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Decoherence of a superconducting qubit due to bias noise
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We calculate for the current-biased Josephson junction the decoherence of the qubit state from noise and
dissipation. The effect of dissipation can be entirely accounted for through a semiclassical noise model that
appropriately includes the effect of zero-point and thermal fluctuations from dissipation. The magnitude and
frequency dependence of this dissipation can be fully evaluated with this model to obtain design constraints for
small decoherence. We also calculate decoherence from spin echo and Rabi control sequences and show they
are much less sensitive to low-frequency noise than for a Ramsey sequence. We predict small decoherence
rates from 1f noise of charge, critical current, and flux based on noise measurements in prior experiments. Our
results indicate this system is a good candidate for a solid-state quantum computer.
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I. INTRODUCTION sequence of the qubit manipulation.
The outline of the paper is as follows. In Sec. Il we reex-
The potential to manipulate information efficiently with Press the Hamiltonian of the current-biased Josephson junc-
quantum mechaniésas led to a search for a physical sys- tion system as an effective tyvo-state_Hamlltonlan that allows
tem that could implement a quantum computer scalable t Il manlpulat|_on (_)f the qubit state via the _control currents.
large size. Superconducting circuits are favorable candflates” Secr.] i, n0|sef 'E thesbg corr:trol ;:lurrents_ is shown tcr)] fluc-
because the nonlinearity of Josephson junctions can be us te the state of the qubit. These fluctuations cause the mea-

. ; rement of the qubit state to deviate from the expected
to construct two-level quantum systerfgubity, the inher- value and are equivalent to decoherence. We show in Sec. IV

. ; A 9hat these fluctuations can arise from the finite impedance of
coherence times, and integrated circuit technology allowse cyrrent bias and can be accounted for semiclassically
scaling to large and complex circuits. with quantum noise. Resistivérequency independentlis-
Recently, several experiments have demonstrated the p@ipation is then considered and used to place limits on the
tential of superconducting qubits with the observation ofmagnitude of the current-bias impedance. In Sec. 28 we cal-
Rabi oscillations’*long coherence times} and high-fidelity  culate how an arbitrary resonance affects decoherence. This
state preparation and measurenferffuture experiments result can be used to estimate decoherence for a current bias
need to improve these results, as well as demonstrate loginat has frequency-dependent dissipation. Because this noise
operations by coupling the qubits via circuit elements such amodel readily predicts decoherence for an arbitrary noise
inductors, capacitors, and wires. spectral density and state sequence of the qubit, we calculate
The same wires that make these “superconducting atomsih Sec. VI decoherence for spin echo and Rabi sequences.
easy to manipulate, measure, and scale unfortunately al3tfe argue that these sequences should be used for quantum
couple the qubit to other electromagnetic degrees of freedomomputation because they are insensitive to low frequency
that can be a source of decoherence via dissipation and noisf noise. Experimental values offlhoise are then used to
A significant experimental challenge is to understand how tastimate decoherence rates for the current-biased Josephson
design these wires, balancing the competing demands fgunction. In Sec. VII we show that decoherence differs quali-
coupling and coherence. tatively for Gaussian and non-Gaussian noise sources, and
Such a balance requires a detailed theoretical understanthat decoherence from the latter can mimic a loss in mea-
ing of mechanisms of decoherence. The main purpose of thisurement fidelity.
paper is to give a physical picture of decoherence, showing Although some of these results are identical to that found
that it can be understood as a random fluctuation in the qubih previous theoretical work for Josephson systems using
state arising from noise. environmental and spin-boson modet1%we believe
The amount of decoherence may be calculated from théhis paper is especially useful because the noise model gives
spectral density of the total noise of the current bias. Wea more physical description to the origins of the decoherence
consider spectral densities for an arbitrary source and biasnd can thus be generalized readily to more complex experi-
impedance, as well asflhoise from fluctuations in critical mental situations. Since the performance of electronic sys-
current, charge, and flux. The frequency dependence of thems is typically evaluated using noise models and noise can
spectral density affects the time dependence of decoherendse classically understood and measured, we believe this ap-
For 1/ spectral densities, this dependence may be exploitedroach will be a particularly insightful for the Josephson, and
to greatly reduce decoherence by properly choosing the timedeed many other qubit systems.
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FIG. 1. (a) Model of a current-biased Josephson junction with-
out dissipation(infinite impedance of current biasb) Cubic po-  These two frequencies must be different for the qubit to be-
tential U showing qubit states(c) Circuit model including finite have as a two-state system. The ratid/% w, parametrizes
impedance current bias, represented by admittdhaed its noise  the anharmonicity of the cubic potential with regards to the
In- qubit states. Because typical operation selects the number of
states in the well to be approximatelyJ/% w,~4, the tran-
Il. THE CURRENT-BIASED JOSEPHSON JUNCTION sition frequency between qubit statesvig=0.96w, and the

separation of the two lowest resonant frequenciesvi
In this section we describe the basic physics of the_g ~0.0340 a 1
21— Y- 10-

current-biased Josephson junction, showin.g that wh_en its The state of the qubit can be controlled with the bias
two lowest energy Igvels are used as a qubit, thg qubit Sta@urrent, which may be written as

can be fully manipulated with low- and microwave-

frequency control currents. In a Bloch sphere de_scription of (1) =1 4ot Al (1) (33

the state, we show that these control currents simply rotate

the Bloch vector. We consider here a circuit model without _ ;

dissipation, as shown in Fig.(d, whereas the full model =lact i (D) +1 we(t)COSwagt + 1 ,us(t)SiNw . -
with dissipation[Fig. 1(c)] is considered later in Sec. IV.

