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Role of exchange interaction in Coulomb quantum kinetics
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In a quantum-kinetic approach based on density-matrix formulation we study the role of exchange interac-
tion for ultrafast carrier relaxation. We find that the exchange contributions to scattering and screening tend to
compensate each other. With very short times, however, due to the retarded buildup of the screening the
exchange contribution to scattering prevails resulting in a reduced relaxation.
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One of the most fundamental properties of quantum m
chanics is the indistinguishability of particles which giv
rise to the existence of two different types of particle
Bosons with totally symmetric and fermions with totally a
tisymmetric wave functions. For charged particles interact
via the Coulomb interaction, as a result of the symmetry
antisymmetry, the direct Coulomb interaction is comp
mented by an additional term, the exchange interaction.
exchange interaction often plays a dominant role for the
istence of bound states, but also modifies scattering
cesses between identical particles because the indisting
ability in the final states gives rise to an interference betw
direct and exchange terms in the scattering rate.

The quantum kinetics of a gas of charged particles
ultrashort-time scales has been a field of very active rese
in past years first because the description of modern op
experiments using pulses in the range of a few to a few t
of femtoseconds requires a detailed modeling of the car
dynamics and second because here fundamental pheno
such as memory effects, the energy-time uncertainty, or
buildup of screening can be studied. Indeed it has been fo
that at very early times the dynamics is well described
scattering processes via an unscreened potential1,2 while with
increasing time the screening is built up3–5 resulting in a
reduced scattering efficiency. This buildup of the screen
has been studied in sophisticated quantum-kinetic calc
tions based on fully time-dependent random-phase appr
mation~RPA! dielectric functions4 and good agreement wit
experiments in the ultrafast regime has been obtained.6,7 In
these calculations, however, which are mostly based o
nonequlibrium Green’s-function approach, exchange effe
have been neglected because they correspond to a diff
class of diagrams beyond RPA.

An alternative approach that has proven to be particula
useful for the description of quantum-kinetic phenomena
ultrashort-time scales is density-matrix formalism. It h
been extensively applied to electron-phonon quant
kinetics8–11 as well as to Coulomb quantum kinetics in th
low-density regime.12–16 It is well known already since the
early 1960s that also here, if two-particle correlations
included, the full dynamical RPA screening of the scatter
rates is obtained17–20 as on the corresponding level o
Green’s-function theory. Besides Green’s-function a
density-matrix theories there is a variety of other approac
which have been developed and used in the past for the s
of different aspects of the nonequilibrium dynamics in sem
conductors. Among these are projection opera
0163-1829/2003/67~11!/115311~7!/$20.00 67 1153
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techniques,21–26 quantum-kinetic Langevin equations,27–29

path-integral formulations,30 and time-dependent density
functional theory.31–33 In principle, all these approaches pro
vide exact descriptions of the quantum dynamics and, th
fore, they are equivalent as long as no furth
approximations are applied. However, such exact treatm
are not possible for typical many-body systems and appr
mations have to be made. Different approaches, in gene
suggest different approximation strategies. Examples
such strategies are the selection of a certain class of diag
within Green’s-function theory, correlations up to a certa
number of particles in the density-matrix approach, or
selection of the ‘‘relevant’’ subspace in a projection opera
formalism. An approximation level, which in one approach
‘‘natural’’ within the strategy o the respective approach, do
not necessarily coincide with an equally natural approxim
tion level in another approach. It is therefore not a triv
finding that the RPA dynamics appears as a natural leve
approximation within different approaches such as Gree
function and density-matrix theories.

