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Molar volume of superfluid *He-*He mixtures: The dependence of the Bardeen-Baym-Pines
parameter on temperature, pressure, and®He concentration

Ken Hatakeyama,Satoshi Nom&,Etsutaro Tanak&,Serguei N. Burmistro?® and Takeo Satdi
ICenter for Low Temperature Science, Tohoku University, Sendai@8®, Japan
2Physics Department, Graduate School of Science, Tohoku University, Send&538) Japan
SKurchatov Institute, Moscow 123182, Russia
(Received 12 April 2002; revised manuscript received 7 October 2002; published 14 Margh 2003

We have developed a new method for determining the Bardeen-Baym{BiBEsparameter of a superfluid
3He“*He mixture from the measurement of its molar volume within the wide ranges of temperature, pressure,
and the®He concentration. The method and the results are described. The ranges of the present investigation
are 0.4—660 mK in temperature, 0.3—10 kgffdmpressure, and 0.07—0.39 in tRde concentration. The data
obtained are fitted with a formula based on the phenomenological theory of dilute solutidHg @fi super-
fluid “He. Our empirical formula can reproduce the experimental values of the BBP parameter within the
accuracy of 1%. The argument on the absolute uncertainty is also given.
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I. INTRODUCTION We have developed a completely different method to de-
termine the BBP parametek(T,P,x). In this report we
The molar volumeV,, of a dilute solution of*He in “He  present our method and show the results with it. The results

(d-phase is usually written in the form are compared quantitatively with the calculated values based
on the phenomenological theory along the analogous argu-
Vo (T,P,X)=Vao(T,P)[ 1+ a(T,P,x)x], (1)  ments given by Abraharet al>’ Our empirical formula for

a(T,P,x) can reproduce the experimental values within the

where V,, is the molar volume of puréHe at the same accuracy of 1%.
temperaturd and pressur® as a solution, angis the molar

concentration of*He. The number is usually callled the Il. EXPERIMENTAL
BBP parameter after Bardeen, Baym, and Pi@5P),” who o
developed the theory of the dilute solution. A. Principle of the method

In our experimental investigation of the critical supersatu-  The sample cell is schematically shown in Fig. 1. It con-
ration in superfluid®He-*He mixtures; we are asked to de- tains a capacitor of the coaxial cylindrical shape for measur-
termine the®He molar concentration at various tempera- ing the dielectric constant of mixtures,,. We assume that
tures and pressures. We rewrite Et). as the molar volumeV,, is related to its dielectric constant by

the Clausius-Mossotti relation
1
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This means that if the values af(T,P,x) andV,(T,P) are

known, then we can determinefrom the measurement of and that the molar polarizability is independent of density
Vin(T,P,X). and temperature. Furthermore we assume thiat same for

Experimental efforts to determine the valuesadiT,P,X)  3He and“He. We take the value from Kerr and Sherfhas
were done by various group¥ just after the work of BBP.

In our experiments of the critical supersaturation, the ranges
are 0.4—645 mK in temperature, 1-8.5 kgffcim pressure,
and 0.07-0.39 in théHe molar concentratioWe use the
unit of pressure kgf/chsince this unit is already employed
for the measurements in Ref. 2 which are closely related t
the present study. The conversion to the Sl unit is
kgf/cm?=0.980665< 10° Pa,) For such wide ranges, it is im-

x=0.1232 cni/mol . (4)

TABLE I. The ranges of parameters covered in Refs. 3—6 for
ct)he investigation of the molar volume éHe-*He mixtures.

lRef. 3He concentration ~ Temperat(ineK]  Pressuriatm]

possible to estimate the values @fT,P,x) from the data 3 0.06 1250-2200 0-20
published®® The ranges of parameters covered in Refs. 3—6 0.02-0.15 25-1200 0
are tabulated in Table I. Note that all the experim&tfts (6 samples

were done by condensing a gas mixture, thie concentra- 5 0.055 38-525 0
tion of which being known beforehand. Such way is notg 0.064-0.10 50-500 0-22.5
practical when one must handle a wide range of thie (4 samples

concentration.
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FIG. 2. lllustration of the method. The depressurization process
(3)—(4) is used for the determination of the BBP parameter.
FIG. 1. Principal construction of the experimental cell. amount of3He in the cell 3, constant. Then, we stabilize
. . . . . the temperature and start addifigle continuously into the

A cold valvé' is equipped in the'He condensing line in - ¢e| through the superledkl) in Fig. 2]. The increase of the
order to keep constant the amount¥ie in the cell during  amount of4He in the cell V, causes a transformation of the
e_ach series of ex_penments. Let us suppose that we ha"ec@phase into the d-phase due to the increase ofesolu-
single d-phase mixture in the sample cell of voluleat ity with pressuré and the increase of the ratitf, /s in
t3emperature'l' and preasuré’, which consists of\; moles of e cell. So the phase-separation interface moves up. The

He andA, moles of “He. Then we have the relation c-phase disappears Bt [(2) in Fig. 2] and then the whole

liquid enters into the unsaturated d-phase. We stop the pres-

0= (NaF Na)Vi(T, P.), ©) surization in the unsaturated state far from the solubility
where the*He molar concentration is curve[(3) in Fig. 2]. After obtaining the equilibrium state in
the unsaturated region, we start the depressurization process.
« N3 ng N3 ©) The process is continued until we observe a sudden demixing

at P4 [(4) in Fig. 2]. During the depressurization process
[(3)—(4) in Fig. 2], we have only a single d-phase. This
depressurization process is used to determifig, P,x) with

Eq. (7). In the present investigation, the sweep rate of pres-
sure is always about 0.2 kgf/ém.

- N3+ N, B ng+n, n
Here, ny and n, are the number density ofHe and “He,

respectively. With Eqgs(1), (5), and(6), the BBP parameter
is expressed as

QIVn(T,P,X) —=V4o(T,P)]
N3Vao(T,P)V (T, P,x)

This is the equation with which we determine the BBP pa-
rameter. The equation means that when the values o
V4o(T,P), Q, and N; are known, «(T,P,x) is obtained
from the measurement &f,(T,P,x).

