 to 4. Therefore, in the present calculati
with the model confinement potential, we take on\v
56 meV. Moreover, we neglect the spin Zeeman effect.

In order to check the convergence of the present CI
sults, we have performed test calculations whose results
listed in Table I forN53. In the further calculations, we
adopt basis~1! with k55. Based on the results of Table I, w
estimate the precision for the energy levels considered to
about 0.1 meV. Therefore, throughout the present paper
will call these CI results ‘‘exact.’’ Table I also shows that th
accuracy of the HF method12 is different for the different
©2003 The American Physical Society23-1
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states. The difference between the exact and HF energy,
the correlation energy, is considerably smaller for the sp
polarized state~3,3/2! than for the spin-unpolarized state
~1,1/2! and~2,1/2!. At zero magnetic field, the ground stat
of the systems withN52, 3, and 4 electrons are labeled b
~0,0!, ~1,1/2!, and~0,1!, respectively. For these states, usi
basis~1! with k55, we have constructed 70, 377, and 21
Slater determinants, respectively, and obtained the follow
total ground-state energies: 2367.94 (2366.84),
2538.42 (2536.84), and2704.06 (2702.31) @in meV#,
where the HF estimate is given in the parentheses. Th
results show that the absolute errors of the HF total ene
energy estimates increase withN. However, these error
partly cancel out when calculating the chemical potentia
The related differences of the chemical potentials calcula
by the HF and CI methods are the following:Dm2
51.10 meV,Dm350.48 meV, andDm450.17 meV.

The magnetic-field evolution of the three-electron ene
levels is displayed in Fig. 1, which shows that the correlat
energy is nearly constant for each state considered, i.e.
dependent of the magnetic field. We note that the HF met
can fail in predicting the ground state of the system. For
three-electron system the ground state changes with the m
netic field as follows: this is state~1,1/2! for B,4.6 T, state
~2,1/2! for 4.6 T<B<5.7 T, and state~3,3/2! for B
.5.7 T. However, according to the HF approach, st
~1,1/2! would possess the lowest energy forB,3.8 T, while
for the higher magnetic field state~3,3/2! would become the
ground state. As a result, the HF method underestimates
magnetic field, which induces the spin polarization, and d
not predict state~2,1/2! to be the ground state.

The chemical potentials calculated by the CI and
methods are displayed in Figs. 2~a!–2~c! for different con-
finement strengths. In the case of weak confinement@Fig.
2~a!#, the HF results become unreliable both quantitativ
and qualitatively. In particular, the HF method predicts t
incorrect symmetry of the ground state. For example,
low-spin state~2,0!, which is the ground state of the fou

TABLE I. Results of test calculations for the three-electron s
tem confined in the lateral parabolic potential with\v56 meV and
vertical double-barrier potential atB50. k determines the numbe
of elements in one-electron basis~1!. In the subsequent columns
we quote the energy~in meV! of the three lowest-energy states wi
quantum numbers (L,S), given in the first row, calculated by the C
method with the numbers of Slater determinants given in paren
ses. The results obtained by the HF method are listed in the last
One-electron ground-state energyE152188.04 meV. The top of
the potential barrier is taken as the reference energy (E50).

k ~1,1/2! ~2,1/2! ~3,3/2!

2 2536.82~15! 2533.33~11! 2529.56~2!

3 2538.20~56! 2534.91~49! 2530.66~10!

4 2538.34~161! 2535.19~145! 2531.63~38!

5 2538.40~377! 2535.27~354! 2531.66~96!

6 2538.42~785! 2535.29~744! 2531.71~218!
HF 2536.84 2532.89 2531.42
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electron system in a wide range of the magnetic field,
erroneously predicted to be the excited state in the
method. QD’s with the weak confinement were fabricated
Ashoori et al.13 However, the experimental spectra for the
dots are affected by random local fluctuations of the confi
ment potential. Therefore, the parabolic model poten
seems to be oversimplified for these QD’s.

Figure 2~b! shows the results for the intermediate confin
ment. With one exception, the increasing magnetic fi
leads to the increase of the total spin in the ground-s
transformations. Since the HF method works better for
spin-polarized states, the critical values of the magnetic fi
for these transformations are underestimated. In the fo
electron system, the transition (0,1)→(2,0) at B50.5 T is
the only one in which the total spin decreases and the co
sponding critical magnetic field is overestimated by the
method, which prefers the spin polarization. We note that
intermediate confinement corresponds to the QD of Taru
et al.1 In this case, the HF results are in qualitative agre
ment with the exact results. The only exception is the om
tance of the~2,1/2! ground state in the three-electron syste
@Fig. 2~b!#. However, the cusp corresponding to the (1,1/
→(2,1/2) transition is rather smooth. Therefore, this tran
tion is hardly visible in the experimental data.1

The results for the strong confinement are displayed
Fig. 2~c!, which shows that the agreement between the
and CI results is better than in the case of the intermed
confinement. In the strongly confined electron systems,
multiconfiguration basis reduces to one dominating confi
ration; i.e., the correlation is small. The results of Fig. 2~c!
indicate that the HF method can be used as a computati
tool of sufficiently high precision for the QD’s with the
strong confinement potential, e.g., for the self-assemb
quantum dots, in which\v.10 meV.14

-

e-
w.

