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Quantum theory of a semiconductor klystron
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The interaction between a hot electron beam and electromagnetic waves is analyzed in a semiconductor with
the structure of the klystron device, in which electrons emit or absorb photons at the input port and then make
a spontaneous emission at the output port. As a result of the collective spontaneous emission due to the
interference between the specific many-electron states, the output photons have harmonic frequencies of the
input, and the emission rate is proportional to square of the beam current. Due to the influence of electron
scattering, the output power is much reduced for an input photon energy smaller than the electron energy
broadening determined by the scattering and also for an input-output interval larger than the electron coherence
length.
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I. INTRODUCTION

An analysis is shown in this paper for the interaction b
tween hot electrons and electromagnetic~EM! waves in a
semiconductor nanostructure corresponding to the klys
device which is a vacuum tube for the amplification of t
microwave. The klystron consists of input and output po
for EM waves and an electron beam traversing them,
structure of which is the same as that shown later in Fig
for the analysis, except that a semiconductor is suppose
Fig. 1 instead of the vacuum. The interaction of the elect
beam with the EM waves in this vacuum tube has been a
lyzed classically,1 in which the electron beam traversing th
input port is accelerated or decelerated by the input elec
field, and the charge density modulation occurs after
travel from the input to output ports. This modulated be
radiates an EM wave into the output port. In this proces
part of the electron kinetic energy is transferred to the out
EM wave, resulting in amplification.

The electron beam responds to higher frequency as
traverse times at the input and output ports are redu
Therefore, if the klystron is fabricated in a semiconduc
nanostructure, a high-frequency response is expected
spite of the fact that the electron energy is much lower th
that in the vacuum klystron. As the frequency and thus
photon energy increase, a quantum-mechanical analysis
discussion of the deviation from the classical results beco
important. Also, the influence of various scattering mec
nisms, such as electron-phonon and electron-electron sca
ings, must be taken into account in high-density elect
beams in a semiconductor nanostructure, in contrast to
vacuum.

In the classical analysis, the output EM wave has the h
monic frequency of the input, and the output power is p
portional to square of the beam current, in agreement w
the observation. The quantum-mechanical analysis must
duce the same result at least in the low-frequency lim
Quantum mechanically the electron beam interacts with p
tons at the input port and then makes a spontaneous emi
at the output port. However, these properties are quite dif
ent from those of conventional spontaneous emission wh
has no relation to the input frequency and is proportiona
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the electron density or current. Quantum-mechanical an
ses for the radiation from a modulated electron beam in
vacuum have been reported,2–5 where the collective sponta
neous emission from the electron beam has been show
have the above properties of the klystron.

In this paper, the interaction between electrons and p
tons in a semiconductor klystron structure is systematic
analyzed for a relatively wide frequency range from micr
wave to far infrared, including the influence of electron sc
tering. In Sec. II, the analytical model and the output pho
rate including the electron scattering are given. It is sho
that the output photons have the harmonic frequencies of
input and the emission rate is proportional to the square
the beam current. A simple physical interpretation for the
results is also given using the interference between the
cific many-electron states. The influence of the scattering
the output power is discussed in Sec. III. The output powe
much reduced for an input photon energy smaller than
electron energy broadening due to the scattering and also
an input-output interval larger than the electron cohere
length. The classical limit and the output with no relation
the input frequency are also discussed.

II. ANALYSIS

A. Structure and Hamiltonian

The electron-photon interaction system discussed in
paper is shown in Fig. 1. A hot electron beam is suppose
flow in a semiconductor heterostructure with the input a
output ports for EM waves. Each port is constructed,

FIG. 1. Electron-photon interaction system in a semiconduc
heterostructure discussed in this paper.
©2003 The American Physical Society03-1
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example, by a pair of parallel thin layers of metal or heav
doped semiconductor. The reflection of electron waves at
heterointerfaces is neglected in the analysis. The input
wave traverses the electron beam, resulting in the absorp
and stimulated emission. The output is generated up
downwards into the output port by spontaneous emiss
from the electron beam.