The sample cell has a superleak-line through which onl

a(T,P,x)= (7) B. Molar volume of pure liquid *He

Although there have been various data published on the
olar volume of pure liquidHe, V,(T,P),%those are not
nough to obtain an empirical analytic expression for
V.4o(T,P) which covers our experimental ranges of tempera-
ture and pressure. So, we determingg(T,P) by ourselves

th t fluid tofe f into th Yand established a useful empirical formula which can give
€ zero-entropy supertiuid component wie flows INto the -, 1 by within the accuracy of-5x 10 4 cn®/mol. The
cell to pressurize the sample mixture, or out to depressurlzgetails can be found in Ref. 12

it. The pressure is measured with a capacitance-type pressure
gauge'® The cold valve in thé'He-line is for the purpose of

avoiding any pressure disturbance at the time of the transfer C. Procedures to determinea(T,P,x)

of liquid helium.
The method is illustrated in Fig. 2. First, puftHe is
condensed into the cell through the superleak. THete is

condensed through thtHe-line, during which*He flows out

The experimental cell is the same as given in Ref. 2. In
order to describe the present procedures clearly, the cell is
reproduced in Fig. 3. It has two concentration gauges of ca-
pacitance type. They are separated by about 120 mm in order

through the superleak. After obtaining an appropriate ratio ofo check the homogeneity of théHe concentration. The

the d-phase and théHe-concentrated phage-phasg, the

lower one is called d-gauge as it is always wholly immersed

cold valve in the3He-line is closed in order to keep the in the d-phase. The other is placed at the top of the cell and
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FIG. 4. The pressure dependence of the saturdittsl concen-
tration at 50 mK. The solid circles are the data by Watsoml.
(Ref. 6. The solid curve is the fitting with Eq10).

Pt-NMR the depressurization process 3§4) in Fig. 2. The BBP
pickup 001} | parameter thus obtained is denoted by, T,P;N;n0).
‘\\ ﬁ Note that the*He concentratiox is a function ofT andP as
we are in the single d-phase region with a fixed amount of
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FIG. 3. Schematic diagram of the sample cell.

%He. The procedure is performed at various constant tem-
peratures. From the data we make the plotsagf(T,P
=const. N3 o). All the plots are fitted with an appropriate
polynomial

3

el T,PiNapo) = 2, &(PiNana) T2, 9)

where the coefficients on the right-hand sides) of Eq. (9)
are polynomials of the pressure determined by the method of
least squares.

is called c-gauge because it is filled with the c-phase before (i) The amount of the c-phase which appears after the
starting the pressurization process. In the present investig@lemixing[(4)— (1) in Fig. 2] is very small compared with
tion we use only the d-gauge. The c-gauge is used for ththe total amount ofHe in the d-phase. So, we may use the
check of the homogeneity of the mixture and for the estimadetermineda,, ( T,P;N3no) even after the demixing. The

tion of AV;.

calculated value ok with Eg. (2) in the two-phase region is

The effective volume of the cell is measured at the liquidthe saturated concentration ofHe in the d-phase,
nitrogen temperature and we take the value

O=77.3cn?

within the accuracy of 0.1%.
The details of the construction and the calibration proce-
dure of the concentration gauge including the correction fac- a

tor due to a possible deformation caused by the pressure are

given in Ref. 12.

Xsexf T, P).

We refer to the reliable data for the pressure dependence
of the saturated®He concentration at 50 mK by Watsat
al.b Xs,w(0.05P). Their data are plotted in Fig. 4 and fitted
with a polynomial

Xs w(0.05P) = 20 e P (10)

The procedures of determining(T,P,x) are as follows.

(i) The amount of theeHe condensed and confined in the The coefficients; are given in Table Il and the fitted curve
cell is roughly estimated from the nuclear magnetic resois shown in Fig. 4. We compare ou(,{0.05P) with
nance (NMR) measurement of*He and by using the Xsw(0.05P). If we do not have a good agreement between
c-gauge. The value is denoted g \c. We move the posi- them, we slightly change the value &f; from A\ c and
tion of the phase-separation interface through the NMRproceed with the same procedure describedijnWe repeat
pick-up coil and the c-gauge by sweeping the presfsee  until we have a good agreement betwegn,(0.05P) and
Figs. 2 and 3 As the detailed numerical sizes of the variousxs w(0.05P) within 0.0001 in the®He concentration. The
parts of the cell are known, the estimation/o} ¢ is done  finally determined value alV; is denoted by N;.” We de-
fairly accurately. note the corresponding BBP parameter day{T,P;" N3")

(ii) AssumingN3= N3\ in Eq. (7), we obtaina(T,P,x) and the fitting expression bye., i(T,P;"“ N3”). In Fig. 5,
from the measured value &f,(T,P,x) with the d-gauge in  we show the case of X/3" =0.207.
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TABLE Il. The coefficients of the fitting polynomials of Eq.
(10) and Eq.(13). The unit of pressure is chosen according to the
original data(Refs. 6 and 18

Equation Coefficient Value Unit
€ 6.66002676 1072
e 6.9043901& 10 3 [atm 1]
Eq. (10 e —5.4124931% 10 * [atm 2]
e 1.5083905% 10~ ° [atm %]
e, —1.4328730 107 [atm 4]
fo 9.91282623 [K™?]
fy —9.4597233x 10 [K 2bar!]
Eqg. (13 f, 1.1463020& 10"t  [K™2bar ?]
fa —5.6403573x 10 % [K 2bar 3]
fa 1.0152559% 104  [K 2bar ]

(iv) The procedure analogous (i) can be employed at

PHYSICAL REVIEW B
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FIG. 6. The pressure dependence of the parang{te) in Eq.
(12). The solid circles are the data by KurikaRef. 13. The solid
curve represents the fitting with E(L3).

in the region of the temperatures sufficiently low compared
with the Fermi temperatur€:(xs). In order to fix the value
of x(T,P), we again use the value &f,,(0.05P). That is,

various temperatures if we have a reliable expression fofiom Eq. (11) we have
Xs(T,P). Generally, the saturated concentration may be ex-

pressed as
X(T,P)=%s(0,P)[1+ B(P)T?] (11
0.08 ——
5 -
2 v
g P
S 007 / -
8 .
g ...... solubility curve, x; w(0.05,P)
mm after Ref. 6
01 = 3
() Pressure [kgf/cm?]
0.30 T T T
3
3
=24 6 % 10

Pressure [kgf/cm?]

