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Two impurities in a d-wave superconductor: Local density of states
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We study the problem of two local potential scatterers idrveave superconductor, and show how quasi-
particle bound-state wave functions interfere. Each single-impurity electron and hole resonance energy is in
general split in the presence of a second impurity into two, corresponding to one even parity and one odd parity
state. We calculate the local density of staleBOS), and argue that scanning tunneling microsc¢gyM)
measurements of two-impurity configurations should provide more robust information about the superconduct-
ing state than one-impurity LDOS patterns. In some configurations highly localized, long-lived states are
predicted. We discuss the effects of realistic band structures, and how two-impurity STM measurements could
help distinguish between current explanations of LDOS impurity spectra in the BSCCO-2212 system.
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[. INTRODUCTION light on the origins of superconductivity itself.
On the other hand, a more conventional but still fascinat-
The study of isolated pointlike impurities idkwave su- ing explanation has been put forward by Hoffmenal,*®
perconductors began with the observation that the scatteradho argue that Friedel oscillations related to quasiparticle
wave pattern probed in tunneling experiments should inheriscattering between nearly parallel sections of the Fermi sur-
the fourfold symmetry of thel-wave staté. It was pointed face can lead to the observed checkerboard patterns, which
out shortly afterwards by Salkolat al,? following earlier correspond to well-defined dynamical peaks in momentum
work on the analogous-wave problem by Stampthat qua-  space. These general remarks were followed very recently by
sibound resonances should occur near strongly scattering ing- calculation by Wang and L&estudying the Friedel oscil-
purities. Both the resonance energy and the details of thgytions of a single impurity in al-wave superconductor in
spatial structure of the resonant wave pattern depend senshomentum space. These calculations support the idea that
tively on.electron c_orrelafcions a|_1d alarge body of theoreticalyhat STM is seeing is primarily the effect of quasiparticle
work exists exploring this relatllonshi‘pAss.,ummg that the \ ave functions interfering with one another in a fluctuating
important dgtalls of the scatterlng potential are underStOOddisorder field on al-wave superconducting background.
_careful s_tud|e§ of the _Iocal de_nSIty of stalkDOS) near Studies of trueinterferenceof quasiparticle wave func-
isolated Impurites provide a u_mquely powerfL_JI probe of thetions in the presence of more than a single impurity are rare,
superconducting state. Experimentally, the hlgh—temperaturﬁowever Numerical solutions of the manv-impurity problem
superconductors, notably Br,CaCyOg, s (BSCCO, have . P : y-impurity pro
ield little insight into the mechanism of interference itself.

been examined with sensitive scanning tunneling microscop o . L )
(STM) techniques. Images of the local environment of n principle, the problem of two impurities is the simplest
impuritie$'® have confirmed the existence of quasi-bound®n€ which displays the interference effects of interest for the

states near strongly scattering impurities like Zn, but havér€Sent problem; we study it here in order to understand
led to new questions regarding the microscopic model fo,yvhethe.r thg'STM analysis qf isolated impurity resonances is
impurities and the superconducting state itself. indeed justified, and to test if the scenario proposed by Hoff-
Other types of inhomogeneities not directly correlatedmanet al® is tenable in the presence of interfering Friedel
with impurity resonances have been discovered by STMscillations. There is a small amount of earlier work on two
measurements on the cuprates. These include the observatiapurities in ad-wave superconductor, most of it also nu-
of large, quasibimodal nanoscale fluctuations of the supernerical. Onishiet al'® solved the Bogoliubov-de Gennes
conducting order parameter, together with spatially corre{BdG) equations and presented a few local density of states
lated variations of the electronic structure and lifetiffe. profiles for two impurities. In a work philosophically related
More recently, the observation of checkerboard patterns imo ours, the interference of bound-state wave functions in the
the LDOS of vortex corésand in inhomogeneous samples in fully disordered system was discussed by Balatsky in the
zero field® in BSCCO has led to speculation that antiferro- context of supression of localization effects due to impurity
magnetic phases can be formed in regions where supercoband formatiort® Micheluchi and Kampf have recently ex-
ductivity is supresset:. A good deal of subsequent theoreti- hibited numerically how impurity induced bound states ac-
cal work on the competition betweend-wave cumulate at low energies, and argued that the impurity band
superconductivity and various exotic order paraméfdras  at low energies could be studied from this perspectiviei-
excited the highF, community with the suggestion that nally, during the preparation of this manuscript, a paper by
STM measurements could be revealing the presence of conMorr and Stavropoulos examined the two-impurity problem
peting magnetic or other exotic subdominant order, sheddingiith particular emphasis on predictions for cuprate STM
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studies'® We comment throughout the text on comparisonsFermi level, and which have distinctive spatial pattets.
with these previous works. the second point of view, additional physics arises from the

We begin in Sec. Il by reviewing the solution to the local disruption of the strongly correlated ground state by the
single-impurity problem which has been studied by severaimpurity which is predicted to break singlet correlatidfg®
authors. In Sec. Ill, we setup the formalism for the two-nucleate short-ranged antiferromagnetic ofdef® or spin
impurity problem and give the exact solution for the fluctuations associated with a nearby phase transitiéh.
T-matrix, as well as a simplified form for some special casesPerhaps the strongest motivation for this point of view is the
In Sec. IV, we discuss the dependence of the resonance splithservation of local moments near Li and Zn impurities in
tings on the orientation and magnitude of the interimpuritythe superconducting state of underdoped yttrium barium cop-
separationR. The resonant energy splittings are argued toper oxide (YBCO), as observed in NM#2° experiments.
give important information which is qualitatively different For the STM experiments, the basic question is whether the
from that is obtainable from one-impurity resonance enerspatial structure which is observed at low energies is effec-
gies; in particular, they allow one, in principle, to map out, tively the result of BCS quasiparticles scattering from a
by repeated measurements of energies for impurity configushort-range potentiali.e., Friedel oscillations or requires
rations at separatioR, the spatial structure of the homoge- consideration of local correlation effects.g., spin-density
neous superconducting Green's function. Starting from twavave formatioR’) or dynamical effect$kondo physics°
widely separated impurities witR>¢,, where¢, is the co- One notable feature of the STM experiments on Zn-doped
herence length, we then give analytical solutions for thesamples of BSCCO is that only a single, negative-energy
splittings which exhibit explicitly the strong dependence onresonance with a resonance energy=of 1.5 meV is seefi;
the direction ofR due to thed-wave nodes. Impurities lo- the predicted impurity-induced resonances come in mirror
cated along a 100 axis interact very weakly fee &, pairs as a consequence of the particle-hole symmetry of the
whereas configurations near 110 relative orientation lead teuperconducting state. A further inconsistency is the fact that
strong hybridization. a large LDOS is observed on the Zn impurity site; the strong