The Hamiltonian of the system is

H5He1H in1Hout1He-in1He-out, ~1!

whereHe , H in , andHout are the Hamiltonians of the elec
tron beam and input and output photons, respectively, gi
by

He5(
k

E kck
†ck1Hscattering, ~2a!

H in5\v inain
† ain , ~2b!

Hout5\voutaout
† aout, ~2c!

where the subscriptk in the electron system denotes the wa
vector of an electron, which consists of compositions para
(ki) and perpendicular (kz) to the heterointerface, andEk

5\2kz
2/2m1\2ki

2/2m5Ez1Ei with electron effective mass
m. Only one parabolic energy band is considered here. V
ous electron scatterings, such as electron-phonon
electron-electron scatterings, are expressed byHscattering. The
effect of the scatterings is considered as a change of
self-energy in the analysis shown below. Although only o
mode is considered for simplicity in both the input and o
put photon systems in Eqs.~2b! and ~2c!, results for the
multimode case are obtained by integrating those for
single mode.

He-in and He-out in Eq. ~1! denote the interaction of th
electron beam with the input and output photons, resp
tively. He-in is given by

He-in5(
kk8

ck
†ck8E

S
E

2din/2

din/2 2 ie\

2m
ck* ~r !@¹•Ain~r !

1Ain~r !•¹#ck8~r !dzdS, ~3!

wheredin is the gap of the input port as shown in Fig.
ck(r )5e2 ikr /ALS is the electron envelope function with th
lengthL along thez axis and the cross-sectional areaS, and
Ain(r ) is the vector potential given by

Ain~r !5A \

2«v inWin, indin
@ain

† F in* ~r !1ainF in~r !#ein ,

~4!

where « is the dielectric constant,Win is the width of the
input port perpendicular to the propagation directions of
electron beam and input EM wave,, in is the length of the
input photon system along the propagation direction of
input EM wave, by which the photon number and the mo
density of the system are defined@see Eqs.~29! and ~30!
below#, the spatial distributionF in(r ) is normalized so tha
the integral of the absolute square over the whole region
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the input photon system is equal to the volumeWin, indin ,
andein is the unit vector indicating the polarization directio

Hereafter the TEM~transeverse electric and magneti!
mode is supposed for the input, in whichein is in the z
direction andF in(r ) is uniform in thez direction. Further, the
wavelength is assumed much longer than the cross-sect
size of the electron beam. By these assumptions,F in(r ).1
in Eq. ~4!, andHe-in in Eq. ~3! is calculated as

He-in5 (
kikzkz8

M in~kz ,kz8!ck
†ck8~ain

† 1ain!, ~5!

where the summation forki8 is eliminated becauseki85ki
due to the above assumption, and

M in~kz ,kz8!.2
e

2
~vz1vz8!A \din

2«v inWin, in

1

L

3M S ~kz2kz8!
din

2 D , ~6!

wherevz5\kz /m is the electron velocity in thez direction,
andM (x)5sinx/x.

He-out is obtained similarly as

He-out5 (
kikzkz8

Mout~kz ,kz8!ck
†ck8~aout

† 1aout!. ~7!

Mout(kz ,kz8) is given by changing the subscript ‘‘in’’ with

‘‘out’’ in Eq. ~6! and multiplying the factore2 i (kz2kz8)D,
whereD is the interval between the centers of the input a
ouput ports, as shown in Fig. 1.

B. Output photon rate

The rate of output photon number is given by

K dNout

dt L 5
1

i\ (
kikzkz8

Mout~kz ,kz8!Tr@rck
†ck8~aout

† 2aout!#.

