PHYSICAL REVIEW B 67, 113304 (2003

Quantum confinement in mesoscopic annular regions wittC,, and C,,, symmetries
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The single-electron energy spectrum is studied, highlighting axial-symmetry-bredking-(C,,) aspects,
in annular two-dimensional and three-dimensional mesoscopic finite-potential wells. The closed analytical
forms for the elements of the matrix utilized in calculations are those obtained after satisfying the effective-
mass boundary conditions exactly at both the interfaces. The limiting cases when the barrier heights or the
effective-mass discontinuities become infinite are analyzed and it is observed that they produce just opposite
effects on the finite-well eigenvalues. Also, these cases require the well region wave function to satisfy
respectively the Dirichlet and Neumann boundary conditions analogous to the longitudinal fields of the trans-
verse magnetic and transverse electric modes in electromagnetic waveguides with perfect metallic boundaries.
The consideration of a “massive wall” thus unveils interesting physics and establishes one-to-one correspon-
dence between electron and electromagnetic waveguides. Moreover, the general trend for doublet splittings
whenC,,,—C,, in our study under the Dirichlet condition is in conformity with recent experimental obser-
vations[Dembowskiet al,, Phys. Rev. LetB4, 867 (2000].
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It is possible to study many salient features of condensedinement(SWC). The continuity of the electron wave func-
matter systems through classi¢atoustic or electromagnetic tion as well as the quantityV (r)/m*(r) across the
wave analog studies and vice versaA model of the opti- interfacess in such systems constitutes the effective-mass BC
cal waveguide considering light waves in it as though they(EMBC),” with m*(r) as the space-dependent effective
were electrons trapped in a square potential well was cor@SS. The theoretical investigations of electronic properties

structed by Tierf,and Black and Ankiewiczhave presented 2'¢ generally carried out also by considering a hard-wall con-
a unified connection of the fiber optics with the quantumd't'on (HWC). However, there is possibility of an alternative

mechanics. The similarity between the free-electron Wavl|m|t|ng situation by considering a very large discontinuity in

. L » . ffective m f an electron acr he well-barrier in-
functions satisfying hard-wall boundary conditiofi&C’s) in The effective mass of an electron across the well-barrie

di ional ch | : d the electric field {erface boundary giving rise to a massive-wall condition
two-dimensional channels or wires and the electric fields o MWC).> 1t is found that the MWC appearing as the lim-
the TE modes in electromagneti&EM) waveguides con-

- '~ iting offshoot of the SWC for square, spherical or cylindrical
structed from such systems has been thoroughly investigategle|| satisfies zero-slope condition whereas the HWC re-
by Carini et al® both theoretically and experimentally to quires vanishing ofy(r) at an interface boundary. The
gain information regarding the electron waveguides throughormer and the latter are typically akin to the BC satisfied,
the study of the properties of the EM waveguides. On theespectively, by the TE and TM modes in perfect metallic
other hand, the ideas of electronic band structure and elegvaveguides. Thus the consideration of MWC together with
tron localization have been pushed into the realm of electroHWC ensures one-to-one correspondence between electron
magnetics wherein the concepts like photonic band structurand perfect metallic waveguides. This unveiling of interest-
and light localization have been introduced and have becomiag symmetry constitutes the first purpose of this paper.
a dynamic area of researéidowever, notwithstanding these ~ The cylindrical quantum wires—simply connectéd*®
similarities, there is no one-to-one correspondence betweamested structure¥;**°and double-wire systerfs—have at-
the problems so far as the electron and EM waveguides ateacted a lot of interest in recent years for the study of a
concerned: the metallic waveguidesan support both TM  variety of physical phenomena. Also, the realization by Kim
and TE modes whose longitudinal fields satisfy, respectivelyet al® that the curvature can be regarded as a geometric
Dirichlet and Neumann BC’s whereas the infinite potentialdegree of freedom in nanosystems has gained support in re-
wells for electrons give rise to the Dirichlet BC only. Fur- cent studie¥ *®since the presence of a curved geometry ex-
thermore, the counterparts of the TM and TE modes in optihibits some physical properties which do not exist in the
cal waveguides are, in general, the hybrid mddemtaining  corresponding flat or untwisted structures. We were wonder-
longitudinal components of both magnetic and electric fieldsing regarding the role that the topology of the nested struc-
Hence in order to have larger symbiotic enrichment throughures in conjugation with the MWC could play and hence the
conceptual unification in the studies of EM and quantum-analysis of these aspects through the study of the single-
mechanical systems, there is a need to discuss the physiaglectron energy spectrum in eccentric annular nanoregions
situation across the interface boundaries that would entertaiconstitutes to be our second purpose. The EMBREf. §
Neumann BC in latter systems as well. have been satisfiétlexactly at each of the interfaces making
The finite band offset between the well and barrier mateuse of the Graf’s addition theorefisfor the cylindrical
rials in semiconductor heterostructures creates soft-wall corBessel functions. The theorem helps in shifting the origin of
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fined with respect tdD. This has been achieved using the
addition theorent§ expressett??as