FIG. 1. EnergyE of the three-electron system in the vertical Q
with the parabolic lateral confinement (\v56 meV) as a function
of magnetic fieldB. Solid lines correspond to state~1,1/2!, dashed
lines to state~2,1/2!, and dotted lines to state~3,3/2!. For each pair
of the curves the lower~upper! one shows the CI~HF! results. The
ground-state energy determined by the CI~HF! method is marked
by circles~crosses!.
3-2
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CORRELATION EFFECTS IN VERTICAL GATED . . . PHYSICAL REVIEW B67, 115323 ~2003!
The exact chemical potentials exhibit the same qualita
magnetic-field dependence for the confinement poten
studied@cf. Figs. 2~a!–2~c!#. In all the cases studied in thi
paper, the magnetic-field induces the ground-state trans
mations in the same order independently of the strength

FIG. 2. Chemical potentialsmN of N52, 3, 4 electrons confined
in the vertical QD with the confinement energy~a! \v52 meV, ~b!
\v56 meV, and~c! \v510 meV, as functions of magnetic fiel
B. The results obtained by the CI~HF! method are displayed by
solid ~dashed! lines. Quantum numbers (L,S) correspond to the
ground state. The magnetic-field-induced ground-state transfo
tions calculated by the CI~HF! method are shown by the arrows u
~down!.
11532
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the confinement. In the high-magnetic field regime, sta
~1,1!, ~3,3/2!, and~6,2! of the two-, three-, and four-electro
systems, respectively, correspond to a maximum den
droplet ~MDD!.15 We note that—for these states—the H
method yields very accurate results. At the higher magn
fields than those considered in the present paper, the M
becomes unstable against a formation of a Wig
molecule.16–19Based on the high accuracy of the HF meth
for the high-field spin-polarized states, we expect that
unrestricted HF method with a properly chosen basis19 will
yield reliable results for the Wigner molecules. For t
MDD, the unrestricted and restricted HF methods yield
same results. In this state, the electron charge density
tained by both the HF methods reproduces the symmetr
the confinement potential. However, only the unrestricted
method accounts for the breakdown of the MDD and
formation of the Wigner molecule.17–19 In this way, the un-
restricted HF method can provide at least some collec
effects in the confined electron system. Therefore, the res
of the restricted HF approach are more suitable as the re
ence data in the discussion of the correlation effects.20

Now, we consider the effect of correlation on the sing
electron transport in the real QD.1,2 For this purpose, we
have introduced the CI method into the self-consistent p
cedure, elaborated in our previous work,4 in order to solve
the Poisson-Schro¨dinger problem for the vertical gate
QD.1,2 We are still using the HF method21 to determine the
confined charge density in the self-consistency loop4 for the
electrostatics of the nanodevice, since the charges outsid
QD perceive the averaged confined electron charge only.
CI method is applied to the evaluation of the energy of
N-electron system confined in the QD, which allows us
increase the accuracy of the energy calculations. The res
are displayed in Fig. 3, which shows the stability diagra
with the Coulomb diamonds measured by Kouwenhov
et al.2 and their borders calculated by the CI and HF me
ods. We note that the both the methods lead to similar res

a-

FIG. 3. Stability diagram with Coulomb diamonds. The expe
mental data~Ref. 2! are depicted by the shaded areas. So
~dashed! curves show the boundaries of the Coulomb diamon
calculated by the CI~HF! method.
3-3
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B. SZAFRAN, S. BEDNAREK, AND J. ADAMOWSKI PHYSICAL REVIEW B67, 115323 ~2003!
The significant differences that occur for the upper bou
aries of the first diamond and the lower boundaries of
second diamond are due to the fact that the largest differe
between the HF and CI chemical potentials appears foN
52. It is just chemical potentialm2 that determines thes
boundaries.4

The magnetic-field dependence of the gate voltage
which the single-electron tunneling occurs, is plotted in F
4. The cusps on the curves~Fig. 4! correspond to the
magnetic-field-induced ground-state transformations in
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N-electron QD. We see that the CI results are considera
closer to the experimental data than the HF results and
HF method underestimates the critical magnetic fields for
ground-state transformations. This means that the elect
electron correlation plays an important role in the sing
electron transport in the external magnetic field. ForN51
there is no correlation; therefore, the discrepancy betw
the measured and calculated plots~cf. Fig. 4, N51) illus-
trates the precision of the present modeling of the vert
QD. The difference in the slopes of these plots, which
visible in Fig. 4, indicates that the confinement potential
the real nanostructure is slightly stronger than that used
our modeling.

The conditions of the single-electron transport via t
gated QD~Refs. 1 and 2! are determined by the QD chemic
potential,4 which is calculated as the ground-state energy d
ference. If the ground-state energies are determined wi
comparable accuracy, the errors cancel out and the chem
potential can be evaluated with a sufficient precision. T
explains why the HF approach4 leads to a good agreemen
with experiment2 for the Coulomb diamonds~cf. Fig. 3!. The
critical magnetic fields for the ground-state transformatio
are directly determined by the ground-state energy. The
method works with the different accuracy for the differe
states~cf. Fig. 1!. Therefore, the magnetic field, which in
duces the ground-state transformations, i.e., changes th
der of the energy levels associated with the states of
different spin-orbital symmetry, can be inaccurately es
mated by the HF method.

In summary, we have shown that the correlation cons
erably changes the energy of the weakly confined elec
systems. In the single-electron transport through the vert
gated QD’s, the correlation slightly modifies the boundar
of the Coulomb diamonds in the stability diagram, but co
siderably affects the QD energy spectra in the external m
netic field.
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