~8!

r is the density operator of the whole system given by

r5U~ t,2`!~r̄e^ r̄ in^ r̄out!U~2`,t !, ~9!

where

U~ t,t0!5exp@H~ t2t0!/ i\#, ~10!

r̄ in5uNin&^Ninu, ~11!

r̄out5u0&out̂ 0uout, ~12!

r̄e is the density operator of electron system withoutHe-in
andHe-out, Nin in Eq. ~11! is the input photon number, an
the initial output photon number is assumed to be zero in
~12!. Expandingr in Eq. ~9! up to first order inHe-out, the
rate of output photon number is obtained as
3-2
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K dNout

dt L 5
1

\2 (
k1ik2i

(
k1zk1z8 k2zk2z8

Mout~k1z ,k1z8 !

3Mout~k2z ,k2z8 !E
2`

`

Tr@ r̄eck1

† ~ t8!ck
18

3~ t8!ck2

† ~0!ck
28
~0!#e2 ivoutt8dt8, ~13!

where ck
†(t)5Ue-in(2`,t)ck

†Ue-in(t,2`) with Ue-in(t,t0)
5exp@(He1Hin1He-in)(t2t0)/ i\#, andck(t) is given simi-
larly.

Equation~13! can be calculated by the perturbation e
pansion ofck1

† (t8)ck
18
(t8)ck2

† (0)ck
28
(0) with respect toHe-in .

In some of the expansion diagrams, the part includingk1 and
k18 is linked to that includingk2 and k28 only by the input
photon propagators, as shown in Fig. 2~a!. In these diagrams
the output has a harmonic frequency of the input in spite
the spontaneous emission. Especially, the output with
same frequency as that of the input corresponds to the ou
signal of the device. This type of output is discussed in
next subsection, and a physical explanation is given in S
II D. In the diagrams other than those expressed by Fig. 2~a!,
the output has no relation to the input frequency. This co
sponds to the noise in the device and is discussed in
III C.

C. Output with the same frequency as input

The lowest-order term in which the output has the sa
frequency as the input is second order inHe-in shown in Fig.
2~b!. Assuming the input photon numberNin@1, i.e., ne-
glecting the spontaneous emission at the input port, the
of output photon number obtained from the second-or
perturbation is

FIG. 2. Diagrams in which the output has a harmonic freque
of the input. The left and right parts are linked only by the inp
photon propagators.~a! General and~b! the lowest-order terms.
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K dNout

dt L 5
2p

\2
Nind~v in2vout!

3U(ki
(
kzkz8

M in* ~kz ,kz8!Mout~kz ,kz8!

3E
2`

`

@Gk8~v2v in!szGk~v!#22
dv

2pU2

,

~14!

whereGk(v) is the matrix of the Keldysh-Green functions6

given by

Gk~v!5FGk~v!22 Gk~v!21

Gk~v!12 Gk~v!11
G ~15!

and

sz5F1 0

0 21G . ~16!

The integrand in Eq.~14! comes from a bubble in Fig. 2~b!,
whereGk8(v2v in) and Gk(v) interact via the matrix ele-
ments M in and Mout. The superscript ‘‘22 ’’ in Eq. ~14!
denotes the ‘‘22 ’’ element of the product of the matrices i
the square brackets. The elements in Eq.~15! are written as

Gk~v!225
f k

\v2Ek2 iGk
1

12 f k

\v2Ek1 iGk
, ~17a!

Gk~v!215
f k

\v2Ek2 iGk
2

f k

\v2Ek1 iGk
, ~17b!

Gk~v!1252
12 f k

\v2Ek2 iGk
1

12 f k

\v2Ek1 iGk
, ~17c!

Gk~v!1152
12 f k

\v2Ek2 iGk
2

f k

\v2Ek1 iGk
, ~17d!

where f k is the electron existing probability atk, which is
determined by the emitter of the electron beam, andGk is the
imaginary part of the self-energy due to various scatteri
expressed byHscatteringin Eq. ~1!. The real part of the self-
energy is considered to be included inEk hereafter. The self-
energy is approximated to be independent ofv.

Substituting Eqs.~15!–~17! into Eq. ~14!, the rate of out-
put photon number is calculated as~see the Appendix!

K dNout

dt L 5
2p

\2
Nind~v in2vout!