FIG. 5. Results for the series with\;” =0.207 mol.(a) Com-
parison betweerx .f0.05P) and xs(0.05P). (b) The deter-
mined ae, T,P;"“ 3" =0.207 is shown as a function of pressure
at various constant temperatures.

_ Xw(0.05P)
1+ B(P)X(0.09?2°

Xs(0,P) (12

For B(P), we refer to the data by Kurikawd,which are
plotted in Fig. 6. We fit the data with a polynomial expres-
sion

4
B(P)zi:EofiPi. (13

The coefficientd; are given in Table 1l and the fitted curve is
shown in Fig. 6.

The examples of comparison betwegg.,(T,P) and
Xs(T,P) of Eq. (11) are shown in Fig. 7 aT=12 mK and
T=80 mK for the case of N3" =0.273. As can be seen,
they are in a good agreement. This may mean the reliability

0.10
s
=
2 0.09-
f X
=
L)
[ &)
g 0.08
o 12mK
o 80mK |
™ /
’/ ’I. . . N 1 N N N . 1 .
0‘()70 3 10

Pressure [kgf/cm?]

FIG. 7. Comparison betweex o, T,P) [solid circles: at 12
mK, open circles: at 80 mKand the calculate® (T,P) of Eq. (11)
[dashed curvgs The dot-dash curve represenigT,P;“ N3”
=0.273 calculated with Eq.(2) by using aea(T.P;" N3"
=0.273. Note that the temperature dependence in the single
d-phase region is very small. This can be understoatf’as con-
stant.
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0210 w(T,P.X)=xXus(T,P,X)+(1—X)us(T,P,x), (15
0.208- %zggbnnlfK - where u; and u, are the chemical potential per particle of
R | 3He and “*He in the mixture, respectively. The atomic vol-
0.206- - ume of the mixture can be calculated by
0.204 . Ip
vmn(T,PX)=| -5 (16)
I JpP T,x
0.2021- - '
. With the Gibbs-Duhem relatiory, is related tou; by
0200 " 1 " ] " | " ) " 1
0 2 4 6 8 10 , ,
kgf/cm? x X' dps(T,PX")
Pressure [kgf/cm’] a(T,P.X) = 1o(T,P,0)— , ——dx'.
0 1-x X
FIG. 8. The values ofV; obtained from Eq(14) during the 17
depressurization processesTat 50 mK and 500 mK in the series . )
of * Ny =0.207. So, Eq.(15) is rewritten as

of our values of ‘NV3” and aeT,P;“AN3"), and also the p(T,P.x)
usefulness of the fitting formulas of Eq4.0), (11), and(13). =(1—X) jua(T,P,0)+Xpes(T,P,X)
In the phase-separated region, one must wait for a time to
obtain an equilibrium state between the coexisting d- and x X" dus(T,P,x")
c-phases. That time becomes longer remarkably with the in- —(1-x) ; ; d
crease of temperatufdn such high temperature regions, the 0 1-x X
comparison can be done only R&Py.
(v) The reliability of the values of AN;” and

aexpil T,P;“N3") can be checked also by the following X 1a(T,P,x")
way. —x)f 28" Paxe. (19

x" (18

=(1—X)uq4(T,P,0)+(1

With ey, i, We rewrite Eq.(7) as 0 (1-x")?
v Q[Vi(T,P,X) = Vao(T,P)] The energy of &He quasiparticle excitation of small mo-
3= T . (14 mentump in the mixture may be expressed as
exp il T.P3* N" W T,P)Vn(T,P,) P yRe e
Here, we consideN; as unknown parameter. With E@L4) B 2
N is calculated from the measured valuevgf(T,P,x) dur- €p=€o(P)+ 2m* (P) + €in(P,X,p). (20)

ing the depressurization proceg8)—(4) in Fig. 2. The
calculated values afV; should not depend on temperature The first two terms are the energy in the dilute limit and the
and pressure. effective massm* depends only on the pressure. The last

The examples of such check are shown in Fig. 8. It is seeterm is the contribution from thHe-He interaction. There-
that\3 scatters around /3" without any appreciable devia- fore, the 3He chemical potential in the mixture can be rep-
tion. This check procedure can be performed regardless atsented in the form
the temperature region, because an equilibrium state is real-
ized readily when the whole liquid is in the d-phase and the w3(T,P,x)=€g(P)+ ue(T,P,X) +Xe4(T,P,x), (21)
depressurization rate is as small as 0.2 kgf/bm ) ) ) )

A possible escape dtHe through the cold valve and the Where ue is the chemical potential of a free Fermi gas of
superleak for a long time of experiments has proved to b&ffective massn* (P). Substituting Eq(21) into Eq. (18) or
nondetectable. The details ca§nﬂ_|be found in Ref2a02. (19), we obtain

We increase the amount e, N3, step by step and
perform procedure§)—(iii) at each step followed by proce- #(T,PX)=(1=X) pa(T,P,0) +Xeo(P) +(1-X)
dures(iv) and (v). When N3 exceeds some amount, we al- < X
ways have a phase-separated state at 50 mK for any pressure. X J ———— & (T,P,x")dX +Xup(T,P,x)

Then, procedurdiii) cannot be applied. 0 (1-x')?
lll. THEORETICAL (1o [ X TPXD o
A. General expression fora(T,P,x) 0 1-x X
Let us consider a mixture at temperatdrén the volume The equation of state of a free Fermi gas is obtained from

Q with pressureP, which consists of\;; moles of ®He and  the following two equation&?
N, moles of *He. The chemical potential per particle of the
mixture w is of the form Na\°=f3(2), (23

094503-5
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1 (aPF) 35
nx\ dx T’P'

3P
T - f5A2), (24

N3

(9/.14:) . 1 (&PF
dX Tp X

T,P
whereP¢ is usually called the Fermi pressubejs the ther-  here we use Eq€23), (26), and (6).

mal de Broglie’s wavelength, Substituting Eq(35) into the last term on the rhs of Eq.
(22), we obtain

27Tﬁ2 1/2
A= ( - kBT) : 29 (T,Px) = (1= X) a(T,P,0) +xeo( P) + (1—X)

and JX X'
X T,P,x")dx +Xxup(T,P,x
o Ty 1T P +xpe(T,Px)

4 (e "

f5/2(Z)=\/—;f0 dx>? In{1+zexp —x?)}, X(1—x) XPF(T1P1X,)d
x".

ng Jo (1—-x')?

