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Energy-dependent modulations in the local density of states of the cuprate superconductors

Degang Zhang and C. S. Ting
Texas Center for Superconductivity and Department of Physics, University of Houston, Houston, Texas 77204

~Received 15 January 2003; published 25 March 2003!

Motivated by the recent scanning tunneling microscopy~STM! experiment@J. E. Hoffmanet al., Science
297, 1148 ~2002!#, we investigate the energy-dependent modulation of local density of states induced by a
weak and extended defect in ad-wave superconductor. The Fourier component of the local density of states is
calculated up to the first order in the defect parameters. Our numerically obtained image maps together with the
energy-dependent charge modulation wave vectors at different dopings exhibit the essential features as those
measured by the experiment. We also predict new modulation wave vectors in the first Brillouin zone. Hope-
fully, they could be verified by future STM experiments.

DOI: 10.1103/PhysRevB.67.100506 PACS number~s!: 74.25.2q, 74.62.Dh, 74.72.2h
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In the past year, a series of scanning tunneling spect
copy ~STM! experiments have confirmed the coexisten
of charge modulation and superconductivity
Bi2Sr2CaCu2O81d .1–3 In a magnetic field, Hoffmanet al.1

discovered a four-cell checkerboard local density of sta
~LDOS! modulation localized in a small region around t
vortex core. The field-induced charge modulation orien
parallel to the Cu-O bond directions is relatively strong. Su
sequently, Howaldet al.2 also observed similar checkerboa
charge modulation in absence of magnetic field for a w
range of bias voltages, but with relatively weak intensity.

Recently, Hoffmanet al.3 also investigated the zero-fiel
charge modulation by employing high-resolution Fouri
transform scanning tunneling spectroscopy. They found
the period of the charge modulation depends on the en
and doping for the bias voltages below the maximum sup
conducting gap. With the bias voltage~doping fixed! or dop-
ing ~bias voltage fixed! increasing, the LDOS modulatio
wave vectors oriented parallel to the (6p,0) and (0,6p)
directions become shorter while those oriented parallel to
(6p,6p) directions become longer.

A number of theoretical studies on the STM spectra h
already been carried out by several authors4–7 in attempt to
explain the zero-field LDOS modulation observed by Ho
ald et al.2 There are also works8–10 trying to understand the
energy-dependent LDOS modulation observed in the z
field STM experiment.3 In Ref. 8, Wang and Lee propose
that the experimental observation of Hoffmanet al.3 is a re-
sult of the quasiparticle interference induced by an impu
with an on-site potential of moderate strength. Howev
these calculations8–10 seem only able to address a limite
portion of the STM experimental measurements,3 and did not
obtain the Fourier component of the LDOS along the (p,0)
and the (p,p) directions and the relations among the pea
associated with the modulation wave vectors, dopings
the bias voltages as those presented in Ref. 3.

In this work, we examine the effects of the scattering o
quasiparticle by a weak and extended defect or impurity w
both hopping and pairing disorders on the Fourier transfo
of the LDOS. Using the first-orderT-matrix approximation,
we show that our results are consistent with all the esse
features observed in the experiment of Ref. 3. In addition,
0163-1829/2003/67~10!/100506~4!/$20.00 67 1005
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predict that modulation wave vectors existed in the first B
louin zone, hopefully they could be verified by future ST
experiments.

The Hamiltonian describing the scattering of quasipa
cles from a single defect with local modifications of bo
hopping and pairing parameters in ad-wave superconducto
can be written as

H5HBCS1H imp ,

HBCS5(
ks

~ek2m!cks
† cks1(

k
Dk~ck↑

† c2k↓
† 1c2k↓ck↑!,

H imp5 (
^ i , j &,s

dt i j cis
† cj s1(

^ i , j &
dD i j ~ci↑

† cj↓
† 1cj↓ci↑!

1~Vs1Vm!c0↑
† c0↑1~Vs2Vm!c0↓

† c0↓ . ~1!