Km(k3p,)sm(m¢, + bo)

G - = 3 Kol nlked)sinpa o) (0

m 0d 0 11l and

Zin(kap')sin(Me’ + ¢o)

= 2 Zylkep)Ip-nkad)sin(pé + o). ()
FIG. 1. Cross-sectional view of an eccentric annular well. Thewith Z(x) standing forJ.,,(x) or Y,(x). We thus obtain
radii of inner and outer circles a@andb; eccentricityOO’ =d. ultimately, after satisfying the EMBC at the II-1ll interface,

) ) ) _an infinite set of linear homogeneous equations whose non-
the wave function from one point to the other in the consid-yia| solutions require that déeSV9 =0, where

ered two-center problem witle,,, symmetry. The analysis

Igads to a doubly i_nfinite determinantal equation whose zeros pfnwcz [Fm(ky,Ky)Sh(Kp,ks)
give the energy eigenvalues of the system. The expressions
for the elements of the determinant are in closed analytical +Gm(ky, ko) Tn(kz, ks) JWnn(kod) 3

forms which show correct behavior for various limiting cases,, ith
and reproduce the results obtained earlier By ard also by

other workers:*¢ | | Wonr(kod) =3y (ko) + (— 1)™ 1 €08 b ko), (4)
We consider a system wherein an electron is free to move

along the axial direction, assumed to be parallel tozth&is Ta

of the cylindrical polar coordinate, ¢, 2), in an annular Fm(ki ko) = W[kzm’ﬂm(kla)\(r’n(kza)

potential well (region 1) lying between two cylindrically 1

symmetric barriergregions | and Il). The radii of the cross- —kymi 1! (kia)Ym(koa)], (5)

sectional interface boundaries of I-Il and II-lll are, respec-

tively, a andb whereas region Ill extends up to infinity. We ma

introduce a parameteat, the separation between the centers G(ky, k)= ﬁ[klm’z‘lﬁn(kla)\)m(kza)

O and O’ of these two circular cross-sectional boundaries 1

(Fig. 1, as eccentricity of region | such that<Gi=<(b —kom? | (kea)d/ (koa) ], (6)

—a). The nonzero value da corresponds to the geometrical

symmetry breaking giving rise to the topological aspect ands (i, ks)=m ksK ! (kgh)Jn(Kob) — m% koK (Kob)J/ (Ksb),

resulting into a two-center problem when the complete axial

symmetryC.., of the system reduces 10, . @)
The transverse motion of an electron is size quantizegq

due to a regionwise constant potential profile taken to be of

the formU(r)=(1—6,2)V,, whered, , is the Kronecker T (k,,k3) =m}ksK/ (ksb)Yn(kob) —m% koK (kob) Y/ (ksb).

delta function andé=1, 2, and 3 represent regions I, I,

and Ill, respectively. The solutions of the effective-mass (8)

Schralinger equation in the three regions with the origin

atO' of the cylindrical coordinateso(, ¢’, z') can be writ-

ten asV =2 cAnl m(Kip ) Xm:» Wi=Zn-olBmIm(kap")

+CnYm(kap")] xm, and ¥y =27_oDyKpy(Kap') X,

wherex,=sin(me’ + ¢o)expBz'), In(x) andYy(x) are the  PHWC=1J (k,a)Y,(kob)— Jn(kob) Y (Ko@) IWinn(kod) (9)

cylindrical Bessel functions of the first and second kinds,

|(X) and K,,(x) are their modified counterparts, is the  and

axial wave number, and, is w/2 (zerg for even (od , , , ,

parity states. Also, Weat:\?alvkzz(—(1)€?2m}‘(E—Ui)/hd2 P = [JIm(kaa) Yi(kob) = Jp(kab) Yi(kz2) Wina(kad) 10

— %], wherem? is the effective mass in théth region and (10

E denotes electronic energy. The chojge0 corresponds to  which have the forms identical with those obtaifiefdr the

If we consider the limiting case¥;=V3—% and m*
=mj/m5 =mj/m5—o which correspond to HWC and
MWC, respectively, we get

the solutions for the eccentric annular circular regions. propagation of TM and TE modes in an off-centered annular
The EMBC can be satisfied straightway at I-1l interface cylindrical EM waveguide with perfect metallic boundaries.
wherep’ =a but in order to apply the same at II-lll interface The substitutiord=0 in Eq.(9) yields expression studied by