In Sec. V, we begin by discussing the simple quantum+epulsive potential which Zn is believed to possess must nec-
mechanics problem of how bound eigenstates with two scatessarily allow little or no electron spectral weight at the im-
tering centers are constructed from the eigenstates of onpyrity site. One appealing explanatiori is that the mea-
and show how these states may be classified. Of four statesired LDOS of the Cu©planes is in facfiltered by an inert
which arise from the single-impurity particle and hole reso-surface layer, leading to an apparent redistribution of spectral
nances, two are spatially symmetris) { and two antisym- weight in the tunneling LDOS. With this mechanism, one
metric (p), one on each side of the Fermi level. The energycan simply understand the LDOS without introducing strong
ordering of these states, as well as the crude qualitative ircorrelation physics. We note, however, that while this
terference patterriconstructive or destructiyedepends on mechanism explains the observed LDOS for Zn impurities, it
the configuratiorR in a predictable way. The local density of is problematic for both Ni impurities and Cu vacancies,
states is then calculated and plotted for several cases to illughich are consistent with the quasiparticle picture without
trate the spatial dependence of the resonant state wave funigvoking a filtering mechanism(To date, there is no con-
tions. Spectra on individual sites reveal unexpected phenomvincing model which has explained the spatial distribution of
ena: in certain circumstances the one-impurity states, whickthe LDOS in all three casg€One of the goals of this work is
become sharper as they approach the Fermi level due to ttie study the effect of the filtering mechanism on the resonant
coupling to the linead-wave continuum, interfere to create structure of two closely spaced strongly scattering impurities
localized, extremely sharp states located at energies quite faithin the quasiparticle point of view, providing a more rig-
from the Fermi level. In Sec. VI we discuss the situation fororous test of the quasi-particle-plus-filter mechanism for Zn
a more realistic band characteristic of the BSCCO-2212 sygmpurities.
tem on which impurity STM studies have been performed. The BCS Hamiltonian for a pure singlet superconductor
The trapped quasiparticle states are still found, and a dysan be written as
namical resonanance criterion depending on the exact Fermi
surface and impurity orientatioR is identified.

Finally, in Sec. VII we present our conclusions and dis- Ho=>, ®}(er3+Axr) Dy, (1)
cuss the implications for STM experiments and other aspects k
of the disordered quasiparticle problem.
Wheredbkz(cklcim), is a Nambu spinor. In this work we
will consider several forms for the dispersiep. Analytic
results are presented for a parabolic baperk?/2m, with

In broad terms, there are two distinct points of view correspondingd-wave order parameteX, = A ,,,c0S 2p (¢
which have evolved regarding the localized scattering resois the angle in momentum space whicimakes with the 100
nances observed by STM on the surface of BSCCO-2212. Iaxis). Numerical results are presented for a simple tight-
the traditional quasiparticle picture, one simply calculates thdinding modele, = —2t(cosk,+cosk ) —u and for a realistic
scatteringT-matrix for noninteracting BCS quasiparticles in six-parameter tight-binding model proposed by Norman
a d-wave superconductor and finds a pair of resonancest al.,* both having the correspondirdywave order param-
which are approximately symmetric in energy about theeterA,= Agy(cosk,—cosk,). Note the maximum value of the

II. SINGLE-IMPURITY PROBLEM
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order parameter in the lattice system with the current conalong the real axis. Only when the real p&t approaches
vention is 22,. The matricesr; are the Pauli matrices. the Fermi level does the damping become sufficiently small
The Hamiltonian of a single on-site impurity &0 may  to allow one to speak of a well-defined resonance in this case
be written asHimp= Sy Vo®L73® s ,where Vo is the  the real part)’ approaches the solutiod; of R S.]=0
strength of the impurity potential. The Green's functionfor » on the real axis. For this reason the “resonance en-
Gk (w) in the presence of the impurity is expressed inergy” is usually taken to bél, , as given, e.g., in Eq4a
terms of Green’s functioné(k)(w) for the pure system for the particle-hole symmetric case. It is important to keep
Gk, 0) =6k, 0) S + GOk, 0) T(0) EOUK, 0), in mind, however, that the definition becomes meaningless as

as :
where the. svmbol indicates a matrix in Nambu Space Thethe bound-state energy moves far from the Fermi level; for
solution is y pace. example, the apparent divergence of Etp asc— 8/ is

artificial, since no well-defined resonant state exists by the
time Q) is a significant fraction of the gaf,. It should also

be noted that the generalization of this resonance criterion to
more complicated situations, where the denominator does
not factor, is not straightforward.

N2 Even if the energiesof the particle and hole resonant
Ta=Vo(c=Gy)/(S,S.), @ states are symmetric, thespectral weighton a given site
whereG, and G5 are ther, and 73 Nambu components of may be quite different:* The finite impurity potential acts as
the integrated bare Green’s functiahGO(k,w). This ex- & local breaker of particle-hole symmetry, leading in the case

-’I\-:ToT0+T373,

To=V§Go/(S.S.),

pression has resonances when of repulsive potential to a large peak gifr, ) at the impu-
rity siter=0 at negative energholelike statesand a small
S.=1-Vy(G3F+Gq)=0. (3)  feature at positive energgelectronlikg, as seen in Fig. 1.