Herem is the chemical potential to be determined by dopin
ek5t1(coskx1cosky)/21t2coskxcosky1t3(cos 2kx1cos 2ky)/
21t4(cos 2kxcosky1coskxcos 2ky)/21t5cos 2kxcos 2ky ,
where t1 –5520.5951,0.1636,20.0519,20.1117,0.0510 eV.
The band parameters are taken from those of Normanet al.11

for Bi2Sr2CaCu2O81d , and the lattice constanta is set as
a51. The order parameter away from the impurity is giv
by Dk5D0(coskx2cosky)/2.

Without loss of generality, at the impurity or defect sit
we assume an on-site potential consisting of a nonmagn
part Vs and a magnetic partVm . The defect also induces
weak local modification in the hopping,dt, to the nearest-
neighor sites, and a suppression of the superconductivity
der parameter on the four bonds connected to the impu
site,dD1, and on the other 12 bonds conncted to the near
neighbor sites,dD2.

The Hamiltonian~1! has in fact been successfully applie
by Tang and Flatte12 to explain the resonant STM spectra f
Ni impurities in Bi2Sr2CaCu2O81d . In the present situation
no resonances in LDOS have been observed in the re
STM experiments.2,3 So it is reasonable to assume that t
on-site potentials (Vs andVm) and the modifications in hop
ping and pairing parameters (dt, dD1, and dD2) are all
weak and have approximately the same order of magnitu
‘In order to compare with the measurements in the ST
©2003 The American Physical Society06-1
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experiment,3 we investigate three different hole dopin
cases: underdoping~10%! with D0550 meV, optimal dop-
ing ~15%! with D0544 meV, and overdoping~17%! with
D0537 meV. Here we shall not discuss the issue as to w
the underdoped case has a higherD0 value, and simply ac-
cept it as an experimental fact.3

Our method to solve the Hamiltonian~1! and to obtain the
LDOS is the standard Bogoliubov transformation pl
Green’s-function technique. Whendt,dD1 ,dD2 ,Vs , andVm
are all small, keeping the leading term in theT-matrix ap-
proach should be a good approximation. The Fourier com
nent of the LDOS obtained in such an approximation can
shown to have the following form:

rq~v!52
2

pN2 (
k

(
n,n850,1

$@2dtA~k,q!1Vs#ann8~k,q!

12@dD1B~k,q!1dD2C~k,q!#bnn8~k,q!%

3Im@Gkn
0 ~ ivn!Gk1qn8

0
~ ivn!#u ivn→v1 i01, ~2!

where N is the number of sites in the lattice
A(k,q)5coskx1cosky1cos(kx1qx)1cos(ky1qy), B(k,q)
5coskx2cosky1cos(kx1qx)2cos(ky1qy), C(k,q)5cos(kx
12qx)2cos(ky1qx1qy)2cos(ky2qx1qy)1cos(kx1qx1qy)
1cos(kx1qx2qy)2cos(ky12qy)1cos(kx2qx)1cos(kx2qy)
2 cos (ky 2 qx) 2 cos(ky 2 qy) 1 cos(kx 1 qy) 2 cos(ky 1 qx),
ann8(k,q)5jkn

2 jk1qn8
2

2(21)n1n8jknjkn11jk1qn8jk1qn811,

bnn8(k,q) 5 (21)njkn jkn 1 1 j k 1qn8
2

1 (21)n8j kn
2 jk 1 qn8

3jk1qn811 ,Gkn
0 ( ivn)51/@ ivn2(21)nEk# is the bare

Green’s function, Ek5A(ek2m)21Dk
2, jkn

2 5@11
(21)n(ek2m)/Ek#/2, andjk0jk15Dk /(2Ek).

It is noted thatVm is absent from Eq.~2! because there is
no first-order contribution from the magnetic potential. In t
present study, we base our numerical calculation on a fi
lattice of 8003800 lattice sites with the defect at the cent
For simplicity, we choose 2dt5Vs522dD1524dD2, and
assume that all these parameters are small such that the
orderT-matrix approximation is valid. The advantage of th
first-order approximation is that the states of quasipart
before and after scattering from the defect are clearly dis
guishable. In our calculation, we also introduce a finite li
time broadeningg52 meV to the quasiparticle Green
function to smooth our data points by replacingv1 i01 with
v1 ig in Eq. ~2!.

