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Molar volume of superfluid 3He-4He mixtures: The dependence of the Bardeen-Baym-Pines
parameter on temperature, pressure, and3He concentration
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We have developed a new method for determining the Bardeen-Baym-Pines~BBP! parameter of a superfluid
3He-4He mixture from the measurement of its molar volume within the wide ranges of temperature, pressure,
and the3He concentration. The method and the results are described. The ranges of the present investigation
are 0.4–660 mK in temperature, 0.3–10 kgf/cm2 in pressure, and 0.07–0.39 in the3He concentration. The data
obtained are fitted with a formula based on the phenomenological theory of dilute solutions of3He in super-
fluid 4He. Our empirical formula can reproduce the experimental values of the BBP parameter within the
accuracy of 1%. The argument on the absolute uncertainty is also given.
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I. INTRODUCTION

The molar volumeVm of a dilute solution of3He in 4He
~d-phase! is usually written in the form

Vm~T,P,x!5V40~T,P!@11a~T,P,x!x#, ~1!

where V40 is the molar volume of pure4He at the same
temperatureT and pressureP as a solution, andx is the molar
concentration of3He. The numbera is usually called the
BBP parameter after Bardeen, Baym, and Pines~BBP!,1 who
developed the theory of the dilute solution.

In our experimental investigation of the critical supersa
ration in superfluid3He-4He mixtures,2 we are asked to de
termine the3He molar concentrationx at various tempera
tures and pressures. We rewrite Eq.~1! as

x5
1

a~T,P,x! FVm~T,P,x!

V40~T,P!
21G . ~2!

This means that if the values ofa(T,P,x) andV40(T,P) are
known, then we can determinex from the measurement o
Vm(T,P,x).

Experimental efforts to determine the values ofa(T,P,x)
were done by various groups3–6 just after the work of BBP.
In our experiments of the critical supersaturation, the ran
are 0.4–645 mK in temperature, 1–8.5 kgf/cm2 in pressure,
and 0.07–0.39 in the3He molar concentration.~We use the
unit of pressure kgf/cm2 since this unit is already employe
for the measurements in Ref. 2 which are closely related
the present study. The conversion to the SI unit is
kgf/cm250.9806653105 Pa.! For such wide ranges, it is im
possible to estimate the values ofa(T,P,x) from the data
published.3–6 The ranges of parameters covered in Refs. 3
are tabulated in Table I. Note that all the experiments3–6

were done by condensing a gas mixture, the3He concentra-
tion of which being known beforehand. Such way is n
practical when one must handle a wide range of the3He
concentration.
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-

s

to
1

6

t

We have developed a completely different method to
termine the BBP parametera(T,P,x). In this report we
present our method and show the results with it. The res
are compared quantitatively with the calculated values ba
on the phenomenological theory along the analogous a
ments given by Abrahamet al.5,7 Our empirical formula for
a(T,P,x) can reproduce the experimental values within t
accuracy of 1%.

II. EXPERIMENTAL

A. Principle of the method

The sample cell is schematically shown in Fig. 1. It co
tains a capacitor of the coaxial cylindrical shape for meas
ing the dielectric constant of mixtures,em . We assume tha
the molar volumeVm is related to its dielectric constant b
the Clausius-Mossotti relation

em21

em12
5

4p

3

x

Vm
~3!

and that the molar polarizabilityx is independent of density
and temperature. Furthermore we assume thatx is same for
3He and4He. We take the value from Kerr and Sherman8 as

x50.1232 cm3/mol . ~4!

TABLE I. The ranges of parameters covered in Refs. 3–6
the investigation of the molar volume of3He-4He mixtures.

Ref. 3He concentration Temperature@mK# Pressure@atm#

3 0.06 1250–2200 0–20
4 0.02–0.15 25–1200 0

~6 samples!
5 0.055 38–525 0
6 0.064–0.10 50–500 0–22.5

~4 samples!
©2003 The American Physical Society03-1
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A cold valve9 is equipped in the3He condensing line in
order to keep constant the amount of3He in the cell during
each series of experiments. Let us suppose that we ha
single d-phase mixture in the sample cell of volumeV at
temperatureT and pressureP, which consists ofN3 moles of
3He andN4 moles of 4He. Then we have the relation

V5~N31N4!Vm~T,P,x!, ~5!

where the3He molar concentration is

x5
N3

N31N4
5

n3

n31n4
[

n3

n
. ~6!

Here, n3 and n4 are the number density of3He and 4He,
respectively. With Eqs.~1!, ~5!, and~6!, the BBP paramete
is expressed as

a~T,P,x!5
V@Vm~T,P,x!2V40~T,P!#

N3V40~T,P!Vm~T,P,x!
. ~7!

This is the equation with which we determine the BBP p
rameter. The equation means that when the values
V40(T,P), V, and N3 are known,a(T,P,x) is obtained
from the measurement ofVm(T,P,x).