The quantum behavior of the current-biased Josephsowe require that the currentg , I .., andl s are varied in
junction has been described in detail elsewHér&* The time slowly compared to 2/(wio— w,1)~3 ns to inhibit
Hamiltonian of the system of Fig.(d with bias sourcd, 12 transitions. These long pulses restrict the dynamics of
junction critical current 3, and junction capacitandg is the system to the Hilbert space spanned by the lowest two

states. The Hamiltonian farnly these two states is

1., lg®g . .
- _— 02— __9 . D - D
H=25cQ ~ 5, 0080 506, D Eo+(0]3l0)5 A1 (0[31)5 Al
where ®,=h/2e is the su ducti Mo o Po ~a Do '
0 perconducting flux quantum. The (1]50)=— Al E,+(1|3|1) =2 Al
operators@ and & correspond to the charge and the super- 2 2
conducting phase difference across the junction, respectively, (4)

and have a commutation relationslﬁi@)Q]=2ei. Quantum  where the full Hamiltonian is solved fdr=14. to obtain the
mechanical behavior can be observed for large area junctionsasis state$0) and|1) and corresponding eigenenergigs
in which | ¢ o/27 = E ;> E.=e?/2C when the bias currentis andE,.

slightly smaller than the critical curreht 1. In this regime The off-diagonal matrix elements are well approximated
the last two terms i can be accurately approximated by @y the  harmonic  oscillator  value (0]3]1)

cubic potential U(5) parametrized by a barrier height = (27D o) VEl2wC due to the small nonlinearity of this
AU(I)=(2\/2Iod>0/377)[1—I/Io]3/2 and a quadratic curva- system. By removing nonresonant terms and reexpressing
ture at the bottom of the well that gives a classical oscillationthe Hamiltonian H, in the wj, rotating frame where
frequency wp(1) =242l /@C) Y1~ 1/15]** [see Fig. exp(—iwydt)|1)—|1), we find

1(b)]. This plasma frequency can be understood as the junc-

tion resonance frequenaey,= 1/JL,C, where the Josephson H2)= 0yl pwc(t) VA2014C/2,

inductance it ;= ® /271 jcoss, and the average phasgis

given throughl =14sin 8. It is useful to think of this system +ayl Mws(t)‘/ﬁ/ZwloC/Z-

as an anharmonic “LC” oscillator created from the Joseph-

son inductance and the junction capacitance, with the anhar- + 6,15 (1) (E 10/l 3o) 12, (5)

monicity arising from the nonlinear 1/cégerm inL;.

The commutation relation leads to quantized energy levelsherea, , , are Pauli operators.
in the cubic potential? with the two lowest levels being ~ The form ofH, implies that the qubit state can be fully
used as the qubit states. Microwaves induce transitions benanipulated with the classical bias currenfg(t), I ,ws(t),
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DY \4 net effect of these rotations depends on the state of the qubit,
c . soal I O> . gl eml 1> we calculate how thesg quctuatlpns affec.t the_ measurement
Z 2 2 of the state for two typical experimental situations.

Current noise at low frequency fluctuates ttyecompo-
nent of the control vector, which randomly rotates the Bloch
vector around the axis due too, operations. These random
rotations produce noise in the phageof the qubit state.

y [0)+i[t) Since the phase i$(t) = [dtw,(t), the phase noise after a
V2 time t is
(9(1)10 t , ,
¢n(t)zm odt In(t"). (8)
[0)+]1) ¢
V2 X X Physically, phase noise arises from noise current flowing

through the nonlinear inductance of the junction that in turn
FIG. 2. Bloch sphere representation of the qubit state. Controbause&‘ww to vary.

vectorc=(cy,Cy ,C;) rotates the Bloch vector around axis of direc-  The magnitude of the phase noise is described by its

tion ¢,&+c,§+c,2 with angle|c|. mean-squared valug)2(t)). This quantity is calculated with

the noise power ofl,, described as the spectral density

5,(f). It is defined as the mean-squared amplitude of the

current noise at frequendyper 1 Hz bandwidth. The time

i (| \/ 7 | \/ 7 0E10> At average of the correlation function is computed with the
MWC

andl (t). If these control currents have constant values ove
time At, we can define a control vectGr (c,,c, ,c,) with

c=

— noise power b
2w,C’ 1S Za)mC'l'f Nge| B ® P Y
The control currents change the qubit state after tifte | ()] (0 =fwdf f)cos 2 ft 9
according to the unitary transformation {In(0)12(0) 0 S0 i ©
U=exd —iH)At/%], (79 Using Eq.(8) the mean-squared phase noise is
—exd —i5-¢/2], (70) Jwo| ) [t ot
(Brt)=|—— fdt In(t >fdt In(t") (109
N A = N aldc 0 0
=0 cos|i|—i 'CsinH (7¢)
0 2 |6| 2" w1 2 e t t ; I
L L o _ =( ) f de(f)f dt’f dt"Ree' 27" 1)
whereo=(0y,0,,0,) andayg is the identity matrix. dlge) Jo 0 0
One way to visualize how controls the qubit state is via (10b
the standard Bloch-sphere description. As illustrated in Fig.
2, the direction of the Bloch vector describes the qubit state w1\ ? (@102
according to¥ = cos(@2)|0) + sin(#2) exp{¢)|1). The angle = dac] Jo df S(f) Wo(f), (109

0 of the vector corresponds to the occupation amplitude of

the state, whereas the anglegives the phase of the state. whereW,(f) is a spectral weight function given by
The probability of measuring the ground state is given by

cog(6/2). Operations ofr, ay, anda, correspond to rota- U ot 2
tions of the state vector around tRey, andz axis, respec- Wo(f)= fodt € (119
tively. In general, a control vectdr rotates the Bloch vector
around theg axis with anglg¢|. For example, a #/2-pulse” _
with control vectorc= (0,7/2,0) changes the stal@) to the :S'nz(ﬂt) (11b)
state (0)+]1))/+2. (f)2