3U(
ki

(
kzkz8

F M in* ~kz ,kz8!Mout~kz ,kz8!

Ek2Ek82\v in1 iGk1 iGk8

1
M in~kz ,kz8!Mout* ~kz ,kz8!

Ek2Ek81\v in2 iGk2 iGk8
G f kU2

. ~18!

In this equation, the combinations ofkz andkz8 with the same
signs are dominant and considered in the calculation be
because the matrix element in Eq.~6! is small for the com-

y
t
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MASAHIRO ASADA PHYSICAL REVIEW B 67, 115303 ~2003!
binations with different signs. The summations are tra
formed to integrals for the energiesEz , Ez8 , andEi and are
calculated by means of the contour integrals in the comp
plane~see the Appendix!. The result forkz andkz8.0 is

K dNout

dt L 5
1

2p\2
Nind~v in2vout!U E

0

`

dEi E
0

`

dEz

mS

p\2

3 f ~Ez1Ei!@M~Ez ,\v in2 iG!

2M* ~Ez ,2\v in1 iG!#U2

, ~19!

whereG5Gk1Gk8 with Gk approximated to be independe
of k, f (Ek) is the energy distribution for the electrons wi
kz.0, andM is given using Eq.~6! as

M~Ez ,E!5S L

\vz~Ez!
D 2

M in„kz~Ez!,kz~Ez2E!…

3Mout„kz~Ez!,kz~Ez2E!…

.
e2

2«
A din

\v inWin, in
A dout

\voutWout,out

3M S @kz~Ez!2kz~Ez2E!#
din

2 D
3M S @kz~Ez!2kz~Ez2E!#

dout

2 D
3e2 i [kz(Ez)2kz(Ez2E)]D. ~20!

The summation forkz and kz8,0 is similarly calculated
and is obtained to be zero~see the Appendix!, indicating the
natural fact that the output signal is emitted by the elect
beam which traversed the input port at first.

The current of the electron beam is written as

I 05 (
kz.0ki

evzf k

1

L
5

e

2p\E0

`

dEi E
0

`

dEz

mS

p\2
f ~Ez1Ei!.

~21!

If the distributionf (Ez1Ei), which depends on the structur
of the electron emitter, is much narrower than other factor
the integral forEz in Eq. ~19!, the rate of output photon
number is approximated using Eq.~21! as

K dNout

dt L .2p Nin

I 0
2

e2
d~v in2vout!uM~E0 ,\v in2 iG!

2M* ~E0 ,2\v in1 iG!u2, ~22!

whereE0 is the average kinetic energy of the electron be
in thez direction. The output photon rate is thus proportion
to square of the current.

The higher-order perturbation must be analyzed for
discussion of theNin dependence, as well as on the outp
with a harmonic frequency of the input. For thenth harmonic
frequency, the 2nth order perturbation calculation is at lea
11530
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necessary. Although the above analysis can be extende
higher-order perturbation, only the second-order perturba
is considered here, because the output characteristics in
small-input-signal case are discussed below.

In the above analysis, the spontaneous emission rat
calculated at the output port assuming the initial pho
number is zero. If photons exist initially at the output po
stimulated emission also takes place. The rate of output p
ton number in this case is also calculated in the same ma
as above. However, for an output with the same frequenc
the input discussed above, the rates of the absorption
stimulated emission at the output port are the same, inde
dent of the electron energy distribution. Therefore, the stim
lated emission selective to the same frequency as the i
does not appear. Conventional stimulated emission oc
with no relation to the input frequency.

D. Collective spontaneous emission

The output photon rate obtained in the previous subs
tion has only the same frequency as the input and is pro
tional to square of the current, as shown in Eq.~22!. This is
quite different from conventional spontaneous emission
which the frequency is independent of input and the pho
emission rate is proportional to the carrier density or curre
A simple explanation is given for this difference by the co
lective spontaneous emission here.