The sample cell has a superleak-line through which o
the zero-entropy superfluid component of4He flows into the
cell to pressurize the sample mixture, or out to depressu
it. The pressure is measured with a capacitance-type pres
gauge.10 The cold valve in the4He-line is for the purpose o
avoiding any pressure disturbance at the time of the tran
of liquid helium.

The method is illustrated in Fig. 2. First, pure4He is
condensed into the cell through the superleak. Then,3He is
condensed through the3He-line, during which4He flows out
through the superleak. After obtaining an appropriate ratio
the d-phase and the3He-concentrated phase~c-phase!, the
cold valve in the 3He-line is closed in order to keep th

FIG. 1. Principal construction of the experimental cell.
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amount of 3He in the cell,N3, constant. Then, we stabiliz
the temperature and start adding4He continuously into the
cell through the superleak@~1! in Fig. 2#. The increase of the
amount of4He in the cell,N4, causes a transformation of th
c-phase into the d-phase due to the increase of the3He solu-
bility with pressure6 and the increase of the ratioN4 /N3 in
the cell. So the phase-separation interface moves up.
c-phase disappears atPc @~2! in Fig. 2# and then the whole
liquid enters into the unsaturated d-phase. We stop the p
surization in the unsaturated state far from the solubi
curve@~3! in Fig. 2#. After obtaining the equilibrium state in
the unsaturated region, we start the depressurization pro
The process is continued until we observe a sudden demi
at Pd @~4! in Fig. 2#. During the depressurization proce
@(3)→(4) in Fig. 2#, we have only a single d-phase. Th
depressurization process is used to determinea(T,P,x) with
Eq. ~7!. In the present investigation, the sweep rate of pr
sure is always about 0.2 kgf/cm2 h.

B. Molar volume of pure liquid 4He

Although there have been various data published on
molar volume of pure liquid4He, V40(T,P),6,11 those are not
enough to obtain an empirical analytic expression
V40(T,P) which covers our experimental ranges of tempe
ture and pressure. So, we determinedV40(T,P) by ourselves
and established a useful empirical formula which can g
V40(T,P) within the accuracy of6531024 cm3/mol. The
details can be found in Ref. 12.

C. Procedures to determinea„T,P,x…

The experimental cell is the same as given in Ref. 2.
order to describe the present procedures clearly, the ce
reproduced in Fig. 3. It has two concentration gauges of
pacitance type. They are separated by about 120 mm in o
to check the homogeneity of the3He concentration. The
lower one is called d-gauge as it is always wholly immers
in the d-phase. The other is placed at the top of the cell

FIG. 2. Illustration of the method. The depressurization proc
(3)→(4) is used for the determination of the BBP parameter.
3-2
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is called c-gauge because it is filled with the c-phase be
starting the pressurization process. In the present inves
tion we use only the d-gauge. The c-gauge is used for
check of the homogeneity of the mixture and for the estim
tion of N3.

The effective volume of the cell is measured at the liqu
nitrogen temperature and we take the value

V577.3 cm3 ~8!

within the accuracy of 0.1%.
The details of the construction and the calibration pro

dure of the concentration gauge including the correction f
tor due to a possible deformation caused by the pressure
given in Ref. 12.

The procedures of determininga(T,P,x) are as follows.
~i! The amount of the3He condensed and confined in th

cell is roughly estimated from the nuclear magnetic re
nance ~NMR! measurement of3He and by using the
c-gauge. The value is denoted byN3,NC. We move the posi-
tion of the phase-separation interface through the NM
pick-up coil and the c-gauge by sweeping the pressure@see
Figs. 2 and 3#. As the detailed numerical sizes of the vario
parts of the cell are known, the estimation ofN3,NC is done
fairly accurately.

~ii ! AssumingN35N3,NC in Eq. ~7!, we obtaina(T,P,x)
from the measured value ofVm(T,P,x) with the d-gauge in

FIG. 3. Schematic diagram of the sample cell.
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the depressurization process (3)→(4) in Fig. 2. The BBP
parameter thus obtained is denoted byaexp(T,P;N3,NC).
Note that the3He concentrationx is a function ofT andP as
we are in the single d-phase region with a fixed amount
3He. The procedure is performed at various constant te
peratures. From the data we make the plots ofaexp(T,P
5const.;N3,NC). All the plots are fitted with an appropriat
polynomial

aexp,fit~T,P;N3,NC!5(
i 50

3

ai~P;N3,NC!T2i , ~9!

where the coefficients on the right-hand side~rhs! of Eq. ~9!
are polynomials of the pressure determined by the metho
least squares.