¥, and¥,, are needed explicitly in terms gf and ¢ de-  Masaleet al* in the context of coaxial quantum wires. The
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FIG. 2. Comparison between SWC and MWC eigenenergies as
a function of inner radius in a concentric annular region. Sl AR AR AR AR RN RRRRRRRR RRARES
d = 10 nm
expressionP™W¢(d=0) together withPM™V<(d=0) were b = 20 nm
analyzed by us too in Ref. 10. The substitutian-d=0 Even Hwe
yields PHWC=7_(Kk,b) 8 and PMWC=J/ (k,b) 6, Which Z__ o0dd

aris€ also in the study of metallic cylindrical waveguides
and the former one was utilized by Constantinou and co-%&
workers?13for simply connected cylindrical quantum wires. g
The calculations have been performed for a system con~~ B
sisting of GaAs in region Il and GaAl, 4As in regions | and E}, - - SWe _ — -~~~
g
5]
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[ll. We have setB=0 andb=20nm, and have takeW,
=V3=190 meV, mj;=5.73x10"%?kg, and m}=mj
=1.4mj . Figure 2 compares variation in energy of five low-
lying states as a function @fin a coaxial, i.e.C..,,, system
under SWC and MWC. It can be seen that any MWC state 9F
has lower(just opposite to the known HWigenvalue as

NERVER

ENIEERBLEMY

compared to the corresponding SWC state. Although the E ________________
curves for both SWC and HW@ot plotted continuously TN
rise with increase ira, each of the plots of MWC excited %0 2 4 6 8 10
levels shows a peak which becomes more and more pro Inner Radius (nm)

nounced and shifts towards higher valueaofs the level o ) ) .

becomes higher and higher. FIG. 3. Variation of eigenenergies as a function(af eccen-

Figure 3a) shows that twofold degenerate levels Separatéridty fc_Jr_ a fixed inner radius andb) inner radius for a fixed
into even and odd parity states f6r,,—C,,, i.e., whend ~ ccenticity.
>0. Ford<bh, the system tends to behave like a coaxial
annular structure whereas fdr—(b—a), i.e., when the in-  but our calculations are in confirmity with their general find-
ner region almost touches the outer interface boundary, thiegs for the eigenvalues so far as small quasidoublet split-
system is nearly the same as a simply connected systetings and ultimate systematic destruction of the doublet
since we have takea=0.0%. Thus for both the limiting structures with continuous increase in eccentricity are con-
locations of the inner barrier we get results almost identicaterned.
with C,,— C..,, under all the three confining situations. Itis  We find in Fig. 3b) that the energies increase with in-
worth mentioning here that recently Dembowskial>*have  crease in a both for SWC and HWC as expected. However,
extracted information regarding the quasidoublet splittingsone observes that for MWC the energies of the odd parity
from their experiments for chaos-assisted tunneling in a mistates decrease with increaseainAlso, the eigenvalues of
crowave annular billiard, a structure corresponding to oureven and odd parity states for MWC have different trends
C1, system under HWC. Although it is not possible to com-unlike SWC and HWC where both the parities show almost
pare directly our numerical values with their reported resultddentical behavior. Finally, Fig. 4 depicts that increasenii
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T T T T T T T T T T[T T T T T e[ TT T[T ITT1TT] priori justification and the study of the effect of a massive

10 nm =T wall is on the same footing as consideration of a hard wall
M T - T for any fixed value ofn*.

- Thus it is observed that decrease in the size of the well or
increase in the height of the barrier potential pushes the en-
ergy levels upwards, as expected, but the levels get pushed
downwards as one moves toward the MWC. The decrease in

________ the symmetry fronC.,,, to C,, leads to bifurcation of even
- -7 and odd parity states and the separation of the levels depends
on the value of the eccentricity. Hence an appropriate choice
of various geometrical and physical parameters would pro-
vide a recipe to have the separation between a pair of given
______________ levels around a desired value. Furthermore, the approach uti-
- lized here can be extended to deal with the energy spectrum
for a structure wherein cylindrical wires could be arranged
_____ Even on a ring such that the system as a whole poss&sgesym-
Vi = V3 = 190 meV - — - 0ad metry, particularly couple quantum wires withC,, sym-
olerevve b bvesrrer b b metry,andourgroup—theoreticanal)?éiwouldbehelpfulin
0.0 0.2 0.4 0.6 0.8 1.0 such an endeavor.
1/m" In summary, the role of topology and the effect of
) ) ) . massive-wall condition on the eigen-spectrum together with
_ FIG. 4. Eff_ect of barrier-to-well effective mass on eigenenergies . 0 one correspondence between electron and EM wave-
in an eccentric annular well. ) . .
guides have been elaborated. Our calculations under the Di-
the barrier-to-well effective mass, for fixed barrier heightstichlet BC for the quasidoublet splittings whed,.,—Cy,
leads to decrease in the eigenvalues, a trend which is jugte in confirmity with the experimentally observédrends.
opposite to that wherein increase in confining potentials forThe fast convergence characteristics of our semianalytical
any fixedm* is known to show monotonic increase in the approach would make it ideally suited for investigating the
eigenenergies. It seems pertinent to mention that variation ibehavior of higher excited states too in broken axial-
m* for a fixed value of the barrier height does not have symmetry situations.
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