In recent years several authors have addressed the t
ment of screening within density-matrix formalism,8,34–36

however, it has scarcely been applied to numerical invest
tions. Interestingly, in this approach the exchange contri
tions appear in a natural way on the same level as the d
contributions. In fact, it is obvious from the equations th
they are necessary to obtain two-particle density matri
that fulfill the correct Fermi antisymmetry. Exchange term
modify both the scattering and the screening contribution
the dynamics of two-particle correlations and it is the int
play between these two phenomena which is the focus of
investigations. Exchange contributions to the carrier rel
ation have been studied in terms of semiclassical scatte
rates.37–39 This approach, however, does not hold at
trashort times where quantum-kinetic effects are importa
Exchange contributions have also been included
molecular-dynamics-type simulations of carri
relaxation.40,41 This, however, required anad hoc introduc-
tion of wave packets with properties that cannot be stric
derived from the quantum-mechanical equations of motio

In this paper we study the role of exchange contributio
for the ultrafast relaxation of a two-dimensional electron g
due to Coulomb interaction processes based on den
matrix formalism. By selectively switching on and off th
contributions corresponding to RPA screening, excha
scattering, and exchange screening we can clearly iden
the role of these contributions for the relaxation dynami
©2003 The American Physical Society11-1
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We find that, as expected for fermion systems, excha
terms both reduce the scattering and the screening efficie
because of their opposite sign with respect to the direct c
tributions. On ultrafast time scales, however, they exhib
remarkably different dynamical behavior. The scatter
terms are efficient already from the beginning while scre
ing takes some time to be built up. Consequently, on v
short-time scales the relaxation is reduced with respec
calculations, taking into account only direct-scattering term
With increasing time this reduction is strongly compensa
by the reduced screening efficiency resulting finally in a
havior similar to the RPA dynamics where the exchange c
tributions for both phenomena are neglected.

An example for a physical situation where the relaxat
and screening dynamics studied in the present paper is
pected to play a prominent role is the case of an intrin
semiconductor quantum well excited by an ultrashort inte
optical pulse. In this case a plasma is generated in the
duction as well as in the valance band on such a short-t
scale that initially the generated particles interact by me
of an unscreend Coulomb potential because there was no
enough time for the carriers to rearrange and provide
screening. However, in a real experiment of the above t
the effects of scattering and screening are hard to sepa
from other contributions to the dynamics such as the kine
of the optical generation process and the influences of in
band transition densities. In theory we are in a position
study these processes separately. Thus, in order to con
trate on relaxation and screening processes we limit o
selves to a simple one-band model for the conduction b
of a GaAs quantum well. Within this model the complic
tions induced by details of the carrier generation process
bypassed by considering an initial distribution of carriers
from equilibrium. In fact, in this way our study concentrat
on the relaxation and screening dynamics, which are gen
11531
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for a two-dimensional electron gas, that by some mean
brought into a nonequilibrium state.

For this one-component plasma the Hamiltonian is giv
by

H5H01Hcc ~1!
with the kinetic-energy part

H05(
k,s

«kcks
† cks ~2!

and the Coulomb interaction part

Hcc5
1

2 (
k,k8,q,s,s8

Vqcks
† ck8s8

† ck81qs8ck2qs . ~3!

Here,cks
† andcks denote creation and annihilation operato

for an electron with in-plane momentumk and spin indexs,
«k is the free-carrier dispersion relation assumed to be p
bolic, andVq is the Coulomb matrix element screened on
by the background dielectric constant. In density-mat
theory Coulomb scattering and screening are described
coupled set of equations for the one-particle density mat

f k
s
ª^cks

† cks& ~4!
and the two-particle density matrix

Kk,k8,k81q,k2q
s,s8,s8,s

ª^cks
† ck8s8

† ck81qs8ck2qs&. ~5!

In the spirit of the correlation expansion8 it is useful to define
the correlation functionK̄ by subtracting from the two-
particle density matrixK its mean-field part. Here we wil
concentrate on spin-independent distributionsf k as gener-
ated, e.g., by unpolarized or linearly polarized light puls
which allows us to define

K̄k,k8,qª(
s8

Kk,k8,k81q,k2q
s,s8,s8,s

1 f k f k2qdk,k81q . ~6!

