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Nonlocality-induced anomalous input-intensity dependence of optical response
for weakly confined excitons in an ultrathin film

Hajime Ishihara*
Department of Physical Science, Graduate School of Engineering Science, Osaka University, Toyonaka, Osaka 560-8531, J

~Received 13 March 2002; published 6 March 2003!

By means of the nonlocal theory of the nonlinear optical response, an anomalous input-intensity dependence
of the optical response was demonstrated for an ultrathin film confining the center-of-mass motion of excitons.
We showed that~i! the inverted type of input-output characteristics arise from the peculiar input-intensity
dependence of the nanoscale spatial structure of the internal field due to the uneven feedback effect of the
different components in the field relevant to the confined excitonic levels, and~ii ! the nanoscale Fabry-Pe´rot
interference of polaritons gives rise to a bistability, even in an ultrathin film with a thickness of about 20 nm.
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One of the most interesting aspects in the optical respo
of confined excitonic systems is that the coherence o
single quantum state is manifested as the sample-size, s
and internal structure dependence of observed quantities.
size quantization is a result of the coherence of quan
states in a whole volume of the sample, which has b
discussed thoroughly for the various types of confinem
geometry such as quantum wells1 and quantum dots,2

through the studies of the size-dependent spectral struc
of optical responses. In contrast to this aspect, the nonl
response, which also arises from the coherent extensio
the quantum states, has not been studied sufficiently, e
cially for the nonlinear-response regime. If the coher
length of a quantum state reaches the wavelength of the r
nant light, the nonlocal response plays an important role,
a proper description of the induced polarization is necess
For the linear response, for example, the induced polar
tion should be written

P(1)~r ;v!5E x (1)~r ,r 8;v!E~r 8!dr 8, ~1!

wherex (1) andE(r ) are the linear susceptibility and the fie
amplitude, respectively. Since the radiation is determin
self-consistently with the induced polarization, the intern
field generally contains components with a spatial struct
similar to that of the wave functions of the excited states
has been shown that a particular component is resona
enhanced due to the nanoscale Fabry-Pe´rot interference if
certain conditions of size and energy are met.3 Such behavior
of the internal field brings about anomalous size depende
of the nonlinear response4–6 in a mesoscopic regime, whic
is beyond the previously discussed size dependence o
nonlinear response based on the long-wavelen
approximation.7–9

In addition to the size dependence of nonlinearity, inp
intensity dependence for nonlocal media is also expecte
be different from that for local media because of the na
scale Fabry-Pe´rot interference and the uneven feedback
fect of the different components of the internal field. One
the attracting nonlinear input-output characteristics is the
stability effect, which was extensively studied during t
1980s. As discussed in an early paper by Gibbset al.,10 non-
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linearity and a certain feedback mechanism should work
bistable system. Since the excitonic resonance provides
fective nonlinearity, a number of schemes of bistability
excitonic systems plus some feedback mechanisms h
been proposed, both experimentally and theoretically.11 ~For
more recent works, see Refs. 12–16!. However, similar stud-
ies which considered the nonlocal response have been po
performed, though nonlocality is an essential element of
excitonic resonance in confined systems.

In this report, we demonstrate an anomalous nonlin
input-intensity dependence of the optical response by me
of the nonlocal theory of the nonlinear response,17 where the
nanoscale spatial structure of the internal field is prope
treated. The point of this theory is to solve the Maxw
equations containing the linear and third-order polarizatio
written in a nonlocal form. These polarizations can be rew
ten in terms of the quantities defined asFl5*rl(r )E(r )dr
and a similar one,Fnn for a ~one excitons→ two excitons!
transition by use of the separable form of the susceptibility
respect to the coordinates,17 whererl(r ) is the dipole den-
sity relevant to the excitonic state labeled byl. Using this
result, the Maxwell equations are reduced to the simu
neous cubic equations for$F%, which can be solved togethe
with Maxwell’s boundary conditions at the surfaces of t
medium~related to the background dielectric constant!, and
all the amplitudes of the internal and external fields are fix

For a numerical demonstration, we use the simplifi
model of a thin film consisting of a bundle of independe
one-dimensional chains of sizeN ~lying perpendicular to the
surface! confining Frenkel-type excitons. The transfer effe
along the direction parallel to the surface is neglected in
model. We assume the normal incidence of beams. The
perturbed Hamiltonian is

H5 (
l 50

N11

«0bl
†bl2b (

l 51

N11

~bl 21
† bl1bl

†bl 21!, ~2!

wherebl
† and bl are the creation and annihilation operato

of an exciton on thel th site,«0 is the excitation energy o
each site,b is the transfer energy, and we suppose the a
plitudes of excitons to be zero atl 50 and N11. The
eigenenergies and eigenfunctions are those of typical Fre
excitons. Two-exciton states are numerically calculated
©2003 The American Physical Society02-1
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expanding them with the products of the one-exciton state17

Although the exciton-exciton interaction generally affects
absolute value of the nonlinear signal at one-exciton re
nance through the cancellation effect between the o
exciton and two-exciton contributions,18,19 we omit it be-
cause we are studying in the small size regime, where
cancellation is ineffective due to the wider level spacing th
that of the peak widths in the spectrum, which allows us
concentrate our attention on the problem of how the spa
structure of the internal field affects the intensity depende
of the response.