X
— —P(T,P,x)+
n3

J
faa(z)= z— f52(2). (26) (36)
_ _ _ Employing Eq.(36) for Eq. (16), we have the expression for
The chemical potentiglr is related toz by vm(T,P,X). Then with Eq.(1), the BBP parameter is ex-
pressed as
The Fermi temperature is given as a(T,P,x)=ay(T,P)+ ap(T,P,x) + a3(T,P,x)
_ﬁ2(3772n3)2/3 (28) +a4(T,P,X)+a5(T,P,X), (37)
F 2m*kg where
. . L de
By partially differentiating Eq(24), we have al(TrP):n40(T,P)d_F(,)_1, (39)
d (NPe\| dfsp(2) [0z -
P\ keT /|~ dz \oP/_ (29 Cpaen e PElL(s) 8 1 dn
and ay(T,P,X)=nyyT, )n—3 n_3 ETX—EFF ,
| (39)
d (N3P dfsx(z) [ 9z
ax kBTF” T dz \ox). (30 (T.PX) =T P)l_xfx X'
’ 1] lX :n 1]
TP TP asz 4 < Jo (l—x’)2
In the same way with E¢27), we have
ﬁfl(T,P,X,) ,
dpp kgT [ dz Xl——p | 94X (40
).z P (3D
d T,x z J T,x
1-—x (x 1
and ay(T,PX)=ng(T,P J
(TP =N TP = | s
d kgT [ 9z
(ﬂ) == —) : (32 IPe(T,P,x") ,
Xlrp 2 \Xlgp XN——p dx’, (41
T,x'
With Egs.(29) and(31), we obtain
J 1 /0P P NS (T,P,X) oT P)l—x(ﬁn3)
M g P, X)= _n4 y -
(Tﬁ;) :'_(?ﬁ; Fg(;ﬁ;) . (33 n2 \ P/
Tx M3 Tx N3\ Tx
where we use Eq$23) and(26). With Eq. (25), Eq. (33) is % fx Pr(T.P.X )dx’. (42
transformed into 0 (1-x)?
Iue 1 (0P 3P 1 dm* Here we use Eq(34) and
- =—\l=5| 57T —7T 35 (34)
P Ty Na aP T 2 N3 m*x dP Ipq(T,P,0) 1
T T—U40(T,P)— m (43)

With Egs.(30) and(32), we obtain

094503-6



MOLAR VOLUME OF SUPERFLUID 3He*He.. ..

is the atomic volume of pure liquidHe.
In the next section, we give further discussions @

PHYSICAL REVIEW B 67, 094503 (2003

more in favor ofA a,. The leading terms i, and as, both
proportional tox, cancel each other. Therefore, on the whole,

a3, a4, and ag and fix the approximate expression of we can neglecty,+ a5 compared withA a.

a(T,P,x) for the present purpose to construct our empirical

formula.

B. Basic idea for the approximate formula

Let us start witha,(T,P,x). As is seen from Eq39), it
is necessary to know the pressure dependeneca*ofor the

numerical estimation ot,(T,P,x). The effective mass of

3He in the dilute limit results from the motion of #e atom

in superfluid*He. This has a correspondence in the classic

The contribution to the’He chemical potential from the
interaction afT=0 is of the fornf

1
><61(0.P,x)=6nXJO dy(1—-y)yZ[2V(0)—V(2pgy)],
(50

where the second term comes from the exchange scattering

af’md pr is the Fermi momentum,

fluid mechanics, that is, the effective mass consists of the

3He bare masm; and the induced mass. Pandharipande and

made a microscopic calculation and gave the EXPIESThe quantityV(q) is called the effective interaction between

Itoh'®

sion
-1
n40(O,P)} ’ (44)

m_e,:{ "7 N(0,0

where the parametdr is determined to fit the experimental

value ofm* atP=0. From the data publishéfwe take the
value as the best fitting

PE= (37T2n3)1/3: (3772n)1/3)(1/3. (51)

the 3He atoms and the long wavelength limit for very dilute
mixtures is given with our present notation*as

2
M4S4o

N4o

V(0)=—a3(0,P) (52)

wherem, is the “He bare mass ars}, is the sound velocity

in liquid “He. Several empirical formulas fov(q) were
suggested in Refs. 1 and 17 based on the various experimen-

With the help of Eq(44) a, can be expressed as a sum oftal datd® up to x=0.05. The suggestet(q) shows the

b=0.56. (45
terms
ay(T,P,X)=as(T,P,x)+ Aay(T,P,x), (46)
where
PF[ MNao(T,P)
0=\ |7 ap
ns aP T
3 ng(T,P) dm*  dnyy0,P) 4
"2 m* dngOP) dP [’ “7)
Aay(T,P,x)= 7.p)CF|72(TP) 48
ay(T,P,x)=—nyyT, )n_3 TT (48)

The sense of such representation is that,(x) compared
with a,y(X) is one order of the magnitude smallerxni.e.,
Aay,~Xay. Inits turn, eliminating the parametefrom the
exact Eqs(23) and(24), usingnz="“ N3" NA/Q), our empiri-
cal formula ofV,o(T,P),*2 and the expression fan* of Eq.

(44), the calculation ofr,, can be performed as accurately as

one wants.