The impurity-induced LDOS decays as? along the nodal
directions(for the particle-hole symmetric systgmand ex-
onentially along the antinodes. The LDOS in the near field
more complicated, however: the nearest-neighbor sites
have peaks at ), with the larger spectral weight &t .
In the crossover regime~ ¢&,, the LDOS is enhanced along
i _ . ¢ the node direction for holelike states, but is spread perpen-
= —if(d¢f2m)w[w?~ Ag]" M which for low energiesw dicular to the node direction for electronlike states. These
<Apay takes the formGO(“’)z_(ﬁ“jr/AmaQ(ln 4Amad®  gpatially extended LDOS patterns are the fingerprint of the
+i). One may then solve R8..(w+i0")=0 and estimate jmrity-induced virtual bound states. In Fig. 1, we illustrate
the resonance width on the real axis. In the case of strong {he | DOS pattern expected for both particles and holes for a
scatteringc<N,, the resonance enerdy, and scattering resonant state close to the Fermi level. Results are obtained

Note that in a simple band WNyVy)=c/(7Ny) is the co-
tangent of thesswave scattering phase shiffy, whereNg is
the density of states at the Fermi level. In the special case
a particle-hole symmetric syster@;=0 and the resonance
energy is determined entirely b8y, which is given in the
case of a circular Fermi surface byGy(w)

ratel” are with a simple half-filled tight-binding band, €,
- eA = —2t(cosk,+cosky), and unless otherwise specified all en-
ng_—o (4a) ergies are given in units of the hoppihg
2 In(8/mrc) At the present writing, the LDOS pattern produced within
) the simpleT-matrix theory for a single strong impurity, while
. m CAg (4b) fourfold in symmetry, does not agree in detail with STM
T 41n%(8/mc)” experiments on Zn impurities and native planar def@ttss

not currently clear whether this is due to a failing of the
microscopic impurity model, e.g., failure to include strong
carrelations in the host or magnetic degrees of freedom or
Whether a relatively trivial tunneling matrix element effect

This result was first obtained by Balatsky al. following
earlier work on thep-wave analog problem by StanipNote
that the resonance becomes a true bound state only exactly

the Fermi level} =0, whenc=0; for finite ¢ .thire are o revents direct observation of the simple pattern by STM.
resonances whose energies are symme_ﬂlé,——.ﬂo N For the moment then we consider only the simplest two-
this approximation. As seen from E¢B), in particle-hole  jmnyrity model possible, recognizing that direct application

asymmet_ric systemsx3#0), the resonance i§ tuned tO.Sit at ¢ experiments awaits a resolution of the discrepancy at the
the Fermi level for some value of the impurity potenti&)  one-impurity level.

which is not infinite, so the term “unitarity{as used in this
work, Qy,=0) and “strong potential” {,—) are not
synonymous:-3¢

The ambiguity in defining the resonance energy precisely
arises already at the level of the one-impurity problem. We now introduce the formalism necessary to study the
Equation(3) is in fact an equation for a complex frequency interference between two resonances of the type discussed
w, which may be shown to have no solution in the upper halfabove when two identical impurities are brought close to one
plane. Thus thel matrix has no true pole at any=Q’ another. The perturbation due to two identical impurities lo-
+iQ" in the complex plane, but only a maximum which lies cated at position®, andR,,, is given by

lll. T MATRIX FOR TWO IMPURITIES
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- FIG. 1. (Color online Sum-
0.02 : "d mary of LDOS results for one-
. ® impurity problem on a tight-
0_02 _0‘1 0 0.1 0.2 © -0.2 -0.1 0 0.1 0.2 b|nd|ng Iattice, A0=O.l, M
& (b) =0V,=10, |Qg]=0.013: (@

LDOS vs w on the impurity site;
(b) LDOS vs w on nearest-
neighbor site;(c),(d) LDOS map
at resonance =g and o
=(), . Color scales irc) and(d)
are relative to the nearest-
neighbor peak heights shown
in (b).

. . where 7o is the Pauli matrix. In Sec. Il we showed that,
Himp=Vo > ®ra®;, (5 provided the resonance energies are distinct, peaks in the
i=I,m . .. .
total density of states correspond to minima of Theatrix
where @iz[cﬁcu]. By iterating the procedure for the denominator,
single-impurityT matrix with two impurities present we find, B ~0 - ~0 A
in a 4X 4 basis of spin and impurity site labéls, D=def1-G(~R,0)T(0)G(R,0)T(w)]. (9

A o A Explicitly, D=D,D,/(S2S?) with
. B fT) fTIGAR) T I
Tim(w)= HEY-R)T, i . (6 D=D]D; +V3Gi(R,0),
whereR=R,—R,, and whereT,,T,, are the single-impurity D,=D; D3 +VeGi(R.w), (10
T matrices associated with the two impurities. For identicalwhere
impurities, T,=T,,=T(®), the single-impurityT matrix de- .
fined previously. The quantitf is defined as D =[17VoGs(0.0)=VoGo(0.0)]

. . ~ . R +(—=1)*Vo[ FGo(R,w) +G3(R,w)]. (11

f(0)=[1-G%~R,0)T|(0)G%R,0)Tm(»)]™*, (7)

The factorsD;, D, determine the four two-impurity reso-
where G(R,w)=3exfdik-R]GY(w) is just the Fourier nant energies. Her&,(R,w) is the 7, component of the
transformation ofG%(w), the unperturbed Nambu Green's intégrated bare Green's function
function. For systems with inversion symmet6°(R,») 1
=G%—R,w). Note that in Eq.(6), the physical processes Gu(R,w)= ETr(TaGO(R:w))- (12)
are clearly identifiable as multiple scatterings from each im-

purity | and m individually, plus interference terms where  For completeness, we also give the explicit form of The
electrons scatter many times betwéemdm. In k space, we  matrix itself,

can write theT matrix in the more usual 2 2 notation as

. 2V, -
e*ik"ero Ty (w)= DlDZ[cos{k~R/2)cos{k’~R/Z)Ms(w)

T (0)=[e* Rirge! Fnro Tyl 0 T (®) )
e mTo +sin(k-R/2)sin(k’-RI2M ()], (13
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FIG. 2. Two-impurity resonance energié)sfz>0 Vs impurity FIG. 3. Two-impurity resonance energiﬁs;gt>0 VS impurity

separatiorR/(y/2a) for R[(110), u=0, Ag=0.1, Vo=10. Solid  separatiorR/(a) for R[(100), x=0, A;=0.1, Vo= 10. Solid line,

line, upper two-impurity positive resonance energy; dashed lineupper two-impurity positive resonance energy; dashed line, lower
lower two-impurity resonance energy; upper dashed-dotted linetwo-impurity resonance energy; upper dashed-dotted line, reference
reference one-impurity resonance enefdy(V,). Lower dashed-  one-impurity resonance ener@y; (Vo). Lower dashed-dotted line,
dotted line, one-impurity resonance energy for double-impurityone-impurity resonance energy for double-impurity strength
strength Qg (2V). Symbol indicates resonant chann€l,=Q;  Q/}(2V,). Symbol indicates resonant channéh=Q;>0; *

>0; *=0,>0. =0;>0.