For simplicity, a stateuE1 ,E2& of an electron beam, in
which the levelsE1 and E2 have one electron each, is con
sidered. By the interaction at the input port, this state em
and absorbs photons. For the purpose of seeing the phen
enon, it is enough to consider only the stimulated emiss
The state after one-photon emission may be written as

C0uE1 ,E2&1C1uE12\v in ,E2&1C1uE1 ,E22\v in&.
~23!

The states for input and output photons are not written. T
state then changes at the output port by the spontan
emission. For example, the second term of Eq.~23! may
change to

C08C1uE12\v in ,E2&1C18C1uE12\v in2\vout,E2&

1C18C1uE12\v in ,E22\vout&. ~24!

If voutÞv in , all terms generated from Eq.~23! express
different states with each other. However, ifvout5v in , the
third term of Eq. ~24! is equal to the termC18C1uE1

2\vout,E22\v in& which is generated from the third term o
Eq. ~23!, and these two terms are superimposed in pha
The probability of the emission of one photon each at
input and output ports by these terms is 2uC18C1u2 if vout

Þv in , while 4uC18C1u2 if vout5v in . By extending this dis-
cussion to the many-electron system, the output photon
has a peak atvout5v in proportional to square of the carrie
density or current. The origin of this phenomenon is t
same as that of the superradiance from molecules.7,8

The above discussion can be applied similarly to the c
of absorption instead of the stimulated emission at the in
3-4
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QUANTUM THEORY OF A SEMICONDUCTOR KLYSTRON PHYSICAL REVIEW B67, 115303 ~2003!
port. The two terms in Eq.~22! in the previous subsectio
correspond to the stimulated emission and absorption ca
The difference of the signs of these two terms implies t
the states generated by the emission and absorption a
input port are superimposed in antiphase.

E. Case of coherent input state

In the analysis of output photon rate in Secs. II B a
II C, the photon number state is supposed for the input p
ton system as in Eq.~11!. In this subsection, the cohere
state

r̄ in5ua&^au, ~25!

with

ua&5 (
Nin50

`
aNin

ANin!
e2uau2/2uNin&, ~26!

is discussed for the initial state instead of Eq.~11!. The rate
of output photon number is calculated similarly to Sec. II
if uau@1. The result is expressed by changingNin with uau2
in Eq. ~22!, neglecting the factors time varying with fre
quency 2v in . Since uau2 approximately corresponds to th
photon number of the coherent state in Eq.~26!, this result
means that the rate of output photon number is indepen
of whether the input state is the number state or the cohe
state.

The expectation values ofaout andaout
† are nonzero in the

coherent input case, in contrast to the number state. The
put electric field, which is proportional toaout

† 2aout, has
therefore a finite expectation value. For the coherent in
state with the expectation value of the input electric fie
Re@Eine

2 iv int#, the expectation value of the output electr
field is calculated in the first-order perturbation inHe-in and
is obtained to be Re@Eoute

2 iv int# with

Eout.@M~E0 ,\v in1 iG!2M* ~E0 ,2\v in2 iG!#

3
I 0

e FP 1

v in2vout
2 ipd~v in2vout!GEin , ~27!

where the term with the principal value denoted byP may
vanish if the output electric field is integrated over the out
angular frequency weighted with the output mode dens
Equation~27! shows that the output electric field has a fin
value with the same frequency as the input, if the input s
is the coherent state.

III. OUTPUT CHARACTERISTICS

A. Output power

The power emitted at the output port is given by

Pout5E
vc2Dv/2

vc1Dv/2K dNout

dt L \voutD~vout!dvout, ~28!

wherevc and Dv are the central frequency and the ban
width of the used detector, andD(vout) is the mode density
given by
11530
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D~vout!5
,out

2p
A«m. ~29!

Using these equations and the relation

Nin5
, inA«m

\v in
Pin ~30!

between the input photon numberNin and the input power
Pin , the output power is obtained from Eq.~22! as

Pout5Am

«

din

Win
Am

«

dout

Wout

I 0
2

e2
PinuM~E0 ,\v in2 iG!

2M* ~E0 ,2\v in1 iG!u2. ~31!