Il CALCULATION OF DECOHERENCE FOR AN The phase noise integral is cutoff for frequencies greater than

ARBITRARY NOISE SOURCE w1g2m. For these frequencies, the noise current primarily

flows through the junction capacitance, not the junction, and

Because the bias current controls the qubit, noise in théhus does not significantly modulaig,. Furthermore, noise
bias current fluctuates the qubit state and causes decohett w, should not be included because it is accounted for in
ence. In this section we calculate how noise randomly rotatestimulated transitions, as computed below. Integrating the
the Bloch vector around the three axes. Because we sepaoise to a cutoff frequency,y/27 is a good approximation
rated the effect of the bias current into Idyy(t) and micro-  because for most circuit impedances a change in this cutoff
wave frequencyl ,,(t)coswidt+1 ,ws(t)Sinmyt compo-  frequency only logarithmically affects the phase ndisee
nents, the effect of noise can be separated likewise. Since tlgg. (26)].
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The spectral weighiVy(f) is constant for frequency ground state and givingy<1. The average probabilitg,
<1/t and decreases asfi/at higher frequencies. This im- of measuring stat) is calculated from the usual probability
plies that the phase noise has a contribution for most noisef measuring the ground state E&Z)zcosz[(ei
sources only from low frequencies. For the case when the- 05)1/2/2], integratind® over the Gaussian probability distri-
low frequency noise is constafwhite) and equal &Y, Egs.  butions ofé, and Oy
(109 and(11b) can be integrated to yield

(P2(1))=(dw1ol 9l 4o) ?STtI2. (12 Po= f dé, f doydz(:X) %aoé[wﬁ 02)212]
Cw i N y
Noise at high frequency near;, produces 6-1 and 1-0 (159
transitions. The decoherence from these transitions may be
calculated in a similar fashion as phase noise. The control =0.5+0.5 er—((ﬁi(t)H(é’i(t)))/Z] (15b)
current for ¢, and c, is given by I ,,(t)cosw;dt
+1 ws(t)sinwyt, which implies that mixing from noise =0.5+0.5exf) — (1/2h w1oC) S (w10 2m)t]. (150

around frequency,y can be represented by low frequency

noise inl ,,¢(t) andl ,,4(t). With a constant spectral den-

sity of current noise immediately arouna,, the spectral Equation(15b) implies that the Bloch vector fluctuates by
densities ofl ,,,c and | s are constant and each equal to the total magnitudeﬁ02>=<0§)+(6§>. Additionally, the ex-
2S/(w1¢/2). This noise produces randod anda, opera-  ponential decay op, with time implies that the change of
tions that rotates the Bloch vector around thandy axes, the state can be described by the rate

defined by angle#, and 6, , respectively. The fluctuations

of 6, and 6, are calculated exactly as for phase noise. Using vs= (128 01oC) S| (w1¢/27), (16
Eq. (12) with S"—2S/(w,y27) and replacing dwyo/
9l 4o)>— 1/2h w,C as implied by Eq(5), we find which corresponds to the-01 transition rate for stimulated

absorption. There is no contribution from phase noise be-
(9)2((t)>:<95('{)):(1/2ﬁw10C)S|(w10l277)t_ (13)  cause low frequency noise can not add eneigy, to the
qubit to excite a 6-+1 transition.
The probability distributions o, 6,, and 6, are needed When the initial state i§l), an identical calculation finds
to fully describe the noise in the Bloch vector and to predictthe 1—0 transition rate for stimulated emission to g, as
measurement probabilities. Since the amplitude of theexpected. Because the stimulated emission and absorption
current-bias noise is typically described by Gaussian statisates are equal, the probability of measuring the ground state
tics, the probability density to find a given valueyis given  approaches 1/2 at long times, as givengayin Eq. (150).

by In a second example, we calculate the effect of noise on a
superposition state that is created and measured in a “Ram-
dp(x) eXIi—XZ/Z(XZ)) sey fringe” experiment. In this case the qubit will be sensi-
= , (14 tive to both stimulated transitions and phase noise. The state
dx 273 b

(|0y+]1))/2 is first created with am/2 pulse, then after

where the rotation angles aje= ¢, 6,, or §,, and(x? is ~ time t any change in the state is measured by applying a
the mean squared noise that has been previously calculated.7/2 pulse and performing a state measurement. After the

We next calculate how these random rotations in thén|t|a| pulse, the Bloch vector points in the direction and
Bloch vector affect the state of the qubit. Because the Bloctinoves from noise only inp and 6,. Thus after the final
state is represented o variablesg and ¢, but noise pro-  pulse the state deviates frofs=0 by ( 62)=( ) +(67). For
duces rotations around tlieree axesy, ¥, andz, the effect a spectral density that is white, the phase noise grows lin-
of noise depends on the direction of the Bloch vector. If aearly witht [Eq. (12)] and can be described with a ragg
state vector has angkewith respect to a rotation axis, then =(aw10/a|dc)zs?/4. In this case the total decoherence rate is
rotations about that axis moves the vector a distance propogiven by y,= y,+ v4/2.
tional to sine. In particular, if the Bloch vector points along ~ These two examples illustrate that the decoherence rate
one of the axeX, ¥, or z, thene=0 and the noise corre- depends on the state of the qubit. The ground state is affected
sponding to that axis has no effect. Rotations from the twdvy fluctuations inf, and 6, , with each contributingys/2 to
remaining axes may be treated independently to first ordethe total decoherence rate. The superposition state is affected
when the noise is small. by noise in¢ and ¢, which gives a ratey,+ /2.