where When two identical impurities with resonance energies

) O, ,Q4 are brought together, the bound-state wave func-

A tions interfere with one another, in general splitting and shift-

ing each resonance, leading to four resonant frequencies
Q7,07,Q,, andQ, , where the subscript indicates which
factor in Eq.(11) is resonant. If splittings are not too large,

) . (14 the electron and hole resonances are related in a similar way
as in the one-impurity problemQ;=-0Q; and Q,

+ : : ,

In certain special configurations, e.g., if the two impurities = ~{!2 - Again the weight of each resonance may be quite
are located at 45° with respect to one other, it is easy tdlifferent or even zero on any given site. A large splitting may
check thaiG,(R,»)=0 V R. In this case the entire resonant 0€ taken as evidence for strong hybridization of quasiparticle

denominator factorize®="D, . D;_D,.D,_ . TheT matrix  Wave functions. If we take the interimpurity distanReas a
then takes the simple diagonal form parameter and keep impurity potentials and other parameters

fixed, there are two obvious limits where this splitting van-
ishes. In the case of separati®+0, the two impurities

. D, D, G1(R,®)VoDy
Gl(le)VODI _DEDl

S

N DD, —G1(R,0)VyD,
| =Gy(R,w)VyD, ~D;D,

- R , Ryl 7+ T_
Tir(@)=2Vocos| k- = cos| k' o || 5—+ combine (mathematically to create a single impurity of
- T strength %/, so bothﬂf2 approach theé), (2V,) appropri-
) Ry [ R\l 7y T_ ate for the double-strength potential. In the case of infinite
+2Vesin| k- |sin k- = D, Dyl separationR—o, we must find Q;, approaching the

(15 Qo(Vo) appropriate for isolated single impurities.

WhefETiE(T3i 7'0)/2. A. Gas model
Equation(9) is a general result for twé-function poten-
tials embedded in a host described by an arbitagy We
Measuring bound-state energies of impurity resonances iwould like to derive analytical results for the resonance en-
STM experiments allows one to obtain information on impu-ergies obtained therefrom to get some sense of the appropri-
rity potentials, and has the virtue of being independent of thate length scales and symmetries in the problem. At large
STM tunneling matrix elements. On the other hand, resodistances, the resonance energies must approach the single
nance energies of isolated single impurities provide no inforimpurity values, so the splittings can be calculated perturba-
mation on the spatial structure of resonant or extended statavely. To do so one must first obtain analytical expressions
electronic wave functions. In principle, measurement of onlyfor the large-distance behavior of the unperturbed Green’s
the resonance energies of isolated pairs of impurities wittiunctions. This is difficult for the superconducting lattice
different separationR is the simplest method of getting spa- tight-binding model on which most of this work is based, but
tially resolved information on electronic wave functions in- much insight can be gained by studying the equivalent gas
dependent of the exact tunneling mechanism. model, with spectrume,=k?/2m. In this case expressions

IV. BOUND-STATE ENERGIES FOR TWO IMPURITIES
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FIG. 4. (Color online Comparison of symmetrits) and antisymmetri¢p) combinations of one-particle wave functions with exact LDOS
for A;=0.1, V=10, »=0, R=(6,6). Two-impurity resonance energies &g. /t=+0.0195,Q,. /t=*0.0075. Energies are always

ordered from highedtop) to lowest(bottom.

have been obtained by Joyhand Balatskyet al.'® for the
d-wave integrated Green's functios,(R,w) at large dis-
tances, both foR making an angle 45° or 0° with theaxis.

For frequencieso/Ay<1/ker <1/kgé,, these reduce to

G(R,)

( ikeR

erF keéo

OKeR 4+ m2El2 ™ R| (110
N il [ + 71+ keR

~ ———||i—— 79+ 7+ 75| COS
O UkeR L By O T TR
. w 1

+(|A—7'0+ T1_7'3)S|nk|:R ’ RH(]'OO)

\ max
(16)

whereéy=vg/7A . IS the coherence length.

The resonance energies may now be found by inserting
these expressions for frequencies=Q, + & into Eq. (9)
and solving for the shift$. We find Q) ,~Qg + 5, with

1 sinkeR kg RI(110)
s IN(Qo/Amay keR 4+ 72£ok2’
max~ e o

cogkeR+ m/4), R[(100).
17

VKeRIN(Qo/A )

These expressions are valid fofQ g <1.

Clearly the decay of the splitting-exp—r/&/\ker is
much more rapid for distances larger than the coherence
length along the antinodél00) than for along the nodes,
where it falls as~1/r. The lack of a scale in the long-
distance interference of quasiparticle wave functions oriented
along (110, where they strongly overlap, is of potentially
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4 - - - - - picture of perturbatively split one-impurity states breaks
sl down. More importantly, the splittings are significant out to

' : quite large distances. Parameters in Figs. 2 and 3 are chosen
such that{y~10a, as seen from Fig. 3, where we indeed
expect e~ /¢ falloff according to the preceding section. On
the other hand, Fig. 2 indicates strong interference out to
distances of 38 or more!

LDOS

V. LOCAL DENSITY OF STATES

] A. General
The spatial distribution of two-impurity bound-states
. , @ gives much more detailed information about the nature of the
0.01 002 003 guantum interference processes between impurities than the

FIG. 5. Comparison of LDOS spectrdr, ) for variousr with bound—sta_te energies by themselves. Here we a§k whether
two impurities with Ay=0.1, V,=10, x=0 at positons ¢3, ©ONe can simply express the bound-state wave functions of the
—3) and (3,3)[R=(6,6)]. Vertical lines correspond to one- [WO-impurity system in terms of the one-impurity bound-

impurity resonances a7 =+0.013. Note difference in vertical States, and how they can be classified by symmetry. We
scales between upper and lower panels. would like to make predictions for STM experiments, includ-