The following approximation can be made inM given by
Eqs.~20! and ~6!:

kz~E0!2kz~E02E!.
E

\v0
2

E 2

4\v0E0
, ~32!

whereE56\v in7 iG andv05vz(E0). M in andMout in Eq.
~20! are approximated with this equation up to first order
E, while the factore2 i [kz(Ez)2kz(Ez2E)]D is approximated up to
second order to keep Eq.~31! finite. The output power is
then approximated as

Pout.Am

«

din

Win
Am

«

dout

Wout
e2I 0

2PinU 1

\v in
M

3S ~\v in2 iG!din

2\v0
D M S ~\v in2 iG!dout

2\v0
D

3sinS ~\v in2 iG!2D

4\v0E0
DexpS 2

GD

\v0
D U2

. ~33!

This equation is used in Sec. III B for a discussion of t
influence of scattering.

The factorsAm/«din /Win andAm/«dout/Wout in Eq. ~33!
are the characteristic impedances of the transmission line
the input and output ports. These factors are resulted bec
the propagating EM waves are assumed. If standing wa
excited by resonant cavities are assumed,vc andDv in Eq.
~28! are regarded as the resonance angular frequency an
resonance width of the output cavity, and the above cha
teristic impedances are replaced by those of the input
output cavities to the electron beam. This result is obtain
by using the vector potential and mode density of the sta
ing waves in a cavity connected to outside,9 instead of Eqs.
~4! and~29!. Since the characteristic impedances of reson
cavities are generally larger than those of the transmiss
lines, large output power can be obtained.

In the scattering free case (G50),

Pout.Am

«

din

Win
Am

«

dout

Wout
e2I 0

2PinM2S v indin

2v0
D M2S v indout

2v0
D

3S 1

\v in
D 2

sin2S v inD

v0

\v in

4E0
D . ~34!
3-5
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In the classical limit\v in /E0→0, the third line of Eq.~34!
reduces to (v inD/v0)2(1/4E0)2. The output power in this
limit coincides with that of the classical analysis of the kl
stron vacuum tube for the small-signal case. Thus, the t
line of Eq. ~34! indicates the difference from the classic
analysis.„In the classical theory,1 the device operation is
usually analyzed in the large signal case, resulting in
factor J1

2@(v inD/v0)(eEindin/2E0)#/(eEindin)
2 with the first-

order Bessel functionJ1, which approaches to the abov
factor in the small signal limit (eEindin/2E0→0).… The above
coincidence in the classical limit implies that the klystr
vacuum tube in the microwave range is in the situationE0
@\v in@G.

The factorsv indin /v0 andv indout/v0 included in Eq.~34!
are the electron transit times at the input and output p
normalized by the period divided by 2p of the input fre-
quency. In order to obtain high powers, these factors mus
reduced, while the factorv inD/v0 must not be reduced
These conditions are the same as those in the classical re
in the vacuum, except the size and electron energy are m
smaller in a semiconductor. As an example, the power g
Pout/Pin.21 in Eq. ~34! (G50) at v indin/2v05v indout/2v0

50.5, v inD/v052, Am/«din /Win5Am/«dout/Wout5100 V
(din /Win5dout/Wout51 and the relative dielectric consta
53.5!, \v in54 meV (f .1 THz)!E050.1 eV (v0.8
3107 cm/sec with the effective massm50.05m0), and I 0
510 mA. At these parameter values, the gaps of the in
and output ports aredin5dout.120 nm. Larger gain will be
obtained in the resonant cavity structures, as mentio
above. The degradation of the power gain due to the elec
scattering is discussed in the next subsection. In the amp
cation obtained here, a part of the electron kinetic energ
the z direction is transferred to the output photon energy.