The procedure of the calculation is as follows. First,
use of the eigenvalues and eigenfunctions of one- and t
exciton states, we calculated the site represented linear
larizationPj

(1) and the third-order polarizationPj
(3) for arbi-

trary frequencies according to the usual perturbat
expansion method of the density matrix.18 In this stage, we
introduced the phenomenological damping constantsg for
the population decay andG for the phase decay in the usu
way.20 Among the terms in the nonlinear polarization, w
picked up the contribution of the most~triply! resonant terms
for the frequency that is the same as the incident freque
v. The third-order polarizationPj

(3) can be written in the
following form:

Pj
(3)~v!u(tri res)

5
M4

v0
A 2

N11(n
sinKnj F(

n8
uFn8u

2FnG0~n,n8;v!

1(
n8

(
m

(
m8

Fn8
* FmFm8G1~n,n8,m,m8;v!G , ~3!

whereM is the transition dipole moment per unit cell,v0 is
the unit-cell volume, andKn is the wave number of the quan
tized center-of-mass~c.m.! motion of excitons. Its allowed
values areKn5np/(N11),$n51,2, . . . ,N%. The definition
of Fn is

Fn5A 2

N11(j
sinKnjEj , ~4!

whereEj is the electric field at sitej. In Eq. ~3!, G0 has the
poles for one-exciton resonance andG1 has those for the
two-exciton resonance in addition to the poles for on
exciton resonance@see Eqs.~B1! and ~B2! in Ref. 17#.

Although we can obtain the formal solution of the abo
Maxwell equations in the form including$Fn%, it contains
the internal fieldEj in itself through the definition~4!. If we
substitute this solution into the definition~4!, we obtain the
simultaneous cubic equations for the unknown parame
$Fn% which can be solved numerically together with Ma
well’s boundary conditions.~See Appendix C in Ref. 17.!

We used the iterative method to solve the cubic equati
of $Fn%. In sweeping the input intensity, we started from t
intensity near the linear-response region, employing the
lutions of $Fn% for the linear response as the zeroth-ord
solutions, because the deviation of the convergent solut
from the linear one is not very large. After the converge
11330
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solutions were obtained, we moved to the higher input int
sity and performed the iterative calculation employing t
previous solutions as zeroth-order solutions. Repeating s
steps, we swept in the input-intensity domain. Interesting
we can find another set of solutions by sweeping from
higher intensity to the lower, if the bistable solutions a
possible. It is difficult to obtain such solutions in a gene
way, because the simultaneous equations for unknown
rameters$Fn% have many dimensions, and mathematically
large number of solutions exist.

In the following, we show the results with the materi
parameters for theZ3 exciton in CuCl, which is a typical
single-component exciton with a large binding energy~213
meV!. Namely, \vT53202.2 meV, b557.0 meV,
4puM u2/v055.7 meV, «b55.6, a055.4 Å, and G(g)
50.06 (0.02) meV, where\vT is the energy of the bottom
of the exciton band forN→` (\vT5«022b), «b is the
background dielectric constant, anda0 the lattice constant.

Recently, a bistability effect within the total reflection re
gion between\vT and the longitudinal frequency\vL has
been discussed with a similar model of linear Fren
chains.12,16 Although the nonlocality was not considere
there, the influence of the spatial structure of the field due
the finite penetration depth was studied. Within the pene
tion region, the saturation of the field-dependent refract
index occurs. This gives rise to multiple reflections with
the same region, which leads to the feedback to increase
penetration depth. In contrast to this case, we consider
thinner film where the polariton interference occurs ev
within the longitudinal and transverse energy splitting~LT
splitting!. This interference causes the spatial structure
flecting the c.m. wave function of excitons, which can
described only by the nonlocal framework. First, we see
transmittance spectrumT(v) in the linear response and th
energy dependence ofFn . To discuss the spatial structure o
the internal field, it is useful to see the behavior ofFn instead
of the electric fieldEj , whereFn is nothing but the amplitude
of the component of the internal field relevant to thenth
quantized exciton, which is easily understood if we see
inverse transformation of Eq.~4!. ~Note thatEj written in
such an expansion does not defineE0 and EN11.! Figure 1
shows the spectra ofT(v) andFn in the excitonic resonance
region for the film with N542 (226.8 Å). Note that the
peaks of the transmittance appear below the second and
excitonic levels. The former peak corresponds to the
hancement ofuF2u2 @Fig. 1~b!#. It should be remarked tha
the F2 component is relevant to the nondipole-type (n52)
excitonic state, namely, the wave function of theuK2& state
has a node in the surface normal direction, which is a spec
feature to the nonlocal response. The peak position co
sponds with the resonance energy of then52 exciton, in-
cluding the radiative correction.3 In contrast to the negative
radiative shift of then52 exciton, the shift of the lowes
exciton is generally positive for the film geometry.21 The
corresponding structure ofuF1u2 can be seen between then
52 andn53 excitonic levels.