ing which qualitative features of the spectra reflect the quan-
crucial importance in the STM analysis of “isolated” impu- tum numbers of these states directly, and how these features
rities, and we will bear this question in mind in what follows. depend on impurity potential and configuration. As indicated
in the preceding section, it is important to determine how far
apart two impurities need to be considered “isolated.” Fi-
nally, we would like to understand how robust these predic-
Here we consider a tight-binding model for ease of nu-tions are with respect to changes in band structure, scattering
merical evaluation. The definition of the resonant energiepotential, etc.
can be obtained either by finding the minimum of E®). or Throughout this work, the LDOS refers to thenneling
from an analysis of phase shiftsThe solutions correspond- density of states,
ing to each factor in Eq0) can then, in general, be tracked
as a function of separatidR by minimizing D, , separately. 1
In practice, this works well except in some special cases p(r,w)ZE 2 Pl ,w) (19
where the minima are very shallow. In Fig. 2 we show the 7
result for a particle-hole symmetric system. It is seen that )
each factorD, corresponds to an oscillating function Bf ~ With the spin-resolved LDOS,
with the factor determining, e.gf), , changing from site to
site according to whether the site is even or odd. This is due p(r,w)=— 7 HUMG4(r,r,0+i0"), (199
to the strongR dependence of the componer@s,; in the
simplest caseR|(110) and u=0, G3(R,0)=G;(R,0)
=0, but Gy(R,w) =X coskR/\2)coskR/\2) GJ(w) os-
cillates rapidly. AtR= 0, the problem reduces to the double-
strength single-impurity case; the factby gives the reso-
nant frequency(), (2V,) and the factorD, is 1. At large
separation th€); and(), “envelopes” are seen to converge
to Qg (Vo) with a length scale of a fewf,=10a for the
parameters chosen. B
In the R|.|(1QO) case, the oscillations of the bound-state f dwp(r,w)=1.
energies with increasinB are not so simple, as seen in Fig. —
3. The one obvious simple difference from tfiel0) case is
that the energy splittings vanish much faster with distance, aprovided the peaks in the LDOS are well defined, the peak
expected from the discussion in Sec. IV A. Otherwise theenergies agree closely with the resonance energies defined by
short-distance behavior of the bound-state energies is conkq. (4a). Some care is required, however, because peaks in
plicated. One can check that the energy closest to the Ferrtiie LDOS may not appear on all sites, and can be difficult to
level is ), whenR=2+4n, ninteger, and}; otherwise. resolve. It is also worth noting that the peaks in the LDOS
In general, the short-distance behavior is difficult to ana-are not symmetric with respect to the Fermi energy, though
lyze analytically and we note that in neither tflELO) nor  in practice the degree of asymmetry is very small.
(100 directions do resonances appear all for R=1. The local electron density of states measured by STM is
Clearly the hybridization is so strong in these cases that thgiven by Eq.(18), with

B. Lattice model

p(r,w)=+a"1mGyr,r,—w—i0"), (19

where the subscripts 11 and 22 refer to the electron and hole
parts of the diagonal Nambu Green'’s function.

The factor of 1/2 in Eq(18) ensures that the LDOS nor-
malization is
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(2,2) (5,5) (6,6) directly related to the off-diagonal bare Green’s function,
3 ‘ while the holelike wave function is proportional to the diag-
onal bare Green'’s function.

We can follow the same procedure for the two-impurity
Green’s function, and ask how the eigenfunctions at a par-
ticular resonant energy are related to the single-impurity
wave functions we have just found. Since the single-impurity
resonant energies are different from the two-impurity ener-
gies, this analysis will be valid to the extent the splittings are
small compared td),. . The Green'’s functio®G(r,r) can
now be constructed from Edq13) and the wave functions
read off by comparing with the spectral representation in the
same way as in the one-impurity case. By examining Eq.
(13) it may be shown that, depending on whetfgror D, is
resonant, the wave functions thus extracted will be of defi-
nite spatial parityg,(r)= = ,(—r). We find

G1(R)Vy
lﬂﬁzzﬁ(GCﬁp ?ngp , =05,
2
p_7p| g0 Dy 0 —
FIG. 6. (Color online LDOS maps at resonant energies for Yy =27 Gy~ Gl(R)VOGlzp , 0=0,,
R||(110). Tight-binding bandA,=0.1, V=10, ©=0.
Gi(R)V
S _ s o *~1 0~0 _
G(rrw)=23 Gk w)+ X e kT ‘”*Z*(G“S p; o) Tt
k Kk’

X GOk, ) T (@) EOK  w),  (20) l/ls_zs(GgH . (DRl)v th)zs), om0y . (28
and Ty is the T matrix for any number of impurities. . . ! ) 0
where G{;, ,,=G°(r—R/2)£G°(r +R/2), and thez%" are
B. Interference of one-impurity wave functions. normalization coefficients. These are the two-impurity odd
(p) and even-parity(s) resonant state eigenfunctions ex-
pressed directly as linear combinations of the corresponding

one-impurity eigenfunctiong .. given in Eq.(23).

In the one-impurity case, thE matrix is given by Eq(2)
and it is easy to see that

[Gﬁl<r>12+[621<r>]2

1. R[(110
S_ S,

— 8G4(r,r,w)=—Vy Im

(21) We note now that, in general, particle and holelike one-

) , o impurity eigenfunctions are mixed in each two-impurity state
Quite generally one can express Green's function in terms 0f4)- this is possible because anomalous scattering processes
the _exact_egenstatqézn(r) of the system in the presence of \yiih amplitudeG,(R) can take place. There are special situ-
the impurity’ ations, including all configurations witR[|(110), where

N * G1(R)=0 and the eigenfunctions become much simpler and
i (1) n(1) _ (r)ha(r) (22  do not mix particle and hole degrees of freedom,
w—Q,+i0* 0=Q,

8G1(r,rw)= >,

, o Gl(rw), ©=0Qq,
where the final approximation is valid for a true bound-state P2(N=Z57 o (25
with w very close to a particular bound-state enefyy, and Gius(r o), 0=,
will be a good approximation in the present case to the extenjq
the resonances are well defined, in the sense discussed
above. Comparing with forn21) thus allows us to identify Gglp(r,w), 0=0,,
the positive- and negative-energy wave functions of the YR(n=Z% (26)
single-impurity resonanced/f>0 assumeqd Gip(r,@), 0=0;.
We study this case now both to get a simple idea of how
Gl(r,w), ©=0; the quantum interference between two impurities works in

pe(r)=2Z- (23)  practice, and because tli£10) states are claimed to be of
particular importance for the formation of the impurity band
whereZ.. are nonresonant wave function normalization fac-due to the strong interference of long-range tails in the qua-

tors. Note that the electronlike bound-state eigenfunction isiparticle wave functions. In Fig. 4, we have exhibited the