In Eq. ~34!, Pout increases with increasingD. This result
arises from the different signs of the first and second term
Eq. ~22! or ~31! discussed in the last part of Sec. II D. A
shown in Eq.~20!, these two terms are equal to each oth
except the phase factore2 i [kz(Ez)2kz(Ez2E)]D. The difference
of the phase factor increases withD, resulting in the increase
of the output power. Thus, the mechanism generating
output includes two kinds of the interferences. One is
origin of the collective spontaneous emission discussed
Sec. II D, and the other is the destructive one discussed h
The combination of these interference approaches the ve
ity modulation and bunching of electrons1 in the classical
limit.

B. Influence of scattering

Figure 3 shows the power gainPout/Pin calculated with
Eq. ~33! as a function of normalized energy broadening d
to scattering,G/E0. The calculation results in Fig. 3 are no
malized by Eq. ~34! (G50) with the classical limit
\v in /E0→0. An example of the absolute value of the pow
gain with G50 and the classical limit is given in the prev
ous subsection. To extract the influence of scattering,
normalized transit times mentioned in the previous subs
tion are fixed asv indin/2v05v indout/2v050.5 andv inD/v0
52.
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As shown in Fig. 3, the power gain decreases with
creasing energy broadening. Compared to the case witG
50 and\v in /E0→0 ~classical limit!, the gain is much re-
duced at\v in&G. G is determined by various scatterin
mechanisms and is related to the phase breaking time10 tf as
G5\/tf or to the coherence length11 ,c as G5\v0 /,c .
From the theoretical calculation of the hot electron scatter
rate12 and the estimation of the coherence length,11 G is typi-
cally between about 1 meV and a few tens meV in compou
semiconductors, and thus,\v in must be approximately
greater than this range, corresponding to a frequencf
greater than sub-THz to a few tens THz. The high-freque
operation is not much influenced by the scattering, althou
the requirement that the normalized transit times at the in
and output ports must be small enough becomes severe

In addition to the limit in\v in , the input-output interval
D is also restricted due to the influence of the scatter
through the factore2GD/\v0 in Eq. ~33!. This factor disturbs
the constructive interference discussed in Sec. II
GD/\v0,1, i.e., D, the coherence length, is required
suppress the influence of the scattering. However,D must not
be too small to obtain a phase shift between the two term
Eq. ~31! as discussed in the last part of the previous subs
tion. To relax this restriction, insertion of a filtering potenti
structure just after the input port,13 which eliminates the low-
energy electrons generated by the stimulated emission a
input port, may be an effective method, although a prec
design of the potential profile is necessary.

C. Signal-to-noise ratio

In the perturbation expansion mentioned in Sec. II B, d
grams other than those expressed by Fig. 2 give the ou
whose frequency has no relation with the input. These are
noise output of the device. The lowest-order term of the
diagrams is zeroth order inHe-in obtained as

K dNout

dt L
noise

5
2

\ (
kikzkz8

uMout~kz ,kz8!u2f k~12 f k8!

3
G

~Ek2Ek8!
21G2

. ~35!

FIG. 3. Power gain normalized by the case with the ene
broadeningG50 and\v in /E0→0 ~classical limit!, as a function of
G/E0, whereE0 is the electron kinetic energy in thez direction.
3-6
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QUANTUM THEORY OF A SEMICONDUCTOR KLYSTRON PHYSICAL REVIEW B67, 115303 ~2003!
Calculating similarly to Secs. II B and III A and, further, a
suming f k8!1, i.e., low current density, the noise outp
power is approximated as

Pnoise.
1

4p2
Am

«

dout

Wout
eI0DvE

2`

`

M2S Edout

2\v0
D

3
G

~E2\vout!
21G2

dE

.
1

4p
Am

«

dout

Wout
eI0DvM2S voutdout

2v0
D . ~36!

In the final formula,G is assumed much smaller than th
energy broadening of the factorM2, which is a good ap-
proximation in the energy range discussed in Fig. 3. Si
Eq. ~36! is enough for the estimation of the noise power a
the signal-to-noise ratio, higher-order perturbation terms
cluding Pin are not discussed.