In a first example, we calculate the effect of noise on the Qualitatively, decoherence can be thought of as the devia-
ground state and its measurement. When the qubit is initiation of probability measurements from the ideal intended
ized to this state, in the absence of naise0 and the prob- outcome. From the examples in this section, decoherence can
ability to measure the ground state is fixegpgt= 1. Because be understood as fluctuations in the Bloch vector induced by
the Bloch vector is parallel to theaxis, current-bias noise at noise. Since the measured decoherence rate depends on the
low frequency has no effect on the state or the measuremenrdtate of the qubit, a more fundamental representation of de-
However, noise near the frequenay, rotates the Bloch coherence should directly describe fluctuations in the rota-
vector in bothd, and 6, moving the system away from the tions ¢, ¢,, and 6, .
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IV. DECOHERENCE FROM DISSIPATION proportional to the spectral density of noise at the negative
frequency— wg, Whereas the 40 rate is given by noise at

Calculations in previous sections assumed the circwihe ositive frequenc The ratio of these two rates are
model of Fig. 1a) with an ideal bias-current source of infi- P q Wio-

nite impedance. In an actual experiment, the finite impedg'ven by

ance of the bias-current source produces decoherence of the u

qubit from dissipation and its noise. The bias source may be S~ wl2m) — exp(— i w/KT) (20)
a complicated electrical circuit with many electromagnetic S w/21) '

modes. Because its response is typically liféave can de-
scribe it with a frequency-dependent admittant@w) as  which obeys detailed balance and thus gives occupation

shown in Fig. 1c). probabilities of the two states with the correct Boltzman
Quantum fluctuations in the bias current are included byfactor.

no longer considering the quantity(t’) in Eq. (8) as a The sum and difference of the spectral densities are
classical variable, but as an operator. Following the deriva-

tion of Ref. 17, the effect of quantum and thermal fluctua- S (w/2m)=S"(w/27)+ SN — w/27) (219
tions can be taken into account semi-classically with the

noise model presented in the last section, but with a noise =2%o cotantiZw/2k T)ReY(w) (21b
spectral density of positive and negative frequencies. We cal-

culate transition rates and phase noise, and show that dissi- =4kTReY(w) (hw<kT) (219

pation can be understood as a>D transition induced by
zero-point noise. We also consider the case of resistive disand
sipation and estimate the coherence time for typical junction

parameters. S(w/2m) =" w/27m) — S — w/21) (223
We first consider the current fluctuations from a sirge
resonant mode with no damping. The current-current corre- —2hwReY(w). (22b)

lation function for this resonant mode'fs
o T_he spectral densit$," (w/27) is the conventior_1al expres-
(I(t)l(0)>=—O(<cTc>e+i“’°‘+<ccT>e“‘”0t), (17)  sion for the total thermal and quantum noise, whereas
2L S,(w/2m) is the zero-point noise.
We calculate decoherence differently for fluctuations in
0y, 6y, and¢. For decoherence in thgdirections, fluctua-
tions in # change the amplitude of thi®) and |1) states,

wherewy=1/y/LC andc' andc are the normal creation and
annihilation operators. Equatigi7) can be rewritten, using
the  thermal-quantum  expectation  values(c'c)

— 1 expliwo/kT)—1] and(cch=(cTc)+1, as which implies energy has been. gxchanged with the environ-
mentY. The 0—1 and 1-0 transition rates can be computed

hwg ot with the spectral densities of the negative and positive fre-
(1(O1(0))= 7~ {[coth(+Fwe/2kT) + 1]e™ 0 quencies using the ratg, derived in the last section. The

_ 0—1 transition rate is proportional t&S(— wqy2m),
—[coth —Ahwo/2kT)+1]e"'*0'}.  (18)  whereas the 40 rate is proportional t0SM(w,q/27r)

Note that this correlation function has a different magnitude=Si" (— @1027) + Si(w/27). We can reexpress the effect of

at the positive and negative frequency. Using the Caideiraboth Of these rates with two new rates: a decoherence rate
Legget representation of dissipation, the admittai¢e) Y™ S'"(—w1g/2m) arising from thermal noise that is
can be constructed from a bath of harmonic oscillators with andependentof the transition direction, and a—10 decay
density of oscillation frequencies proportional to{Réw)},  rate y;=S;(w/2m) arising from zero-point noise that cor-
the real(dissipative part of the admittance. The spectral den-responds to dissipation. Replacir§ in Eq. (16) with

sity of the current noise is obtained by a Fourier transform ofS/"(— w1¢/27) andS;(w1¢/27), we find a decoherence rate
Eqg. (18) summed over all the oscillator modes, which gives

at positive and negative frequenciés ReY(w;0)/C

Yth= — (23
S w/2m) = hocothhw/2kT) + 1]ReY(w) (198 exXp(f 10/kT) —1
and a decay rate
- 2he ReY 19b
“ 1 exp—holkT)REY (@) (195 y,=ReY(w0)/C. (24)