A description of Coulomb kinetics including exchange a
screening in a fully dynamical way is then given by th
equations8,20,34–36

i\
d

dt
f k52i ( VqIm$K̄k,k8,q%, ~7!
k8,q

i\
d

dt
K̄k,k8,q5~Ek2q1Ek81q2Ek82Ek!K̄k,k8,q

12Vq@ f k f k8~12 f k81q!~12 f k2q!2 f k2qf k81q~12 f k8!~12 f k!#

2Vk82k1q@ f k f k8~12 f k81q!~12 f k2q!2 f k2qf k81q~12 f k8!~12 f k!#

12VqF ~ f k2 f k2q!(
k9

K̄k9,k8,q1~ f k82 f k81q!(
k9

K̄k,k9,qG
2Vk82k1qF ~ f k2 f k81q!(

k9
K̄k9,k8,k2k82q1~ f k82 f k2q!(

k9
K̄k,k9,k2k82qG

1~12 f k2q2 f k81q!(
q8

Vq8K̄k,k8,q1q82~12 f k2 f k8!(
q8

Vq8K̄k2q8,k81q8,q2q8

2~ f k2 f k2q!(
q8

Vq8K̄k2q8,k8,q2~ f k82 f k81q!(
q8

Vq8K̄k,k81q8,q

2~ f k2 f k81q!(
q8

Vq8K̄k2q8,k8,q2q82~ f k82 f k2q!(
q8

Vq8K̄k,k81q8,q2q8

1six-point correlations, ~8!
1-2
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ROLE OF EXCHANGE INTERACTION IN COULOMB . . . PHYSICAL REVIEW B67, 115311 ~2003!
where we have introduced the energies renormalized by
exchange energy according toEkª«k2(qVqf k2q . The dy-
namical variables are directly related to the system energ
By introducing the mean kinetic, exchange, and correlat
energies per particle as

Ekinª2n21(
k

«k f k , ~9a!

Eexª2n21(
k,q

Vqf k f k2q , ~9b!

Ecorrªn21 (
k,k8,q

VqK̄k,k8,q , ~9c!

respectively, the total energy is given by^H&5n(Ekin1Eex
1Ecorr) with the densityn52(k f k .

The terms in Eq.~8! have been classified in Ref. 20 an
their respective physical meanings have been identifi
From Eq.~8! two well-known approximations can be derive
as limiting cases: The Born approximation~BA! is obtained
by retaining only the first two lines and the random-pha
approximation~RPA! consists of keeping the terms in th
first, second, and fourth lines of Eq.~8!.8,20 The BA is ex-
pected to be the relevant approximation level for not
strong short-range interactions. In the case of long-ra
Coulomb interaction studied here it serves mainly as a re
ence representing the limit of completely unscreened dyn
ics. The RPA, on the other hand, is the state-of-the-art le
of theory for the analysis of a screened Coulomb dynam
It is a distinguished level of theory because it comprises
contributions with the strongest singularities in the lon
wavelength limit (q→0) on the right-hand side of Eq.~7!.
From the structure of the terms in the third and fifth lines
Eq. ~8! it is apparent that they describe exchange correcti
to the terms in the second and fourth lines, respectiv
which are necessary to satisfy the correct antisymmetry
the two-particle density matrix upon exchange of the t
final or initial states. Obviously this antisymmetry is not fu
filled in the two cases of the BA and RPA. In the followin
we discuss the influence of the exchange interaction on
dynamics by comparing BA and RPA results with calcu
tions accounting for the respective exchange terms den
by BAX @first–third lines of Eq.~8!# and RPAX@first–fifth
lines of Eq.~8!#. The most advanced level of theory that w
be discussed explicitly in this paper is RPAX. This lev
comprises all contributions that within density-matrix theo
contribute to the carrier scattering in a dynamically scree
potential including the corresponding exchan
contributions.42 However, as with any numerically tractab
level of theory for an interacting many-body system, it do
of course, not represent the complete dynamics of the mi
scopic model. For example, the part leading to the lad
diagrams@sixth line of Eq.~8!# is not yet included. However
these terms contribute noticeably only when the density
either very low or when the system is almost inverted34