We noted the energy region just above the first peak
transmittance because a strong feedback to increase th
ternal field is expected, as in the case of the usual Fa
Pérot etalon. In Fig. 2, the transmitted intensities as functio
2-2
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of the incident intensity for the beam with\v
53.203 22 eV are given for the intensity regime where
boson approximation is fairly good, i.e., the averaged in
particle distance is much longer than the excitonic Bohr
dius ~less than 7 Å for CuCl!. Two curves are obtained b
sweeping from the lower input intensity and from the high
intensity, respectively. The remarkable points are as follo
~i! The inverted region of the input-output characteristic a
pears and~ii ! the bistable solutions are obtained due

FIG. 1. Spectra of~a! transmittance and~b! uFnu2 for a CuCl
thin film with N542 (226.8 Å). The parameter values are given
the text. The vertical lines represent the energy positions of o
exciton levels.

FIG. 2. Transmitted intensityI t vs input intensityI i for the beam
with \v53.203 22 eV. The parameters are the same as in Fig
~b! is the enlargement of~a!, whose range of the horizontal axis
the same as the distance of two tick marks on the horizontal ax
~a!. The input intensities@A#, @B#, and@C# in ~a! are referred to in
Fig. 4.
11330
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Fabry-Pe´rot-type feedback, even for the considerably th
film. The inverted type of input-output characteristic usua
appears in the induced absorption type of nonlinear respo
In the present effect, however, this type of nonlinearity is n
essential. Actually, the same characteristic can be obta
qualitatively even if we deliberately omit the two-excito
states in the calculation. As for the bistable effect in an
trathin film, the nanoscale spatial structure of the inter
field is essential, because it allows Fabry-Pe´rot-type feed-
back in the nanoscale thin film.

The above two effects can be understood by conside
the resonant enhancement of the internal field and the in
intensity dependence of its spatial structure. In the thi
order polarization, the terms that dominantly contribute
the above nonlinear response are proportional to the foll
ing factor,4

4GuFnu2

~v1 iG2En!@~En2v!21G2#g
, ~5!

whereEn is the eigenenergy of thenth exciton state. When
Fn is resonantly enhanced near the pole of the barenth ex-
citonic state, the strong nonlinear effect arises due to
double resonance in the internal field and the energy deno
nator of the nonlinear susceptibility.4,5 Since this enhance
ment of the internal field originates from the interference
polaritons, the positive feedback strongly works to enha
Fn in the higher-energy side of the peak. Actually, as sho
in Fig. 3, the main componentsuF1u2 and uF2u2 in the inter-
nal field increase in the entire region of intensity in Fig.
This is consistent with the positive feedback to increase
nonlinearity. However, the inverted input-output characte
tic is strange at a glance from the behavior ofuFnu2 indicated
in Fig. 3. This can be explained from the behavior of t
spatial structure of the internal field with the change of t
input intensity. Figure 4 shows the position dependence
the internal field for the values of input intensities@A#, @B#,
and@C# indicated in Figs. 2 and 3. For input intensity@A#, at
which the input-output characteristic is almost linear, t
spatial distribution is almost symmetric, but it becom
asymmetric as the intensity increases due to the nondip
type contribution fromF2. For @C#, the intensity at the back

e-

1.

of

FIG. 3. uFnu2 vs input intensityI i . The parameters are the sam
as in Fig. 1. The input intensities@A#, @B#, and@C# are referred to in
Fig. 4.
2-3
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surface is less than that for@B#, which means that the trans
mitted intensity for the former case is less than that for
latter case. Namely, we have a condition in which the int
sity of each componentFn increases, which leads to an in
crease in the averaged internal field over the film and n
linearity, while the intensity at the back surface decreas
which leads to a decrease of the transmitted intensity. S
variation of symmetry of the spatial structure with the inp
intensity originates from the uneven feedback strength on
different componentFn , which changes the weight of eac
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