Treating the last terma, andas, one can see from Egs. q4(T,P,x)=— %n4O(T,P)m4

(41) and (42) that their order of magnitude iR does not
exceed that oA a,. For T<Tg, we estimate

Ny

W) TX. (49)

1/on 1P
gt ag~ ( 40 F

0| 9P )TkBTFF 10,

This could be compared with @,. However, the numerical
estimation shows thak «, is about three times larger than a

change of sign aroundgg for thex=0.023 solution. So, we
may expect that the contribution of the second term is much
smaller than that of the first term in EGO) for the mixtures

of high concentrations studied here. To some extent, this can
be justified by the final good fitting of the experimental re-
sults. Thus we assume that the second term can be neglected.
Then, within the lowest approximation xwe have from

Eq. (40)

de1(0,P,x—0) | x
a3(0,P,X)=n40(0,P) — |3 (53
1 9s5(0,P)a3(0,P)
= - §n40(O,P)m4 ap X.
(54)

The next step in our speculation is an assumption dh&br

a finite temperature conserves its functional dependence on
the parameters concerned and thus is given by the
temperature-dependeat, ands,g as

IS5 T,P)a3(T,P)
P x (55
1 Ngo| 1
—‘5”40”'”(%)
2 da anag\ ~1é%n
2 & oag 40 40
Xai(T,P)| - 55 (Tp) ﬁpzlx, (56)

suma,+ as. For the other limit ofT>Tg, a ratio enhances where we use the relation
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TABLE lll. The list of our experiments tabulated alphabetically A. Series A
in the order of the amount dfHe confined in the sample cell\.”
The columns of Temperature, Pressure, dHe concentration are
the experimental ranges investigated.

The data of a series A are already shown in Fih)5
where the values of,, determined in the depressurization
processes at various constant temperatures are plotted as a

Series “\,"  Temperature Pressure 3He function of pressure. From the data we _obtain the plots of

[mol] [MK] [kgflcm?]  concentration ~ (exp @S @ function of temperature at various constant pres-
sures. Examples of such plots are given in Fig. 9.

A 0.207 1-630 0.65-10 0.07-0.08 As is noted in the preceding section, the numerical calcu-

B 0.220 1-100 0.61-5 0.07-0.08 lation of @,y can be done accurately. Our present calculation

C 0.273 0.4-200 0.26-10 0.09-0.10 is within the accuracy of 0.1%. Examples of the results are

D 0.299 130-220 0.75-10 0.10-0.11  shown in Fig. 10. As can be seen, the magnitude gfis of

E 0.373 220-310 0.45-10 0.12-0.14 the order of a few hundredths. So, the calculation within

F 0.457 310-370 0.95-10 0.15-0.16  0.1% accuracy is sufficient for the present purpose to estab-

G 0.502 340-400 1.19-10 0.17-0.18 lish the empirical formula within the accuracy of 1%.

H 0.557 400—445 1.07—-10 0.19-0.20 In order to estimaté\ @, and a3, it is necessary to know

|

1.004 580—660 1.50—10 035-039 «a41(T,P). The direct calculation with Eq.38) is impossible
as we have no data afe;/dP. We choose the method of
successive approximation. That is, at fies is estimated
-1 with

(57)

> [N
M4S40=\| Zp

a1(T,P)= ey s T,P;0.207)

Consequently, the approximate formula used for the

present study is given as ~ (et Aoyt ay). A" =020 9

wherein the second term of the rhag, i is used fora, in

a(T,P.X) = ay(T,P) + an(T,P.X) the formulas ofA«, and ;. Then, by employing thus ob-
+Aay(T,P,x)+as(T,P,x) (58 0.28 T '1kg1f/ Ty
.28 cm -
with Egs.(38), (47), (48), and(56). The formula generalizes 0.27
the analogous oR€ derived in the limiting case of small “
concentration and is thus insufficient for a wide concentra- g 0.26
tion range. &
In the next section, we discuss our experimental results ? i
with Eqg. (58) and try to fix the expressions af; and A a, R 0.25
+ a3 as the functions of, P, andx. Note thata,g, the ideal '2
Fermi gas contribution, can be treated exactly. So, there is no ¥_.025
sense from the physical point of view to use a simple Taylor Qi i
series in contrast to the other terms for which the theoretical & 024
description is not so transparent because of‘tHe-*He and & -
3He-3He interactions. 3 023
5 X
=
IV. RESULTS AND DISCUSSIONS % 0.22
We have performed nine series of experiments. In each 3 022
succession, the amount of thigle confined in the sample - |
cell, “Aj3,” is kept constant as mentioned in Sec. Il. The Mm 021
series are listed alphabetically from A to | in Table Il with M |
various experimental situations. Note that for series A, B, 0.20
and C all the procedures described in Sec. 1l C are employed | ]
\;vggl?el;o'r the series from D to | the procedu(ié) cannot be o019l Series A i

1 1
400 600
Temperature [mK]

In the following, we first construct the empirical formula 0 2(')0
of the BBP parametet,,4 With the data of a series A and
Eq. (58). Then, applyingxemya to the series from B to |, in
which the ®He concentration becomes higher and higher, we FiG. 9. @exd T,P;“ N3" =0.207) is plotted as a function of tem-
have to correCtrgmpa by augmenting the term proportional perature at various constant pressures. The solid curves are the cal-
to x2. culatedaempa of Eq. (68).
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-0.02
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0
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Temperature [mK]

" [ "
700 400

(b)
FIG. 10. Calculatedayy of Eg. (47) for the series of
“N3" =0.207.(a) ayis plotted as a function of pressure at various

constant temperature®) a, is plotted as a function of tempera-
ture at various constant pressures.

tained @, for the calculation ofA o, and a3, we reestimate
aq with Eq. (59). We repeat the procedure until we have a
good convergence af;.
The finally determinedy,(T,P) is found to be fitted very
well by the following polynomial ofT andP:
a1(T,P)=A1(P)+A1(P)T, (60)

where

PHYSICAL REVIEW B 67, 094503 (2003

TABLE IV. The coefficients of our empirical formulas of Eq.
(61), Eq.(67), and Eq.(72).