Gl(r,w), =0,
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5 ) impurities. This suggests that these states may be somewhat
45k --- 31 | narrowed, because the quasiparticle is localized between the
al — g:gg | two impurities, but only in thé110) direction; it may easily
a5 ) leak out along theé110) tails.
15 w
” 31 1of 8 2. R||(100)
5
§2'5 . oé_ LT ] We noted above that for large separations the interefer-
2f - ence between quasiparticle wave functions vanishes much
15 more rapidly with increasing separation in configurations
A with impurities aligned along a crystal axR|(100). For
small or intermediate spacing®<¢&,, however, the bound-
0.5f . state splittings are just as large. Figure 7 shows a spectrum
g 'ﬁo for impurities separated by six lattice constants in th@0)

direction. Although the low-energy peaks are weak, there
FIG. 7. Comparison of LDOS specttdr,w) for variousr with are, nevertheless, four well-defined peaks as expected. The

two impurities at positions £3,0) and (3,0)[R=(6,0)]. Tight-  most striking feature of Fig. 7 is that the upper resonance is

binding bandA,=0.1, Vo=10, ©=0. extremely sharp, far sharper in fact than a single-impurity

resonance at the same energy! This is counterintuitive based

resonant state wave functiong.” for the (110 case. We on our knowledge of the one-impurity problem: fRenatrix

exhibit both the wave functions themselves, so that thelenominatorS. defined in Eq.(2) has an imaginary part

reader may verify the parity of these states explicitly, andproportional to the density of states of the cleawave su-

their absolute square. There is good agreement between tperconductor, so that the resonance width depéspigroxi-

spatial pattern of th¢y|? as defined and the exact LDOS mately linearly on the resonance energy. This is clearly not

calculated from Eq(21) at each resonant energy, implying the case here. In the two-impurity problem where one impu-

that near each resonant energy the nonresonant contributiority is at the origin and the second is R the T-matrix

are quite insignificant. It is clear that some states involvedenominator is given by Ed9), which can equivalently be

constructive and some destructive interference between theritten as

one-impurity wave functions in different regions of space,

but the spatial patterns are, not unexpectedly, considerably 1 A (1imp) R

more intricate than the “hydrogen molecule” type states one D=defV, 73— G"'"P(R,R,w)]defll (),

might first imagine would form, with electrons living either

dirgctly be_twgen impurities or completely expelled from this\ynereT is the one-impurityT matrix andGmP is Green’s

region. This is of course due to thiewave character of the fnction with one impurity at the origin. Thus sharp two-

medium in which the quasiparticles propagate. For examplémnyrity resonances occur for exactly the same reason as in

the LDOS is zero at the point halfway between the two im-the one-impurity case, but because the one-impurity DOS at

purities for thep-wave sFates, but it is quite small in_the R is nonmonotonic inw, the resonance broadening is not
s-wave states as well. It is furthermore clear from the f'gurenecessarily proportional to the resonance energy.

that boths and p functions can have either constructive or |1 seems intuitively clear that, because of destructive in-

destructive character, in the molecular sense. Note that the ference along the nodal directions, two-impurity bound-
states are shown arranged vertically according 10 theigatescould be formed in which quasiparticles are quite ef-
eigenenergies, but recall that the ordering ofsteadp (D1 fectively trapped because they will be prevented from
and D,) states changes according to whetRefs even or  egcaping via the longl10 tails of the individual impurity
odd, as indicated in Fig. 2. o wave functions. In Fig. 8, the spatial structure of the high-
In Fig. 5, we show the full energy variation of the LDOS anerqy states confirms our intuition, since quasiparticles ap-
spectra on sites near one of the impurities to illustrate th¢ear to be confined primarily to the axis joining the impuri-
expected widths of the resonances and the variability Withjes The 45° tails of these two-impurity states are supressed
position. Note the surprisingly sharp high-energy resonancesg, 5 directions, and as expected the spectral features are
which we discuss further below. On the other hand, on cergyen narrower than for the||(110) configurations of Fig. 5.
tain sites in the configuration of Fig. 5 such @0), (2,2 |, the R=(2,0) case, the quasiparticle is nearly completely
and (4,4, virtually no LDOS weight at all is observed. In ¢qnfined to the site between the two impurities, while the
Fig. 6, we show LDOS maps for seyeral impurity separations, 4ve function spreads out somewhat in fRe (6,0) case.
along (110. Note that in the high-energy states for o these case,(R,w) vanishes as in thél10 case, so
R=(2,2 and(6,6), both of which are fairly narrow, nearly o \yave functions have the same structure as in E2f.
total destructive interference exists along th&0) direction and (26). We note that when the peaks are sharp, the reso-
outside of the two impurities, but there is substantial weightyance state is essentially localized, that is the contribution to
along the(110) direction relative to each of the two impuri- the wave function at resonance from the continuum has van-
ties. As one moves thglmpurltles apart, the tails of thesgshing weight. In general, one might have expected these
wave functions in th€110) direction simply shift with the states to decay asrlalong the(110) direction and exponen-
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(2,0) (5,0 ﬂ (6,0)

0 e [QY]

06 -04 02 0 02 04 06

FIG. 9. Solid line, BSCCO total density of states after Ref. 33 vs
wlt,. Dashed line, wittd-wave superconducting gap of magnitude
Ay=0.1t;. Insert, Fermi surface at optimal doping.

A. Direct spectra

We first reconsider some of the impurity configurations
we treated in Sec. V to see how the LDOS patterns and
bound states are affected by the electronic structure. The up-
) o per panel in Fig. 10 shows the distribtion of spectral weight
tially along the (100 direction, but they may decay more on pearby sites for a configuration with impurities at separa-
rapidly from interference effects. _ ~ tion R=(6,6). Comparison with the half-filled tight-binding

Thus far we have considered only a simple tight-bindingmqgdel case shown in Fig. 5 shows little qualitative change on
band. at half—fllllng, and one might worry that the existence Ofnearby sites with respect to either peak positions, spectral
quasnocgllzed states was a consequence of the perfect Ne{feight or spatial distribution. On the other hand, comparison
ing of this special electronic structure, and that such featuregs | pos maps in Figs. 6 and 11 show that the longer-range
are unlikely to be observed in real systems. We show belovnaracter of the holelike resonances has changed consider-
that _th|s is not th_e case, and argue that a commensuration %Iy. In other cases, particularly for sm&l the changes are
dominant scattering wave vectoas the bound-state energy mych more drastic. In particular, one does not generally see
is the important quantity, and that finding such a state deg| four resonances, as also found by Morr and