Otherwise, the prefactor (12 f k2 f k8) suppresses the ladde
contributions. The densities studied in the present paper h
been chosen such that the latter condition is met. The
11531
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maining terms correspond to vertex corrections@seventh and
eigth lines of Eq.~8!# which are less singular then the sca
tering and screening contributions of the second–fifth lin
of Eq. ~8! because the Coulomb potentialVq8 here occurs
inside the sum overq8. Finally, there is a coupling to six
point correlations which are of higher order according to
correlation expansion and are not specified explicitly he
Neglecting six-point correlations corresponds to a truncat
of the quantum Bogolyubov-Born-Green-Kirkwood-Yvon h
erarchy at the four-point level. Ladder terms, vertex corr
tions, as well as the six-point correlations are beyond
scope of the present paper.

According to Eqs.~7! and~8! relaxation can be identified
as a two-step process: first, the correlation is built up fr
the distribution function and, second, the distribution fun
tion changes due to the feedback from the correlation. T
screening terms, on the other hand, already require the e
tence of a correlation. This is the reason for the retard
buildup of screening. To clearly identify this buildup w
compare the fully dynamical treatment according to Eqs.~7!
and~8! with a model where the screening is built up insta
taneously by invoking the Born approximation with a sta
cally screened Coulomb potential where the screening is
scribed by the Lindhard formula in its static limit,43,44i.e., by
the dielectric function

e~q,v50!512Vq(
k,s

f k
s2 f k2q

s

ek2ek2q
. ~10!

This level of the theory will be denoted as BAL. In th
present case of a two-dimensional electron gas it is wo
noting that in the long-wavelength limit the Lindhard scree
ing only depends on the distribution function at the ba
minimum f k50. The consequences of this point will be di
cussed below.

We apply our theory to a GaAs quantum well of width 1
nm. To see most clearly the effects of the various contri
tions we first consider the case of the relaxation of an unc
related initial distribution corresponding to a Gaussian in
ergy centered at 10 meV with a width of 15 meV and
maximum of f k50.5 corresponding to a density of about
31011 cm22. We have numerically integrated the abo
coupled equations of motion forf andK̄ by using a time step
of 1 fs. Thek dependencies have been discretized resultin
a total number of complex valued dynamical variables
about 53107. We have verified that our results do not crit
cally depend on the width of ourk mesh or the time step.

Figure 1 shows for the five levels of the theory introduc
above the electron distribution function at the times 25,
150, and 250 fs. As a general trend we clearly see in all ca
a relaxation towards the shape of an equilibrium distributi
A close look reveals that at the earliest time~25 fs! the
curves group into three sets~see inset!: BA and RPA exhibit
the fastest relaxation, BAX and RPAX are somewhat slow
and the BAL curve is still closest to the initial distribution
This shows that the Lindhard formula clearly overestima
the screening when initially a noticeable densityf k is present
at k50, which is the case under the present conditions
contrast, the dynamically treated screening both with a
1-3
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T. WOLTERINK, V. M. AXT, AND T. KUHN PHYSICAL REVIEW B 67, 115311 ~2003!
without exchange contributions is not yet very efficient
this early time. At 75 fs no more grouping is observable, a
all contributions to the dynamics are of the same order.
later times, and most pronounced at 250 fs, the curves
group into two sets. Now the cases BA and BAX neglect
any kind of screening exhibit a significantly faster relaxati
while all curves including the screening~RPA, RPAX, and
BAL ! are close to each other. In a different representation
same behavior can be seen in Fig. 2 where we plot the t
evolution of the distribution function at two specific ene
gies. Figure 2~a! refers to the band minimum («k50), and
Fig. 2~b! to «k510 meV, corresponding to the maximum
the initial distribution. At early times both curves, includin
dynamically the screening~RPA and RPAX! coincide with
the respective cases without screening~BA and BAX! while

FIG. 1. Electron distribution function for the five cases d
cussed in the text at four different times. The inset shows an
larged view of the region around the maximum.