Equation Coefficient Value Unit

Ao 2.8806966% 101

App:  —1.2290688%10 2  [(kgflcn?) 1]

Ao 8.9663661% 1074 [ (kgflc?) 2]

Aps  —5.5608016& 10 °  [(kgficn?) 3]
Eq. (61) Ao 1.9845335 1076 [ (kgflcm?) =4

Ao 3.4413678% 103 (K™Y

App; —3.6498797K 1074 [K™1. (kgffcn?) 1]

Ao 9.05825884 10 ° [K™1.(kgflcn?)~?]

Aps —6.9096596% 10 ° [K™1- (kgflcm?) 3]

Asz1.00 7.3745968& 10 2

Azo1  —1.3194846%10 2  [(kgflcm?) 1]

A1 02 1.15781554% 103 [ (kgf/cm?) 2]
Eq. (67) As103  —6.00790576&10° % [(kgficm?) 3]

As120 3.4560625 102 [K™?]

Az —3.9426528% 10 % [K™2.(kgflcn?) 1]

Az1 2 1.7722890% 10 % [K 2. (kgflcm?) 2]

Az —5.8395812&10 2

Az 01 3.2231492% 103 [ (kgflcm?) 1]

Asro2  2.6730839& 10 * [ (kgf/c?) 2]
Eq. (72) Asz.10 6.4193615K 102 [K™1]

Agpqn  —4.1374420%10° % [K™1. (kgfien?) 1]

As1o 3.2419758% 1074 [K™1. (kgf/cn?) 2]

4
Alo(P):i:EO A;P,

3

All(P):i:EO AP, (61)

The coefficients of the polynomials of E@1) are given in
Table IV.

In Fig. 11, we show the plot ofx;(0,P). Note that
a41(0,0) is justa(0,0x—0)=ay. From Eqgs.(60) and (61)
we obtain

03—
0.28
0.26

0.24

al(O, P)

0.22

0.20

4 6
Pressure [kgf/cm?]

10

FIG. 11. a4(0,P) calculated with Eq(60) is shown as a func-
tion of pressure.
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———— 77— From the finally determined @, and a3, it is found that

[ e C Ebnerand b, O, Edward A3(T,P) is fitted well by the polynomial off andP,
1_ . ner an .U, iwards

[Ref, 20]

Asi(T,P)=Az P)+ Az AP)T?, (66)

[
— where
5t
& -1 i 3
I A31,0(P):2 Az1gP',
2 ] i=0
e R R B 2
_ i
Pressure [kgf/cm?] A31,2(P)_i20 Az1aP. (67)

FIG. 12. The binding energy of 3He atom in pure*He, ¢,(P)  The coefficients of the polynomials of E7) are given in
[see Eq(64)]. Here we use the valug,(0)=—2.785 K from Ref.  Table IV.
19. The empirical formula of the BBP parameter obtained
with the data of series A can be summarized as
ap=0.288. (62)

a (T,P,X)=[A1o(P)+A11(P)T]+ ayyT,P,X)
This value is in good agreement with the data published, empA 10 H 20l
+[AzdP)+ Az AP)T?]x. (68)

a=0.284+ 0.00%, _ _ _ .
In Fig. 9, the solid curve in each figure represents the BBP

ao=0.286+0.00F. (63  Pparameter calculated with E(68). As can be seen, the fit-
ting is satisfactory as it should be.
The pressure dependence of the BBP parameter was first
studied in Refs. 3 and 6 in which the data extrapolated to the B. Series B-|

limit of T=0 K are given. However, either the limit of The experimental data obtained for the series from B to |
—0 was not considered at all or the concentration depen- X

dence was neglected witin their experimental rahgee it S B C8, 8 N T S S
latter can be justified only in the low pressure rangePof P P ' 9-

—0 (see Sec. IVC and Figs. I8, [2]). As far as we know, 14, the data are shown as a function of temperature at various

the present result of Eq$60) and (61) is the first case of corllzs;ranéa%rﬁ Ss?grri:. we calcula The results are
empirical expression fitting the experimental pressure depen- ' Bompa -

dence of the BBP parameter in the limit =0 K and x ShO.W” n F'g' 14 as dashed“ cu’r,v'es. It is seen thafya
0. deviates slightly fromu,, as “N3” increases. We suppose

As can be seen from Table IV, the value of the seconc}hat the deviation arises from the increasexafith the in-

term on the rhs of Eq60) is very small compared with the crease of . .SO’. we correqtaem%gz by tak_mg Into ac-
first term. That is,ay(T,P) is almost independent of tem- count the contribution proportional to*. That is, we try to

perature. We can calculatg(P) with Eq. (39), fit crexp With

b emd TP, X) = @empa(T,P.X) +Ag(T,P)x*.  (69)

€o(P) = €(0)+ fo vao( 0P ay(0OP")+1]dP". (64) The polynomialA;(T,P) is determined to obtain the best

i fitting with the whole ae,T,P;“ N3") by assuming the
Taking the value 0kq(0)=—2.785 K from Ref. 19, we ob- 5 ynomial as simple as possible. The result is
tain €o(P) as shown in Fig. 12. In the figure, the quantity

€o(P) calculated in Ref. 20 is also plotted for comparison. AT, P)=AzdP)+ Az (P)T, (70)
Although in Fig. 11 we did not show the magnitude of the h
BBP parameter used in Ref. 20, we recognize a systematit/ '¢¢

difference between our,(0,P) and the BBP parameter after 2
Ref. 20. The difference increases with the growth of pres- Az dP)=2, AspgP',
sure, in particular~2% atP=2 kgf/cn? and ~5% atP ’ =0 '

=8 kgflcn?. As can be seen from Ed64) and Fig. 12,
however, such small disagreement in the BBP parameter :
does not result in any appreciable difference for the magni- A32,1(P):i20 Asz 5P
tude of eo(P).

Since our aim is to establish an empirical formula asThe coefficients of the polynominals of E{.1) are given in
simple as possible, we combider, and a3 and then try to  Table IV. The fittings are shown in Fig. 14 as solid curves.