FIG. 8. (Color onling LDOS maps at resonant energies for
R||(100). Tight-binding bandA,=0.1, Vo=10, u©=0.

pends on band structure and other details. Stavropoulog® This is particularly true for resonances with
R||(100), as illustrated in the lower panel of Fig. 10, where
VI. REALISTIC BANDS the low-energyresonances have completely disappeared on

all sites investigated.
Until now we have focussed on the rather artificial sym- 1© 9iVe an impression of the systematics of impurity reso-
metric tight-binding band case, both for calculational sim-"anceé dependence on separation in the realistic system, and
the configurations in which certain resonances are over-

plicity and to illuminate the unusual density of states phe-

nomena driven by nesting features of the Fermi surfaced@mped, in Fig. 12 we present a series of plots of LDOS

Some, but clearly not all of these phenomena will surviv spectra on nearest-neighbor sites along the line joining the

away for a realistic band with particle-hole asymmetry. Be-Impurities for a range of separations wi|(100) and(110)

cause of the intense current interest on STM studies of théiréctions. The number of peaks in each spectrum is variable,
cuprates, we now focus exclusively on a “realistic” repre- and for the closer separations normally only two peaks are
sentation of the electronic structure of BSCCO-2212, whictPServedino peaks are observed for separation &s the

we parametrize by adopting the tight-binding coefficients of MPUrities are moved farther apart, hybridization weakens
Normanet al_33 and it becomes easier to observe the full complement of four

resonances. It is also clear that the bound-state splittings for
the realistic band are decaying faster in th€0 direction,
€(k) =to+2ty[ cog ky) + cog ky) ]+ 4t,cog ky) cog k,) but that this splitting has not disappeared even for separa-
+ 214 cog 2K, ) + o8 2k,) ]+ 2t4[ cog 2k, ) cog ky) tions as large aR=13. This suggests that even in relatively
dilute impurity systems the assumption of isolated impurities
+cog ky)cog 2ky)]+4tscog 2kx)cog2ky)  (27)  used to analyze recent STM experiments may need to be
reexamined.
with  tg, ... t5=0.879;-1,0.275;-0.087-0.1876,0.086 We note further that extremely sharp states occur fre-
and |t;/|=0.1488 eV. The density of states of this band inquently, for both even and odd separations; clearly the com-
both normal and superconducting states is shown in Fig. 9mensurability condition depends sensitively on the details of
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(2,0) (3,0)

(6,6)
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resonant
states
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FIG. 11. (Color onlineg LDOS maps for realistic ban@ee text,
V0: 531

produce any oscillatorR dependence in Eq28)], as illus-
trated in Fig. 13(we neglect, for states sufficiently close to

panel for impurities at-3,-3) and(3,3) [R=(6,6)], lower panel for

FIG. 10. LDOS spectra for various sites as indicated. Uppernjtarity, the distinction between the tips of the quasiparticle

impurities at(-1,0) and(1,0) [R=(2,0)]. Parameters for “realistic”
band(see text, energiesw in units oft;, with V;=5.3. Note peak
at w=—0.18 in lower panel is gap edge, not impurity resonance.

constant energy contours and the nodal wave vectAsa
simple example, consider the realistic band model in the
(100 direction, shown in the upper panel of Fig. 12. TRe
dependence of Eq28) is straightforward sinceg;-(1,0)

the band structure. Contrary to the results of Ref. 18, we find= 92" (1,0)~2.28&, and q3-R=0, wherea is the lattice
that the state farthest from the Fermi level is frequentlyconstant. Naively, the standing-wave condition for a particle
sharpest. In general, however, the spectra found here for tigapped between the two impurities ig;¢ R+27) =nr,
band of Ref. 33 are quite similar to those obtained in Ref. 18vhere no=tan *(7NgyV,) is the one-impurity scattering

when direct comparisons are possible.
The condition for a true bound-staftsee Eq.(9)] is sat-
isfied at frequencyw by GO(R,w)TG%(R,w)T=1. Since

phase shift. On the other hand, fBrin the (110 direction,
we must simultaneously satisfy the commensurability re-
quirements ;- R+279)=(03-R+27n9)=nm, and @, R

this must be satisfied independently for real and imaginaryt270) =m to form a resonant state, and we see that—as
parts ofGO(R, w), sharp resonances only appear for selectedve observe in Fig. 12—sharp resonances occur much less

impurity separations. The produ@’(R,»)TG°(R,®)T in
Eq. (9) is equivalently written as

> @RG (k) T(0)G(k+q,0)T(w).

(28)
k.q

It was argued by Hoffmaret al,'® in an analysis of disor-

frequently in the(110) than in the(100) direction. Quantita-
tively, the criterion for standing-wave formation is approxi-
mately satisfied foR=(3,0), (7,0), (11,0), (14,0) an&
=(3,3), (11,11), which generally agrees with Fig. 12.

We stress, however, that the relative success of this naive
picture at making quantitative predictions is a bit surprising.
There is nothing in our consideration to account for the

dered BSCCO samples, that the characteristic wavevectodependence of th& matrix, or for the Nambu structure of
found in the spatial Fourier transform of the LDOS are de-Green'’s functions. Furthermore, the approximation of the in-

termined by peaks in the joint

density of statestegral overgin Eq.(28) by a sum over a few dominant wave

> m Gyy(k,w)Im Gy(k+q,w). It is interesting to ask vectors is not expected to by justified at a quantitative level.

whether these santmvectors are seen in E(R8).

Nonetheless, our considerations seem to indicate that the

At the small energies considered here, three distqct long-lived two-impurity bound-states are derived from a few

vectors contribute to the joint DO& fourth,q=0 does not

selected wave vectors.
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FIG. 12. LDOS spectra for realistic band aM}=5.3; on
nearest-neighbor site. Upper panel, impurities atR(2,0) and
(R/2,0)[R=(R,0)], spectra taken at=(R/2,1). Lower panel, im-
purities at —R/2,—R/2) and R/2,R/2) [R=(R,R)], spectra taken
atr=(R/2R/2+1).