FIG. 2. Evolution of the electron distribution function at th
minimum of the band («k50) and at the maximum of the initia
distribution («k510 meV) for the five cases.
11531
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the statically screened case~BAL ! relaxes much more
slowly. The curves without screening exhibit the most p
nounced relaxation dynamics showing even an oscillatory
overshoot behavior and at later times they are well separ
from the cases with screening.

In Fig. 3 the energies as defined in Eq.~9! are plotted as
functions of time. We find that the exchange energy does
depend very sensitively on the approximation level. The c
relation and kinetic energies, however, exhibit remarka
differences. Without screening a large negative correlat
energy builds up which in turn is complemented by a cor
sponding increase in the kinetic energy; the correlations
increase after 100 fs. In all cases with screening the corr
tion energies are reduced and saturate at about 50 fs.
early-time behavior again exhibits the grouping discus
above.

Let us now come to the physical interpretation of the
sults. A comparison of BA with BAX reveals that th
exchange-scattering contribution@third line of Eq.~8!# leads
to a pronounced reduction of the scattering efficiency es
cially at early times due to the opposite signs of direct a
exchange terms@second and third lines of Eq.~8!#. Since
scattering processes are effective just from the beginning
corresponding curves separate from each other immedia
and already at 25 fs remarkable differences can be seen.
reduced scattering efficiency is a consequence of the
efficient buildup of correlations resulting in a slower rise
the absolute value of the correlation energy and, by ene
conservation, of the kinetic energy.

At very early times RPA and RPAX coincide with BA an
BAX, respectively. Then, however, the screening builds
and the relaxation of the distribution function dramatica
decreases. After about 50–70 fs this reduction starts to do
nate over the reduction by the exchange-scattering t
@third part of Eq.~8!# as can be seen from the crossing of t
curves BAX and RPA in Fig. 2. This is just the time sca

n- FIG. 3. Kinetic, exchange, and correlation energies per part
as functions of time obtained for the relaxation of an initial dist
bution.
1-4
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where in Fig. 1 we have found that all terms are of eq
importance. At about 150 fs the time evolutions of the d
tribution functions obtained by RPA and RPAX become mo
or less parallel. This can be interpreted as a mutual can
lation of the exchange contributions@third and fifth lines of
Eq. ~8!#. Thus, at later times the dynamics is well describ
by the commonly used RPA.

By completely neglecting the buildup of screening, t
statically screened model BAL strongly overestimates
screening and consequently underestimates the relaxati
short times. At times longer than about 230 fs BAL leads
results similar to the RPA/RPAX levels of theory whic
means that the dynamics can now be well described b
static screening model.

However, a quite different scenario is obtained when
initial distribution is centered at a higher excess energy s
that initially there is almost no density at the band minimu
«k50. This is clearly seen in Fig. 4 where the tempo
evolution of the electron distribution function at the botto
of the band and at the maximum of the initial distribution
plotted for an excess energy of 50 meV. The general feat
discussed above for the cases BA/BAX and RPA/RPAX
main unchanged. Again, the RPA initially coincides with B
while RPAX coincides with BAX demonstrating the retard
buildup of screening. As for an excess energy of 10 meV
also for the higher excess energy of 50 meV the relaxatio
reduced by the exchange contributions. The static Lindh
screening BAL, however, now strongly underestimates
screening in contrast to the previous case where an over
mation of the screening has been found. The reason for
different behavior is the fact that, as mentioned above,
long-wavelength limit of the static screening, which is t
most important part, in a two-dimensional electron gas o

FIG. 4. Evolution of the electron distribution function for th
case of an excess energy of 50 meV at the minimum of the b
(«k50) and at the maximum of the initial distribution («k