2
(71)

fit it as This determination is done not only by obtaining the best
5 fitting but also by employing procedufe) in Sec. Il C. That
az=Aay+ az=~Az(T,P)X. (65 s, we calculate

094503-10
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_ Q[V(T,P,X) = Vyo(T,P) ]
 @emd TP N3" )V T,P)Vir(T,P,X)

for all the series of experiments, The results are shown in
Fig. 15. As can be seen, for each series the calculated values
of N3 scatter around V3" and they are almost independent

of temperature and pressure, as it should be, within 1% of
each “A3.”

Comparing Figs. 8 and 15 forAf3” =0.207, we notice
that agmpa is better thanaey,, in the high pressure region
above about 8 kgf/ch In order to improve this point, we
think that we should determing,,,» by considering the®
term from the very beginning. However, from our present
requirement to reproduce the BBP parameter within the ac-
curacy of 1%, our formulav.,, is satisfactory.

Therefore, we may conclude that the empirical formula
aemd T,P,X) of Eq. (69) reproduces oukre,T,P;“ N3")
satisfactorily, i.e., within the accuracy of 1%.

N3 (72)

C. Concentration dependence of the BBP parameter

As can be seen from the formulas and figures presented so
far, the pressure dependencecaf,,{T,P,x) arises mainly
from that of «¢(T,P), and the temperature dependence is
principally due to that ofa,(T,P,Xx). In this section, we
examine the concentration dependencegf {T,P,x). This
seems interesting because ew, T,P,x) is shown to be
satisfactory at least up to~0.4, the highest concentration
presently studied and, in addition, there has been no system-
atic study of the*He concentration dependence of the BBP
parameter as a whole.

The examples of the results in the linit-=0 are shown
in Figs. 161] and[2] for P=0 and 10 kgf/crf, respectively.

In the figures, we also show the corresponding and a3
=Agx+Azx? as a function ofx to recognize the competi-
tion between them. FoP=0 kgf/icn?, it is seen that the
BBP parameter is very insensitive to the concentration in a
wide range of concentration. Such behavior is consistent
with the data publishedi?® On the other hand, forP

=10 kgf/cn?, the BBP parameter shows a clear concentra-
tion dependence. Thus one recognizes that the concentration
dependence varies considerably with pressure.

As the saturated®He concentration aff=0 is rather
small, it may be interesting to see the behavior at a higher
temperature. The concentration dependenced af.69 K
under the saturated vapor pressure is reported in Ref. 4. The
comparison between the datand the calculation with Eq.
(69) is shown in Fig. 1B3]. We note the difference of 1%—
2.5%, depending on the concentration. Such noticeable dis-
crepancy is not surprising since, first, the temperature 0.69 K
lies beyond the range of the present investigation. As is
known, above about 0.7 K the phonon and roton excitations

“A,") is plotted as a function of pressure at various constanof the *He fluid cannot be already negligiblé® and their
temperatures. The data are for series from B to | as described iaontribution into the BBP parameter should be considered. In

Table III.

the present study this effect is completely disregarded. Sec-
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FIG. 14. Experimentally determined BBP parameigg{T,P;"“ A3") is plotted as a function of temperature at various constant pres-
sures. The solid circles are the data points. The data are for series from B to | as described in Table Ill. The solid curves are the calculated
@emp Of EQ. (69). The dashed curves are the calculatgg,,» of Eq. (68).

ond, the dathdo not demonstrate any monotonic behavior asseen that the agreement is better than 1% though there is a
a function of concentration within their experimental accu-systematic difference between owg,,, and the data Com-
racy. Apparently, this may be attributed to some disadvanparing Figs. 1) and(b), we recognize that the temperature
tages of the measurement procedure resulting in the largélependence is mainly due to that@f,.
out-of-control errors. In order to see the general feature of the approximation

The temperature dependence of the BBP parameter undéfith respect tocin Eq. (69), we examine the limik=1. The
the saturated vapor pressure is reported in Ref. 5 fox an Value of the BBP parameter &t=1 may be formally defined
=0.055 solution. In the present study, the comparison bedS
tween ae,, and agmp is made for the temperature depen- Vao(T,P)

. . . 3 y

dence at various constant pressures as shown in Figs. 9 and a(T,Px=1)= - —
14, in order to separate definitely the concentration depen- Vao(T,P)
dence. So, it may be interesting to compare the dat&®ef.  which is calculated withV/,(T,P)*? and V(T,P).?? From
5) with our aepmp. The results are shown in Fig. @&. Itis  Egs.(68), (69), and(73), we obtain, for example,

1, (73
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FIG. 15. The values al\; obtained from Eq(72). The data are for series from A to | as described in Table III.

Qemd 0,0x=1)=0.3034 temperature dependence of the BBP parameter. The main
pressure dependence of the BBP parameter comes drom
<a(0,0x=1)=0.3370 This is determined consistently withs, which is a func-
< atgmpa(0,0x=1)=0.3618. (74) tional of_a_1 and depends on fth%He concentration. Note that
all the fittings agree well with the plot of the data for the
This result seems reasonable, because we should take in@mperature dependence of the BBP parameter at various
account the terms of higher order with respectxt@s x  constant pressuréBigs. 9 and 14 It is almost impossible to
increases, and we may expect the sign of the successi@parate the concentration dependencevpfrom the raw
terms to change alternately. plot of the data shown as the pressure dependgfigs. 5b)
and 13, since the variation of the BBP parameter with pres-
sure is so large that the concentration dependence is nearly
In the procedure to fix the functional form of,,,, we  smeared out. Thus, we may say that in the formulagf,,
use the exact formula far,, which mainly contributes to the the dependence on temperature, pressure, andHeecon-

D. Argument on the absolute uncertainty
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FIG. 16. Concentration dependence of the BBP parameter at various constant temperatures and fjaeSheetde concentration
dependence of the BBP parameter calculated fegmT,P,x) of Eq. (69). (b) The 3He concentration dependence®f, of Eq. (47). (c)

The 3He concentration dependence®f in Eq. (69), i.e., as=As(T,P)x+As(T,P)x2. In each curve, the dashed part corresponds to the
region above the saturated concentration.
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centration is correctly grasped. The results of compariso
with the completely independent data of other groups a
shown in Figs. 18] and 17 may support this statement.