The spectral density at negative and positive frequencie$he decay ratey, agrees with a conventional calculation of
corresponds to the emission and absorption of photons frorspontaneous decay of the) state'® The thermal decoher-
the admittanceY, as can be understood by the creation andence rateyy, is usually negligible because experiments typi-
annihilation operators in Eq.l7). The spectral density at cally operate at low temperatufie<# wqq/K.
negative frequencies corresponds to the blackbody radiation For decoherence i, no net energy is exchanged with
formula for a dissipative element. The{l transition rate is the environment becausggis constant. With no dependence
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TABLE I. Typical experimental parameters for a junction of ~ When considering how noise causes decoherence, it is
areaA that is used in this paper for numerical calculations. Leftuseful to categorize the noise for three frequency bands. At
column lists junction design parametésee Ref. J. Center column  |ow frequencies less thantt/10 MHz, decoherence arises
lists typical parameters when current biased in the quantum regimgrom phase noise produced by thermal and external noise. At
Right column lists estimates of experimental time-scales. intermediate frequenciestitb w,y/2, phase decoherence is
much less sensitive to noise becalégx 1/f2. Decoherence

A=100 yx m? wpl2m~6 GHz wlOt”VlE)z from guantum fluctuations is typically negligible unless for

lo=20 p A AU/ wp~4 fmt~10 some frequency range the damping is not small and

C=6 pF hwplkT~15 ReY/w,C=0.01. Finally, at the transition frequenay,

T=20 mK decoherence arises from spontaneous decay, and stimulated
emission and absorption.

on the transition direction, the spectral densfy( w/2m) is V. DECOHERENCE EROM A RESONANT CIRCUIT

used in Eq(109 to find the phase noise

Jwqo) 2 (w102 The procedures presented in the previous section can be
(¢ﬁ(t)>:(r) f df § (F)Wy(f). (25) used to calculate decoherence for an arbitrary admittance.
de/ JO Because the important characteristics of the admittance are
Environmental and spin-boson calculations have previousl{ften resonances, we calculate in this section the effect of
calculated the effects of dissipation on decoherérfcdeIn such resonances on decoherence. These results help the de-

the Appendix we show that this calculation for the phaseSigner to understand the requirementsyét») for good qu-
noise gives equivalent results. bit operation. We consider the case of a single resonance

We consider the case of a resistor environmeénrt1/R. ~ mode with resonance frequency far framo. For multiple
The decay rate of thil) state isy; = 1/RC. The phase noise Feésonances, the phase noise is summed from the results of

is calculated from Eq(25) to be the individual modes. _
A series resonant circuit has an admittaivgev) = 1/(Rg
) t fiw, IN(1.78801t) +iwlst+1iwCy), whereRg, Lg, andCq is the resistance,
(#n(H) ~3AU ﬁﬁ 37AU w,RC (26) inductance, and capacitance of the circuit. For a low fre-

quency resonances=1//L,Cs<w;y and low dampingRg
where we have used the formulas fep(l) andAU(l) to < L, we calculate from Eq(25)
find
1—coq wst)exp —tRy/2L )

2
2
<|n> 2(0)3/2)2 ’ (29)

(ﬁwlolmdc)zz(ﬂwplﬁldc)z (273 <¢r21>:(i(|od1:

—1/6CAU. (27b)

where(12) is the total noise in the resonant mode given by
The first term in{ ¢2) comes from thermal noise. Being pro-

portional to time, it gives a pha_se decohe_rence rﬁ'j;é_ ELS<Iﬁ)=EﬁwscotanmﬁwS/ZkT) (309
=(kT/6AU)/RC for a Ramsey fringe experiment that is 2 4

slower than the energy decay ratdeRO. The second term

(p2)?P Comes.from the zero-ptz)i;]; -noise, and vqries in time =1kT (haw<kT). (300)
only logarithmically. Becauségp;,)“" is not proportional td, 2

describing it with arate would be misleading. Instead, this
term produces an error probabilipy for Ramsey fringes that
is approximately constant over time. Using EG5b), we
calculate for ¢2)=(¢2)?" and small errors

The phase noise grows gsh2)=(dwo/dl4c)?(12)t? for
times less than the oscillation period of the resonahce
<1lwg. With the amplitude of the phase noise proportional
to t, the fluctuations can be understood as a change in the

Pe=1-p (284  'esonance frequencyl @1/ 9l 4o) (12)2 by the noise of the
€ 0 bias current.
2<¢2>/4 (28h) For timet>1/w, the phase noise does not grow larger
4.

because the change of the frequency is averaged over the

For the typical junction parameters listed in Table I, we cillating noise. The magnitude of the phase noise may be

find the decoherence rates from energy decay and thermO . . ; : _

phase noise arg;=1/RC and ytq';z 1/36(RC, respectively. ggtr:rgzt?gv?i{[tg: c;gng the casf) term, and usingop=w1o
Decoherence is clearly dominated by the energy decay rate

4. For a junction capacitance of 6 pF, a coherence time of o Lhog ol

10 u s requiresR=1.7 MQ . This magnitude of impedance <¢n>”—‘g AU oL cotanttfiod2kT). (3D

can be achieved using broadband inductive impedance ss

transformers. For these parameters, the phase noise fronA constant phase noise implies a constant measurement error.
zero-point fluctuations gives a error probability, Using Eq. (28b), its magnitude ispe~ 10 3(wo/ws) for
=0.llw,RC~ 1078 and thus is negligible. typical experimental parameters and realistic valued of
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such thatL4/L ;=100. Although small, this measurement er- We find that this phase noise produces a negligible measure-

ror may become significant if the resonant frequency is conment errorp,=5x10 ¢ for the experimental parameters

siderably beloww g or if there are many low-frequency reso- previously listed.

nant modes. Charge noise at frequenay; also produces stimulated
For a high frequency resonanees>w;q, the current emission and absorption at a rate calculated from(Eg). to

flowing through the junction is only a fractionugo/ws)? of  be ys=272S; (1 Hz)/Ch. We estimateys~ (0.7 ws) * us-

the total noise current. When combined with E81) and  ing the measured noise spectral density at 1 Hz. Because this

assuming kT<fiwig, we find p.=(fw,;y/24AU)(Lj/  calculation assumes noise is present at frequericiekT/h