550 meV) for the five cases.
11531
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depends on the distribution function at the band minimum
the present case of an excess energy of 50 meV and a w
of 15 meV the occupation atk50 is negligible at early
times. Therefore, initially there is no screening also in t
BAL case. Indeed, up to about 50 fs the BAL curves coinc
with the BA curves. They start to separate only after a n
ticeable occupation at the band minimum has built up a
consequently screening reduces the relaxation in the B
case. This overestimation of the scattering efficiency in
statically screened model is in qualitative agreement w
previous findings for a three-dimensional electron gas st
ied in the Boltzmann limit, where scattering rates includi
static and dynamical screenings have been calculated f
situation characterized by strongly athermal electr
distributions.45

The assumption of an uncorrelated initial distributio
function is typically not realized in an actual experime
where carriers first have to be created. However, it has
lowed us to clearly separate the various physical phenom
entering the relaxation dynamics. In order to demonstr
that assuming an uncorrelated initial state does not cruci
affect our results and that the effects discussed above are
masked by the generation process we have repeated the
culations accounting for a semiclassical generation rate
Eq. ~7! corresponding to a 75-fs laser pulse with an exc
energy of 10 meV which, in the absence of relaxation, wo
result in the same distribution function used above. Scat
ing processes, however, are present already during the ca
generation and also the screening starts to build up before
generation has been completed. Therefore, due to the ca
carrier interaction the distribution after the end of the la
pulse differs from the previously assumed initial distributio
In particular, already during the pulse the occupation of
low-momentum states will increase which will affect th
screening dynamics.

In Fig. 5 we display the temporal evolution of the energ

d

FIG. 5. Kinetic, exchange, and correlation energies per part
as functions of time including a semiclassical carrier genera
with an excess energy of 10 meV.
1-5
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T. WOLTERINK, V. M. AXT, AND T. KUHN PHYSICAL REVIEW B 67, 115311 ~2003!
for this approach and obviously by comparing with Fig. 3 w
find that all three energies behave quite similarly, such a
the case of the initial distribution. In particular, all the fe
tures discussed above are also present here. At longer t
the separation between screened and unscreened cas
even more pronounced. Clearly also this generation mod
a simplification. The main point, however, responsible
the characteristic behavior of the different contributions
the fact that the light field only couples to the single-parti
density matrices and these density matrices then ac
source terms for the two-particle correlations. This two-s
behavior also holds for the case of a two-band model wh
is necessary for a fully coherent treatment of the genera
process. Therefore we expect that even if there will be so
quantitative changes in the shapes of the distribution fu
tions, the role of the exchange contributions for scatter
and screening in the relaxation dynamics is not affected
the details of the generation process.

In conclusion, we have shown that on an ultrashort-ti
scale the inclusion of quantum-mechanical exchange te
results in a significant reduction of the scattering efficien
when compared to the case of direct interaction only. W
increasing time the screening of the bare Coulomb inte
tion builds up, but also the screening is reduced by excha
contributions. When the screening has built up, the excha
contributions to scattering and screening essentially comp
sate each other and the subsequent relaxation dynamics
good agreement with the standard RPA case. Finally we h
shown that at even longer times the relaxation dynamics
satisfactorily be described in terms of a static screen
model. Interestingly, particularly in a two-dimensional ele
tron gas a static screening model may initially either over-
underestimate the screening efficiency, depending
whether or not there is initially a noticeable occupation at
band minimum.

This work has been partially supported by the Schw
punktprogramm Quantenkoha¨renz in Halbleitern of the
Deutsche Forschungsgemeinschaft and the TMR network
trafast Quantum Optoelectronics of the European Comm
sion.

APPENDIX: NONDIVERGENT SCATTERING WITH AN
UNSCREENED POTENTIAL

It is well known that the scattering rates in the Boltzma
treatment of Coulomb scattering diverge when an unscree
potential is used.44 However, it is essential for our prese
discussion that initially the potential is unscreened and
screening is subsequently built up. The purpose of this
pendix is to show explicitly that within our quantum-kinet
density-matrix approach the scattering contributions yiel
finite nondivergent contribution to the dynamics of our tw
dimensional system. Similar considerations have been
sented earlier for a three-dimensional system within
Green’s-function formulation of the theory.1 To facilitate the
subsequent discussion we will use the following abbrev
tions:
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I k~ t,t8!ª
1