It is well known that the quasiparticles in ad-wave super-
conductor are Bloch wave states. In the presence of elect
impurity interactions, elastic scattering mixes those eig
states of the quasiparticle with the same energy but diffe
momentum. For example, if a quasiparticle with energyEk is
excited at the pointO in Fig. 1~a!, after being scattered b
the defect, the quasiparticle energy becomesEk1q ([Ek).
There are six nonequivalentq vectors as shown in Fig. 1~a!.
The variation in the magnitudes of theseq vectors withv
would lead to energy-dependent LDOS modulations.

According to Eq.~2!, we plot the image map of the Fou
rier component of LDOS in Fig. 1~b! for the optimally doped
case at fixedv5216 meV in the first Brillouin zone. In Fig
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1~b! we are able to clearly identify four of the sixq vectors
as shown in Fig. 1~a! from the positions of the peaks~or
local maxima!. The four peaks with relatively weak intensit
along (6p,0), (0,6p) directions and the four peaks wit
relatively strong intensity along (6p,6p) directions as
shown in Fig. 1~b!, are respectively, related toqA andqB in
Fig. 1~a!, and both of them have been observed in Ref. 3
addition, we predict that there are another eight weak pe
corresponding toqC . At the four corners of the first Brillouin
zone, there are four extended weak peak arcs generated
the quasiparticle interference between the banana-sh
equal-energy contours of the diagonal Fermi surfaces c
nected byqD . Since the peaks atqB have the highest inten
sity, we expect that the real space LDOS image atv
5216 meV should have a checkerboard pattern orien
along 45° to the Cu-O bonds with a period close to 5a.

In Figs. 2~a!–2~c!, the q-space LDOS maps for the opt
mally doped case are also presented atv50,212,
220 meV in the first Brillouin zone. We noticed that th
detailed image of the map depends on the magnitude ov,

FIG. 1. ~a! Schematic Fermi surface of high-TC cuprate super-
conductor. The modulation wave vectors connecting different po
of the Fermi surface with the same energy gap are shown.~b! The
Fourier component of LDOSrq(v) for the optimally doped case a
v5216 meV in the first Brillouin zone~i.e., 2p,qx ,qy<p).
6-2
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ENERGY-DEPENDENT MODULATIONS IN THE LOCAL . . . PHYSICAL REVIEW B 67, 100506~R! ~2003!
when it increases,uqAu becomes shorter whileuqBu, uqCu, and
uqDu become longer. In Fig. 2~c! with v5220 meV, the
intensity of the peaks atqA is catching up with that atqB as
compared with the case ofv5216 meV. And it is expected
to become dominant at a largeruvu, there, the real spac
LDOS image would have a checkerboard pattern orien
along the Cu-O bonds with a period close to 4a. This is
consistent with the experiment in Ref. 3.

It needs to be mentioned that the peaks correspondin
the remaining two modulation wave vectorsqE andqF @see
Fig. 1~a!# are clearly missing in these maps@see Fig. 1~b!,
and Figs. 2~a!–2~c!#. At v50 meV, qD andqE are equiva-
lent and a small arc peak is created at them, but the res
tion of the map is not clear enough to show the existence
qF ~i.e., qA and qC). For v5212,216,220 meV, both of
these wave vectors do not appear in the first Brillouin zo
but they may yield local peaks in the second Brillouin zon
So far the experiments have not yet been performed in
region, their effects will not be considered in the pres
study. But we do expect that the peaks associated with th
wave vectors would show up when the boundary of our c
culation is expanded beyond that of the first Brillouin zon
Although our image map atv5212 meV is similar to the
corresponding one in Ref. 8, there still exist some fundam
tal differences between these two results. For example,
bright spots at points (6p,6p) that appeared in the imag
maps of Ref. 8 close tov5220 meV did not show up in ou
maps. These bright spots are probably due to the impu

FIG. 2. The Fourier component of LDOSrq(v) for the opti-
mally doped case at different energy shown in each panel in the
Brillouin zone.
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resonant states, which were not observed by the STM exp
ments. Moreover, in Ref. 8, only the effect due toqA andqB
was addressed.