Lo (w10/ ws)°. Because this result falls to zero rapidly with and extrapolates the fLhoise power over 10 orders of mag-

increasing resonance frequency, we conclude that resonanasisude in frequency, this rate is only a rough estimate and

higher thanw,o produce negligible decoherence. This resultmust be experimentally measured.

justifies the use ofw,¢/27 as the cutoff frequency in Eq. Phase noise also arises from critical-current and fldx 1/

(25). For the casevs= w1y, the effect of the resonant mode fluctuations. These noise sources produce an effective cur-

must be solved with a full quantum mechanical calculation.rent noiseS|1’f=S,O+S(b/L2 for our circuit, whereS, and

Sy are the experimentally determined spectral density of the
VI. DECOHERENCE FROM 1 /f NOISE AND SPIN-ECHO critical current and flux noise, respectively, ahds the in-
SEQUENCES ductance of the loop connected to the qubit junction. For a

R HQl/f _ ok H
Because actual experimental circuits havieridise that at noise spectral densitg; "(f) =S (1 Hz)/f, the phase noise

low frequencies far exceed the thermodynamic noise consid®

ered in Sec. IV, understanding and predicting this decoher-

ence is crucial in order to optimally design Josephson qubits. dwyo 2 [wrg2r  SF(1 H)

We first consider ¥/ charge noise, which should produce (qﬁﬁ(t)):(l—) f dffwo(f) (333
small phase noise but potentially gives significant amounts HNac) J1

of decoherence from stimulated emission and absorption. We

next consider critical current and fluxflhoise, which pro- (aw
10

A ge

duces phase noise. We calculate that the phase noise for spin- ~

2
_ _ ) Sf(1 Hz)In(0.401f ,t)t? (33b)
echo and Rabi sequences is much less than for the Ramsey

sequence studied previously. Finally, we numerically esti-

mate decoherence fromflhoise using magnitudes of the .

noise obtained in the literature. Althoughf Hoise is poten- _S' (1 Hz)L, In(0.401f 1)
tially the dominant source of decoherence, we argue that its AU 6
effect can be made negligible by using spin-echo types of

sequences. .
q ; . . . wheref ,, corresponds to the frequency of the entire measure-
Experiments on single-electron-tunneling devices have

. ; . : ment and gives a low-frequency cutoff. Apart from the
shown that tunnel junctions producef tharge nois& with . . S
a spectral densitﬁq(f)zsg(l Hz)/f. The magnitude of slowly varying logarithm term, the phase noise is found to be

. . . o P A proportional tot? and thus can not be understood as a rate.
this noise typically isS; (1 Hz)=(10""e)* for a junction

’ 3 ] _ Instead, it is better understood as a change in oscillation
with area 0.01u m“. The spectral density of the noise Scalesfrequency for every repetition of an experiment.

as the area of the junction because the size of a junction is pgcoherence from phase noise can be redubgdper-
much larger than the characteristic distance of the charggiing the qubit so that drifts in the oscillation frequency are
fluctuations, typically an atomic dimension, causing the fluc-cgncelled out. The method is analogous to spin echo in

(w1¢)?, (3309

tuations to add incoherently. N _ nuclear magnetic resonance, or lock-in techniques that are
The qubit considered here is sensitive to current NOiS€sommonly used to reduce the effect of Hoise
. . . q . . N
which is related to the charge noise by5(f) For spin echo, the sequence of control pulses &e

=(2mf)?Sy(f)=(2m)?fS} (1 Hz). With spectral density = (0,7/2,0), wait for timet/2, &,=(0,7,0), wait for time
proportional tof, Eq. (26) is used to calculate phase noise. t/2, thené,=(0,7/2,0). This is similar to the Ramsey fringe
This integral should have a cutoff frequeneykT/h if the  sequence except for an additional control pulse at tifge
charge fluctuators are in thermal equilibrium. However, bethat interchanges the stat{® and |1), thus reversing the

cause experiments are consistent with diiarge noise that |ow-frequency drift. The phase noise for this sequence is
extends to frequencies as highagy/2,?* we calculate the

phase noise as

dwqg t/2 t
dwrg)? [wrd2m ¢n<t>=r(f dt’ln(t’)—f dt'lnw)). (34
(on=| 2 ) f df(2m)?fS; (1 HoWo(f) (328 de | /0 vz
dc 0
. The mean squared amplitude of the phase noise may be
_ Sp(1 Hg)/C 2 found using Eq(100), but with a spectral weight for the spin

3IN(1.788014). (32b)

AU echo sequence given by
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10° ‘ , TABLE II. Table of<¢>ﬁ(t)_)/(¢ﬁ(t)>a for six values ofN, nu-
merically calculated for ¥/noise, and the spin echo and Rabi pulse
= sequences. Numerical values close to one confirm (B§). is a
% good approximation.
s
=107 N 1 2 3 5 10 100
3;;_ SpinEcho 1386 1.204 1.121 1.040 0.962 0.869
» Rabi 1397 1266 1.204 1143 1.085 1.013
10"

echo sequences both giye23(t))=(dwqo/dl 4o)>S't/2. The

Rabi sequence gives a result 1/2 as large because the low-
FIG. 3. Spectral weight functions vs frequergyplotted fort  frequency noise affects the Bloch vector less during the time

=1 and four control sequences described in text: Rarv¥gy N the vector points in th direction. For 1f noise, because the