\Et8

t

dt9Ek~ t9!, ~A1!

ek,q~ t,t8!ªexp$ i @ I k~ t,t8!2I k2q~ t,t8!#%, ~A2!

ck,q~ t,t8!ªcos$I k~ t,t8!2I k2q~ t,t8!%, ~A3!

sk,q~ t,t8!ªsin$I k~ t,t8!2I k2q~ t,t8!%, ~A4!

gq~ t,t8!ª(
k

ek,q~ t,t8! f k~ t8!@12 f k2q~ t8!#. ~A5!

The most critical case is obviously the BA level of theor
However, in this case it is easy to invert the equation
motion for K̄ @Eq. ~8!# and insert the result on the right-han
side of the equation of motion forf @Eq. ~7!#. This procedure
results in

d

dt
f k5

4

\2

L2

~2p!2E0

t

dt8E
0

`

dq Fk,q~ t,t8!, ~A6!

where

Fk,q~ t,t8!ª ReXqE
0

2p

dwVq
2ek,q~ t,t8!$ f k~ t8!@1

2 f k2q~ t8!#gq~ t,t8!2 f k2q~ t8!@1

2 f k~ t8!#gq* ~ t,t8!% C. ~A7!

Here,w is the angle between the vectorsk andq andVq is
the Coulomb potential projected on the lowest quantum w
sublevel. In order to study the singular point atq→0 we use
the asymptotic form of the Coulomb potential valid for
quasi-two-dimensional system

Vq}
1

q
. ~A8!

Therefore, we can write the integrandFk,q @Eq. ~A7!# in the
limit of small uqu values in the following form:

Fk,q~ t,t8!}
1

qE0

2p

dw„ck,q~ t,t8!Re@gq~ t,t8!#@ f k~ t8!

2 f k2q~ t8!#1sk,q~ t,t8!Im@gq~ t,t8!#$ f k~ t8!@1

2 f k2q~ t8!#1 f k2q~ t8!@12 f k~ t8!#%…. ~A9!

The terms in the integral in Eq.~A9! with the prefactor
sk,q(t,t8) can be expanded as follows:

sk,q~ t,t8!'qeq•¹kI k~ t,t8!1 . . . , ~A10!

Im@gq~ t,t8!#'q(
k

eq•¹kI k~ t,t8!1 . . . , ~A11!
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f k~ t8!@12 f k2q~ t8!#1 f k2q~ t8!@12 f k~ t8!#

'2 f k~ t8!@12 f k~ t8!#1q@122 f k~ t8!#eq•¹k f k~ t8!

1•••, ~A12!

whereeq denotes the unit vector in theq direction. Thus, the
product of the terms Eqs.~A10!–~A12! which occurs in Eq.
~A9! asymptotically scales asq2 in the limit of small q.
Therefore, the 1/q singularity is canceled for this term.

The contributions to the integral in Eq.~A9! with the
prefactorck,q(t,t8) can be expanded analogously resulting

ck,q~ t,t8!'12
1

2
q2@eq•¹kI k~ t,t8!#21 . . . , ~A13!
en

er

n

r,

or

a-

m
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Re@gq~ t,t8!#'(
k

$ f k~ t8!@12 f k~ t8!#

2q fk~ t8!eq•¹kI k~ t,t8!%1 . . . ,

~A14!

f k~ t8!2 f k2q~ t8!'2qeq¹k f k~ t8!1 . . . . ~A15!

The corresponding product is therefore proportional toq for
small q values. Consequently, the total contribution to sc
tering does not diverge in the limitq→0 even when the
scattering due to an unscreened potential is considered.
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4L. Bányai, Q. T. Vu, B. Mieck, and H. Haug, Phys. Rev. Lett.81,
882 ~1998!.

5R. Huber, F. Tauser, A. Brodschelm, M. Bichler, G. Abstreit
and A. Leitenstorfer, Nature~London! 414, 286 ~2001!.
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