The signal-to-noise ratio defined byS/N5Pout/Pnoise is
obtained from Eqs.~33! and ~36! as

S/N.4pAm

«

din

Win

eI0Pin

Dv
/M2S v indout

2v0
D

3U 1

\v in
M S ~\v in2 iG!din

2\v0
D M S ~\v in2 iG!dout

2\v0
D

3sinS ~\v in2 iG!2D

4\v0E0
DexpS 2

GD

\v0
D U2

. ~37!

As an example,S/N53310203(Pin /D f ) for the same pa-
rameter values as in Sec. III A,Pin in watts, and D f
5Dv/2p in hertz.

The influence of the scattering onS/N is just the same as
that on the power gain shown in Fig. 3, as seen by norm
izing S/N with the case ofG50 and the classical limit
\v in /E0→0. Therefore, the device operation is limited to
input photon energy larger than the energy broadening du
the scattering and also to an input-output interval sma
than the electron coherence lenghth, with respect to both
power gain and signal-to-noise ratio.

IV. CONCLUSION

The interaction between a hot electron beam and elec
magnetic waves was analyzed quantum mechanically
semiconductor klystron structure. As a result of the collect
spontaneous emission due to the interference between
specific many-electron states, the output photons have
monic frequencies of the input, and the emission rate is p
portional to square of the beam current. These characteri
are totally different from conventional spontaneous emiss
The output power coincides with the result in the classi
analysis in the low frequency limit. Due to the influence
scattering, the output power is much reduced for an in
photon energy smaller than the electron energy broade
determined by the scattering and for an input-output inter
larger than the electron coherence length. However, the
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put power is also small for a small interval, because of
destructive interference between the two states emitting
absorbing input photons. A potential filter located just af
the input port, which eliminates low-energy states genera
by the stimulated emission at the input port, may be effect
to reduce the input-output interval, although a precise des
of the potential profile is necessary.
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APPENDIX A: CALCULATION OF THE OUTPUT
PHOTON RATE

The calculation process to obtain Eq.~19! from Eq.~14! is
described in this appendix. Using Eqs.~15!–~17! and a con-
tour integral as in Ref. 14, the integral in Eq.~14! is calcu-
lated as

E
2`

`

@Gk8~v2v in!szGk~v!#22
dv

2p

5
f k2 f k8

Ek2Ek82\v in1 iGk1 iGk8

. ~A1!

Substituting Eq.~A1! into Eq.~14!, separating into two terms
including f k and f k8 , and exchanging the subscriptsk andk8
in the second term, Eq.~18! is obtained.

In the summation in Eq.~18!, the combinations ofkz and
kz8 with the same signs are dominant as mentioned in the t
The summation forkz andkz8.0 is transformed to the inte
grals for energies as

(
kzkz8

5S L

2p D 2E
0

` dEz

\vz~Ez!
E

0

` dEz8

\vz~Ez8!

5S L

2p D 2E
0

` dEz

\vz~Ez!
E

2`

Ez dE
\vz~Ez2E!

.S L

2p D 2E
0

` dE z

\2vz
2~Ez!

E
2`

`

dE, ~A2!

whereE5Ez2Ez8 . In the final formula of this equation,M in

and Mout in the integrals are assumed small enough aE
.Ez.E0 compared to their maxima, whereE0 is the average
electron energy in thez direction determined by the distribu
tion f k . This condition is written as (\2/2m)(2p/din or
dout)

2!E0 and is satisfied for the example of the parame
values given in Sec. III A.
3-7
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Applying Eq. ~A2! to Eq. ~18!, the first term in the abso
lute square of Eq.~18! is calculated as

E
2`

` M~Ez ,E!

E2\v in1 iG
dE5 R

C

M~Ez ,z!

z2\v in1 iG
dz

522p iM~Ez ,\v in2 iG!, ~A3!

whereC denotes the clockwise route consisting of the r
axis from2` to 1` and semicircle with an infinite radiu
in the lower half of the complex plane corresponding
kz(Ez2z).0. The first equality of the above equation
satisfied becauseuM(Ez ,z)u→0 asuzu→0 in the lower half
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