B. Filtering effects

PHYSICAL REVIEW B67, 094508 (2003

T/2r

"0

—n/2f

T /2 0 /2 T

FIG. 13. Fermi surface of BSCCO-2212 with constant energy
surfaces atw=0.04 shown as small filled ellipses at the nodal
points.q4, g, Q3 are wave vectors for which the joint density of
states is large.

same filter should be applied to extract the true LDOS of the
superconducting CuQayer (see Fig. 15k If it is found that

the filtering mechanism works only in the case of isolated
impurities, but the observed pattern in the two-impurity case
is quite different than that predicted by the simple filtered
potential model, it must be abandoned and more sophisti-
cated explanations sought. For example, it will be interesting
to pursue the alternative “Kondo” explanation of Polkovni-
kov et al,'? in the case of the two-impurity problem. If one
takes this model seriously, bringing two impurities close to-
gether should induce an RKKY interaction between the local
moments on each impurity site, supressing the local Kondo
screening and thereby weakening each impurity’s scattering
phase shift. One might then naively expect, in such a sce-

The discrepancies between the simple picture of a Zn imbario, that bound-state energies would generally be found at

purity as a strong potential scatterer irdavave supercon-

higher energies than in the isolated impurity case. Of course,

ducting host and the LDOS measured near Zn impurities iifPN€’s intuition based on the two-Kondo impurity problem in
BSCCO-2212 samples have been alluded to above. Martif normal metal is to be distrusted in this case, where the
and Balatskj proposed that this problem could be resolvedlinear bare.Qensolty of states already makes the one-impurity
by noting that electrons must first tunnel through the BioProblem critical’

layer before reaching the Cy@lane; applying the appropri-

ate matrix elements for this process led them to a picture of true flltered

a “filtered” DOS in which, in the simplest version, the STM

tip samples not the LDOS corresponding to the atom directly °
under it, but rather to a sum of the LDOS on the surrounding
four nearest-neighbor sites. With this ansatz, the LDOS pat-
tern surrounding a Zn atom becomes, at a resonant energy o °
—1.5 meV, rather similar to the experimentally observed
one, with a bright spot at the center of the pattern, see

Fig. 14.

We now point out the rather obvious fact that this filtering
mechanism is characteristic of the presence of the BiO layer

-8

-6 0 6

(a)

in the BSCCO-2212 system, and should therefore be present FIG. 14. (Color onlin@ LDOS map for one strong repulsive
in any STM measurement. If two nearby impurities are lo-impurity (V,=5.3) at hole-type resonané, =0.011, in system
cated via their resonant signals in such a measurement, théth “realistic band” (see text (a) without and(b) with filter.
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filtere d _ Fin.a_lly we calcu!atgd the local dens_ity_ of states for two
impurities in a realistic band characteristic of the BSCCO-
2212 system on which most STM experiments have been
performed. The one qualitative difference relative to the
particle-hole symmetric case we examined earlier was the
overdamping of some bound-states any lattice site we
studied for certain impurity configurations. This makes it
clear that even some qualitative features of LDOS spectra
with two impurities will depend on details of the system in
question. To extract information from STM when two-
impurity configurations are isolated will therefore require a
careful fit to theory. We have made predictions for several
concrete situations which can be tested if such configurations
can be found. In particular, we have calculated the density of
states for realistic parameters corresponding to a Zn impurity
in BSCCO, and given results for both the direct LDOS and
for the “filtered” LDOS proposed by Martin and Balatsky
to explain discrepancies in the standard model of Zn as a
FIG. 15. (Color online Comparison of true and filtered LDOS potential scatterer when compared with experiment. If the
for two impurities at(-1,0) and (1,0, R=(2,0). V,=5.3, |Q]| “filter” works for isolated single Zn impurities but not for
=0.026,, “realistic band” (see text pairs of Zn atoms, it would be strong evidence in favor of an
explanation for the Zn results in terms of residual induced
local magnetism of the defect.

In this paper we have explored a number of aspects of the We close by remarking that the solution of the two-
quantum interference of impurity bound-statestimave su- ~ impurity problem may have important implications for the
perconductors. We gave the exact form of the two-impuritydisordered\-impurity d-wave superconductor and the inter-
t-matrix for two potentials separated B and showed that, Pretation of STM experiments. In particular, we have shown
in general, it has four resonances at frequenci€d, and  ©n one hgnd that pairs of impurities can give rise to trapped
+(), which depend orR. In simple situations, the eigen- States \_/vh|ch have great deal of ;pectr_a}l weight; on the other
functions of the two-impurity resonant states can be conhand, interference from other impurities can destroy the
structed explicitly in terms of the eigenfunctions of the one-characteristic pattern expected for an “isolated” impurity
impurity problem. Depending on the impurity configuration €ven when they are widely separated. A more thorough in-
and electronic structure, some of the resonances are ovefestigation of these questions requires a careful comparison
damped on specific sites or indeed sometimes over the entidth the many-impurity system. One hint of the importance
lattice, leading to a smaller number of visible resonances i®f the two-impurity states in the fully disordered system
special situations. On the other hand, in other situations res@°mes from the study of the perfectly nested band, where we
nant states were observed in the two-impurity problem whicHind that many of the unusual symmetry-based features of the
were much sharper than their one-impurity counterparts, ifotal density of staté€ are reflected already in the simple
some cases occuring quite far from the Fermi level, contratWo-impurity problem as well. In addition, we have investi-
dicting one’s intuition that these states should be moredated the effects of self-consistent treatment of the order pa-
strongly damped. We have interpreted these states as imp{@meter on the results above, which were all produced as-
rity “traps” in which quasiparticles are hindered by quantum SUming homogeneous,.. We find that, although spectral
interference, over surprisingly long lifetimes, from leaking Weight is shifted by the order-parameter supression around
out of the region between the two impurities. the impurity site, in general away from the Fermi !e?/%the _

The splitting of the bound-state energies relative to the-POS patterns are rather weakly affected. We will report in
one-impurity case was studied, and it was shown that théetail on these findings elsewhéfe.
parity and energy of the two-impurity eigenfunctions oscil-
late as a function of impurity separation. At asymptotically
large distances the splittings were shown to vary-a&R
for impurities aligned along the(110 direction and This work was partially supported by NSF Grant Nos.
~exp(-R)/\R along (100). Systematic STM measurements NSF-DMR-9974396, BMBF 13N6918/1, and the Alexander
of these splittings for isolated pairs of impurities at differentvon Humboldt Foundation. P.H. and L.Z. would also like to
R were shown to provide a direct measurement of spatiathank J. Mannhart and Lehrstuhl Experimentalphysik VI of
dependence of the Green’s functions of the bulk supercorthe University of Augsburg for hospitality during preparation
ductor. of the manuscript.
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