=1 spin echONsg;, RabiWg, andN=10 spin echdNsgso. spectral-weight function peaks at frequenty=N/t, the

phase noise is well approximated by

t/2 L t ]2
WSEl(f): J’ dtrel277ft _ dtreIZTrft
0 t/2

(353 (BA(1))a=(9w10/ 1 40) 2 (f,)1/2 (39)

for the spin-echo sequence, and 1/2 this expression for the
siré(wft) Rabi sequence. This expression is identical to the results for
:tarﬁ(”ft/Z)W' (35D white noise but with the noise spectral density being evalu-
ated at frequency,. This result agrees well with that ob-
Comparing this result withVy(f), we find that the additional tained from numerical integration, as shown in Table II. Note
term tarf(wft/2) renders the phase noise insensitive to lowthat the phase noise is slightly larger than the approximate

frequency noise. We calculate for a generalization of the spimesult for the Rabi sequence because of the decreased har-

echo experiment usingN—1 7 pulses monic content in the spectral weight function. Because the
2 phase noiseéqsﬁ(t))a increases linearly with time, the deco-
sinf(arft) herence can now be described with a rate.
Wsg(f)=tarf(wft/2N) (mf)2 (36 When the noise spectral density i 16pin echo or Rabi

sequences significantly reduce decoherence as compared to a
wheret is the time between the twe/2 Ramsey pulses. In Ramsey sequence. In contrast, there is no difference between
Fig. 3 we plot the spectral weight function for the case of nothe sequences when the noise is white because the noise
spin echo as well as with spin echo fid=1 andN=10. s uncorrelated in time. Comparing E@®8) with Eq. (330,

This figure shows that the spectral weight functions for spinye find the phase noise is lowered with spin echo by a factor
echo are no longer sensitive to noise at dc and very lowN In(0.401f ,t), which is a large factor-26 even forN
frequencies, but are mainly sensitive to noise at the fre=1.
quencyf, =NI/t. We use Eq(38) to estimate the coherence time of a quan-
Rabi oscillations are also insensitive to low-frequencytum computer under the assumption that the operation of the
noise. They are observed with a pulse sequence consisting @émputer will incorporate pulse sequences that interchanges
a microwave pulse of frequenay,;, and duratiort with an  the qubit states in order to reduce the effect of low-frequency
amplitude such that=(0,27N,0). The calculation proceeds noise. Additionally, since the spectral weight functions peaks
similarly as for spin echo except that the noise moves thet the frequencyf,=N/t, the frequency dependence of the
Bloch vector out of th&-§ plane, andp, now represents the noise spectral density can be measured with the spin echo
magnitude of the Bloch vector in thg direction. The pre- and Rabi pulse sequences. This experiment would verify if
diction for phase noise is similar to previous results but has #he dominant decoherence mechanism fsribise and mea-
spectral weight function sure its magnitude.
In Table Il we list our estimates for the phase decoher-
(373 ence rates from published values of thé hbise. Experi-
ments have shown that the critical-current néiseas S,

t o 2
WR(f)=’ fodt’e'z’”‘ sin(27f,t")

ff zsinZ(ﬂ.ft) TABLE Ill. Table of phase noise and decoherence rates for two
=\ 5 (37b) types of 1/f noise. Scaling with junction area A is also listed. A spin
fr—f (7rf) echo frequency of Tz has been assumed.

This spectral weight function has a shape comparable to th](_a/f noise
spin-echo function, but has smaller harmonic weight.

Decoherence for the Ramsey, spin-echo, and Rabi pulsg (t/14 ps)? (48 ms) ! A23
sequences may be evaluated and compared for white &nd 16 (1/50 us)? (620 ms)'* AL
noise. For constant spectral dené’fﬁl, the Ramsey and spin

Ramsey( $2(t)) Spin echo,y, Scaling
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:30(1 Hz)/f, with Sro(l Hz)= (10 ©1,)2 for a 100 m? SL:]pterimposed on a noise background that is Gaussian and
white.

f a Ramsey experiment is performed during the time
when the telegraph noise is not active, then the state evolves
in the normal way. An average over such events gives the
6 A2 2 . . usual decay of the state probability. But if the experiment
Iga(wln%e;oz‘ri(n%; g?peKr)i r‘i] fe' mlfb%t(lgt;cf((t";’f?ﬂpsr)ezd'c\;[vshé?éai overlaps with a telegraph fluctuation, then the fluctuation

: . n ! adds noise to the phase. For simplicity, if we assume large
Eq7. (38) gives for a spm-etﬁm sequgrlme with frequencyrandom telegraph fluctuations, the phase noise becomes large
10" Hz a decoherence ratg,=(48 ms) =. Measurements enough to randomize the individual state measurements
on flux noise has show8,= S%(1 Hz)/f, whereS}(1 Hz) g . '
~(5X10%D,)? does not vary greatly with inductor value When both the Gaussian and telegraph events are qveraged
or temperaturé?523 Flux nois@-2 gives forL=3 nH a tqgether, we expect a measurement of the Ramsey fringes to
spectral current densitg,(f)=(5x 10" 6d)2/(3 nH)yf, ~ 91Ve the usual state decay but with reduced amplitude.
We predict for a Ramsey fringe experimerﬁtﬁz(t» This rgducUon.m. magmtud'e is an interesting prediction
~(t/50 11 S)2, whereas we findy,,= (620 ms)* for anspin- because it can mimic Ioss. of fidelity from the statg measure-

' 741)162. These estimations in- ment. These two mechanisms probably can be distinguished
only with careful experiments.

area junction at 4 K. The parametﬁ;l‘o(l Hz)llg has been

found™ to scale inversely with junction area and proportional
to T2 down to at least 100 mK. We estimate for the junction
parameters of Tabl I a noise  S/(f)

echo sequence with frequency
dicate that 1f noise should not be a significant limitation for
coherence if logic operations use spin-echo type sequences.