At v512,16,20 meV, the maps of the Fourier compone
of LDOS for the optimally doped case are shown in Fig
2~d!–2~f!. The modulation wave vectors are identical
those for the negativev. But the Fourier component o
LDOS atqB , qC , andqD shows a local minimum intensity
This is primarily due to the destructive interference betwe
the opposite phases carried by the quasiparticles before
after scattering. This destructive interference has also b
observed atv516,22 meV in the STM experiment of Ref.
@see Figs. 2~c! and 2~d! there#. Obviously, the wave vectors
at extreme~maximum or minimum! values ofrq(v) for the
positive v coincide with those in Fig. 1~b!, Figs. 2~b! and
2~c!. In addition, we also found that in the higher-ener
region close to the maximum of the superconductivity g
our image maps become blurred. The reason is not clea
us, but it might be due to many competing modulation wa
vectors gaining strengths on the same banana-shaped e
energy contour of the Fermi surface.

In order to compare with the experimental curves in R
3, Fig. 3 shows the Fourier component of LDOS, resp
tively, along (p,0) @Fig. 3~a!# and (p,p) @Fig. 3~b!# direc-

st

FIG. 3. rq(v) versusuqu for the optimally doped case along~a!
the (p,0) direction and~b! the (p,p) direction are shown for seven
quasiparticle energies. The data are shifted vertically relative
each other by 0.5 unit for clarity.
6-3
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tions as a function ofuqu up to uqu50.4 ~in unit of 2p) for
the optimally doped sample. Along (p,0) direction, the peak
of rq(v) associated withqA moves slowly towards the ori
gin when energy increases. In contrast, along (p,p) direc-
tion, the peak ofrq(v) associated withqB moves rapidly
away from the origin. This energy-dependent position of
peaks atqA or qB is responsible for the checkerboard patte

FIG. 4. The modulation wave vectors versus energy along~a!
the (p,0) direction and~b! the (p,p) direction are plotted for
underdoped, optimally and overdoped cases.
ki,

,

.

n,

10050
e

with an energy-dependent period as observed in Ref. 3
the presence of other competing modulation wave vector
higher energy, the LDOS image pattern could be dram
cally modified.

We also study the effects of doping onrq(v). Figure 4
shows the peak positions atuqAu along (p,0) direction@Fig.
4~a!# and atuqBu along (p,p) direction@Fig. 4~b!# as a func-
tion of v at three different dopings. As energy is fixed,uqAu
becomes smaller whileuqBu becomes larger as the doping
increased. It is apparent that the results in Figs. 3 and 4
in qualitative agreement with those experimental curves
Ref. 3.

In summary, we have studied the energy-depend
LDOS modulations ind-wave superconductors with the pre
ence of an extended defect using the Bogoliubov transfor
tion plus the Green’s-function approach. The changes in p
ing order parameter and hopping terms due to such
extended defect generate somek- andq-dependent terms a
shown in Eq.~2!, which seem to be essential for obtainin
the curves in Figs. 3 and 4. In addition, we also discover n
modulation wave vectorsqC and qD in the first Brillouin
zone. Hopefully, they could be observed in future expe
ments. Since the effects of the modulation wave vectors
the second Brillouin zone have not been carefully examin
we are not able to obtain the complete LDOS images in r
space by the Fourier transform. This is an important probl
and should constitute a subject for future investigation.13 We
note that for the system with many random impurities, t
modulation wave vectors are the same with those in a sin
impurity case. This means that the peak positions of the F
rier component of the LDOS remain unchanged. We a
note that using the triangular relationqA1qB5qC , the
Fermi surface and the energy gap could be mapped out.

Our predicted new modulation wave vectors were
cently observed by McElroyet al.14 in their STM experi-
ment.

We wish to thank Professor J. C. Davis for sending
Ref. 3 before its publication, and H. Y. Chen, M. Shaw,
Chen, and Professor S. H. Pan for useful discussions.
work has been supported by the Texas Center for Super
ductivity at the University of Houston and by the Robert
Welch Foundation.
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