In this section we give an argument on the absolute un
certainty of the value obtained witlaep,p,, i.€., that ofaey,
with which aepmpis determined.

Besides the fundamental quantity of E¢) and the re-
lated assumptiongfor details, see Ref. 22 our values of
aexp rely on Refs. 6 and 13 through Eg4.0) and (13). So,
the absolute uncertainty af,,, is closely related to that in
the fittings of Eqs(10) and(13), especially, Eq(10). For the
molar volume of pure liquid*He V,o(T,P), the difference
between the present study and Ref. 6 is withinl
% 1072 cm®/mol.*? So, there seems no serious difference in
the relative accuracy for the measurement of molar volum
between the present study and Ref. 6.

Note that Ref. 6, in turn, relies on Ref. 4 through the
empirical formula of o originally given for very dilute
mixtures?

a(T,0x—0)=(0.284+0.005 —[(0.032-0.003 K 1]T.
(75

Watsonet al. utilized Eq.(75) for a double purpose, in which
the applicability of Eq(75) is extended to the mixture of a
rather high concentration and the concentration-

PHYSICAL REVIEW B 67, 094503 (2003

ficient 0.032 K'! is assumed as well. First, they fixed the
value of their BBP parameter,, in a single phase region at
their normalization point T=T*, P=0) for each run with
x=0.0827, 0.0918, and 0.100 solutions by

aw(T*,0;x)=0.284-0.032T*. (76)

With this normalizationay(T*,P;X) is determined by mea-
suring the pressure dependence of the molar volumig at
The temperatur@* is around 0.3 K. Next, Eq(.75) is em-
ployed again to estimate,,(0.05P;x) as

aw(0.05P;x) = aw(T*,P;x)+0.032T* —0.05. (77)

With a,(0.05P;x) thus estimated, the saturated concentra-
tion xs w(0.05P) is determined by using Ed2) from the
measurements of the molar volume for the d-phase as a func-
tion of pressure in the phase-separated state.

Note that the pressure dependence of the saturated con-
centrationxs(T,P) is mainly related with the pressure depen-
dence of the BBP parameter. The effect of the concentration
variation due to the pressure on the BBP parameter is almost
negligible for determining the pressure dependence of the
saturated concentration.

As can be seen from Figs. 9, 14, and 17, the temperature
8ependence Oftemp is Not a simpleT-linear behavior as is
assumed in Eq.77). However, as is seen in Figs. 9 and 14,
the temperature behavior of,,,, does not show any appre-
ciable pressure dependence for a fixed;.” From Fig. 14,
it is seen that the temperature dependence varies with the

Umount of “N3."” That is, the temperature dependence is ex-
?)ected to vary with théHe concentration. However, it may

be plausible to neglect this effect faxy since the variation
of the concentration withix=0.0827-0.100 is not so large.
So, one may expect that,,(0.05P;x) estimated with Eq.
(77) represents the sufficiently correct behavior of the rela-
tive pressure dependence. Taking into account the statement
in the beginning of this section, we may say that the absolute
uncertainty of ouraey,{T,P,X) is that of a,(0.05P;x) or
Xs,w(0.05P) almost regardless of temperature and fivte
concentration.

In Fig. 8 of Ref. 6, one recognizes that tlke-0.0827
solution remixes at about 3 atm pressure. The concentration
at this remixing region is given as about 0.0820 witty .

0, the uncertaint . seems to be 1-1.5% cor-
So, th inty of,,(0.05P) be 1-1.5%

responding to the absolute uncertainty of about 0.003Ha
concentration. For the averaged valuesof,(0.05P) given

in Table 11l of Ref. 6 and used in our EQL0), the absolute
uncertainty is also stated as0.001. This means that the
absolute uncertainty, expressed in fractionxgf(0.05pP),
does not exceed 1.5% fér=0 and 1% forP=10 kgf/cn?
according to the increase of the saturated concentration with
pressure within this range. Consequently, we may conclude
that, on the whole, the absolute uncertainty of adr,, lies
within 1-1.5% depending slightly on pressure and almost

temperature-, and pressure-independent behavior of the coéfrespective of temperature and tfEle cencentration.
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V. SUMMARY

We have presented the experimental data of the BBP p
rameter determined with our new method. The investigate
region of temperature is 0.4—660 mK, that of pressure i

0.3-10 kgf/cm, and that of the®He concentration is 0.07—
0.39.

In the usual method of obtaining the BBP parameter, on

condenses a gas mixture, tAee concentration of which is

known beforehand. The pressure is applied by using th
same gas mixture. In the present method, we confine a liquid

mixture by a cell and the amount GHe is kept constant

during a series of experiments in which the pressure is swe
at various constant temperatures. The pressure is changed

controlling the amount ofHe in the cell. So, theHe con-

centration varies mainly as a function of pressure. This is an
advantageous aspect of the present method. That is, one ca

deal with a wide range of théHe concentration without
preparing gas mixtures of varioudHe concentrations. The
estimation of the amount of théHe confined in the cell is

PHYSICAL REVIEW B 67, 094503 (2003

various gauges, e.g., concentration and pressure ones or ther-
mometers, is required only once in the beginning of all ex-
yerimental runs.

The data obtained are fitted with an appropriate formula
%ased on the phenomenological theory dfe-*He liquid
mixtures. Our empirical formula of Eq69) is shown to
reproduce the experimental values of the BBP parameter
Svithin the accuracy of 1% in the whole ranges of tempera-
ture, pressure, and thtHe concentration presently studied.
.The absolute uncertainty okem{T,P,x) is estimated as
within 1-1.5% depending slightly on pressure and almost
regardless of temperature and tfiée concentration. This is
Riue to our procedure referring to the saturated concentration
ng(0.0SP) which has the absolute uncertainty0.001 in
the *He concentration. We believe our empirical formula
will be useful for various studies otHe-*He mixtures.
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