We can also estimate how decoherence changes with
junction areaA. The junction parameters should be scaled as VIil. SUMMARY AND CONCLUSIONS

CorA and oA if we use the condltlpn'thaA.U and w, We have calculated the effective two-state Hamiltonian
i:ﬁicr;?.lgufr%?tt%gtngfh Oihta;]r;g_es A: This |rr|1plles$\t12;t Athe for the current-biased Josephson junction, and have shown
. . y junction scales aill. AS = yat g qubit state can be fully manipulated with the control
discussed previously, the decay rate due to dissipation of the o
environment isy,=ReY(w,)/C. Because the impedance f:urrents. Noise in the control currents produces decoherence

transformation of R¥ is inversely proportional to the square f[?] thelqtgb|t, W'thl r:_msebatt mlcrot\;]vave fre?juené:les iﬁzct'tn?
of the critical current of the filter junctidnand its critical- € refative popuiation between the ground and excited state,

current scales with the qubit area, we figgc A7 The and noise at low frequency affecting the phase of the state.
decoherence from charge noisesé(l Hz)/C, which im- The finite impedance of the current bias produces decoher-

plies that there is no dependence on area. For critical curreff’¢€ in @ manner that can be calculated semiclassically by
noise, the decoherence scaleSag1 Hz)/CxA?3 Because appropriately adding thermal and zero-point noise.
0

fl ise is ind dent of iunct ¢ its decoh There are several advantages to calculating decoherence
UX noIse IS Independent of junclion parameters, 11S deCone,, \,gise Noise calculations give a physical understanding
ence is proportional to &. Since decoherence can either

. . . . to the origins of decoherence, and may be easily extended to
increase or decrease with area depending on the meChamSmCIude arbitrary admittance, noise spectral density, manipu-
its proper optimization depends on the exact numerical val- y S €sp % P
ues of the circuit, its impedance transformer, and noiséat'on sequences, and noise statistics. Because decoherence

sources. The present junction parameters can be further offSPENAS ON @ measurement sequence, a precise representa-
ion of decoherence must describe fluctuations in the rota-

timized after we experimental measure and confirm ho

these noise mechanisms affect decoherence. tions ¢, 6, and ). , _ ,
Decoherence from spin echo and Rabi sequences is much

less sensitive to low frequency noise than Ramsey se-
quences. We have derived an approximate decoherence rate
that shows for spin-echo sequences the appropriate noise
Decoherence calculations typically assume a Gaussiaspectral density is evaluated at the manipulation frequency.
distribution of the noise. Because this assumption may not b&/e estimated decoherence rates for the current-biased Jo-
obeyed for 1f noise in Josephson junctions, we present insephson junction systems using experimental values of
this section a qualitative analysis that may be useful for incharge, critical current, and flux fLhoise. These rates indi-
terpreting experiments. A non-Gaussian source can affect @ate that this system is a good candidate for a solid-state
Ramsey fringe experiment in a way that is qualitatively dif- quantum computer.
ferent than described earlier in Sec. Ill. An increase in coherence motivates the use of spin-echo
Noise sources are typically well described by Gaussiartype sequences for logic operations in a quantum computer.
statistics because the noise is averaged over a large numbEnese sequences may also be used to directly measure the
of fluctuators. However, individual fluctuators can be ob-noise spectral density in these qubits.
served in Josephson junctions, particularly submicrometer Noise theory calculates decoherence in a clear and physi-
area device$>?°A single fluctuator can produce sudden andcal manner, and is especially useful in superconducting sys-
large changes in the noise signal at random times, and i®ms because there is much experience understanding and
often described as “random telegraph noise.” For simplicity,predicting the noise performance of devices with noise
we consider the case of a single random-telegraph fluctuatonodels. We hope that this approach will be used to better

VIl. DECOHERENCE FROM NON-GAUSSIAN NOISE

094510-9



MARTINIS, NAM, AUMENTADO, LANG, AND URBINA PHYSICAL REVIEW B 67, 094510(2003

understand and predict decoherence in other superconducting (ell¢(0= 20y = [4(1) = 401 #(0) = IV

qubits, as well as for other solid-state qubit systems. )
Note thatJ(t) is calculated exactly as for tH&(E) theory of

the environment® and the real part ofl corresponds to
phase fluctuations. From the environmental thdese Egs.

We thank J. Clarke, R. Schoelkopf, D. Esteve, and M.(1) and(2) of Ref. 10, we find
Devoret for helpful discussions. This work was supported in do ReZ\(v) "
part by the NSA under Contract No. MOD709001. __ 4 [79e ReLlw hoy o

Re{J()} 4 e —RK t KT [1—coq wt)].
APPENDIX: ENVIRONMENTAL CALCULATION OF THE (A1)
PHASE NOISE This equation can be rewritten as

We compare here our results for phase noise with previ- ) .
ous calculations based on standard quantum calculations of ReJ(t)} = _(E) fwd_ws$(wlzw) sin( wt/2) A2)
the environment and spin-boson models. We are mostly con- h) Jo2m 12)2 '
cerned with comparing the form of the phase-noise integral o
and checking that quantum noise is included properly. CalVhere the voltage spectral density is
culations for the Cooper-pair box system give slightly differ- Lo
ent formulas for the phase fluctuations since they are sensi- S\J;(wlzq-r):2hwReZt(w)cotanr(W). (A3)
tive to voltage fluctuations from the environment.
As in Sec. lll, dephasing from the environment is calcu-This result is identical in form to Eq25). Equation(4.17) of
lated from the correlatofe'l#®~ ¢y 'where¢(t) is given  Ref. 2 gives the same corresponding integral for the phase
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