~iii ! The amount of the c-phase which appears after
demixing @(4)→(1) in Fig. 2# is very small compared with
the total amount of3He in the d-phase. So, we may use t
determinedaexp,fit(T,P;N3,NC) even after the demixing. The
calculated value ofx with Eq. ~2! in the two-phase region is
the saturated concentration of3He in the d-phase,
xs,exp(T,P).

We refer to the reliable data for the pressure depende
of the saturated3He concentration at 50 mK by Watsonet
al.,6 xs,W(0.05,P). Their data are plotted in Fig. 4 and fitte
with a polynomial

xs,W~0.05,P!5(
i 50

4

ei P
i . ~10!

The coefficientsei are given in Table II and the fitted curv
is shown in Fig. 4. We compare ourxs,exp(0.05,P) with
xs,W(0.05,P). If we do not have a good agreement betwe
them, we slightly change the value ofN3 from N3,NC and
proceed with the same procedure described in~ii !. We repeat
until we have a good agreement betweenxs,exp(0.05,P) and
xs,W(0.05,P) within 0.0001 in the3He concentration. The
finally determined value ofN3 is denoted by ‘‘N3.’’ We de-
note the corresponding BBP parameter byaexp(T,P; ‘‘ N3’’ !
and the fitting expression byaexp,fit(T,P; ‘‘ N3’’ !. In Fig. 5,
we show the case of ‘‘N3’’ 50.207.

FIG. 4. The pressure dependence of the saturated3He concen-
tration at 50 mK. The solid circles are the data by Watsonet al.
~Ref. 6!. The solid curve is the fitting with Eq.~10!.
3-3
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~iv! The procedure analogous to~iii ! can be employed a
various temperatures if we have a reliable expression
xs(T,P). Generally, the saturated concentration may be
pressed as

xs~T,P!5xs~0,P!@11b~P!T2# ~11!

TABLE II. The coefficients of the fitting polynomials of Eq
~10! and Eq.~13!. The unit of pressure is chosen according to t
original data~Refs. 6 and 13!.

Equation Coefficient Value Unit

e0 6.6600267631022

e1 6.9043901831023 @atm21#

Eq. ~10! e2 25.4124931331024 @atm22#

e3 1.5083905431025 @atm23#

e4 21.4328730031027 @atm24#

f 0 9.91282623 @K22#

f 1 29.4597233031021 @K22 bar21#

Eq. ~13! f 2 1.1463020831021 @K22 bar22#

f 3 25.6403573031023 @K22 bar23#

f 4 1.0152559931024 @K22 bar24#

FIG. 5. Results for the series with ‘‘N3’’ 50.207 mol.~a! Com-
parison betweenxs,exp(0.05,P) and xs,W(0.05,P). ~b! The deter-
minedaexp(T,P; ‘‘ N3’’ 50.207! is shown as a function of pressur
at various constant temperatures.
09450
r
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in the region of the temperatures sufficiently low compar
with the Fermi temperatureTF(xs). In order to fix the value
of xs(T,P), we again use the value ofxs,W(0.05,P). That is,
from Eq. ~11! we have

xs~0,P!5
xs,W~0.05,P!

11b~P!3~0.05!2
. ~12!

For b(P), we refer to the data by Kurikawa,13 which are
plotted in Fig. 6. We fit the data with a polynomial expre
sion

b~P!5(
i 50

4

f i P
i . ~13!

The coefficientsf i are given in Table II and the fitted curve
shown in Fig. 6.

The examples of comparison betweenxs,exp(T,P) and
xs(T,P) of Eq. ~11! are shown in Fig. 7 atT512 mK and
T580 mK for the case of ‘‘N3’’ 50.273. As can be seen
they are in a good agreement. This may mean the reliab

FIG. 6. The pressure dependence of the parameterb(P) in Eq.
~11!. The solid circles are the data by Kurikawa~Ref. 13!. The solid
curve represents the fitting with Eq.~13!.

FIG. 7. Comparison betweenxs,exp(T,P) @solid circles: at 12
mK, open circles: at 80 mK# and the calculatedxs(T,P) of Eq. ~11!
@dashed curves#. The dot-dash curve representsx(T,P; ‘‘ N3’’
50.273! calculated with Eq. ~2! by using aexp,fit(T,P; ‘‘ N3’’
50.273!. Note that the temperature dependence in the sin
d-phase region is very small. This can be understood asN3 is con-
stant.
3-4
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MOLAR VOLUME OF SUPERFLUID 3He-4He . . . PHYSICAL REVIEW B 67, 094503 ~2003!
of our values of ‘‘N3’’ and aexp(T,P; ‘‘ N3’’ !, and also the
usefulness of the fitting formulas of Eqs.~10!, ~11!, and~13!.

In the phase-separated region, one must wait for a tim
obtain an equilibrium state between the coexisting d- a
c-phases. That time becomes longer remarkably with the
crease of temperature.2 In such high temperature regions, th
comparison can be done only atP5Pd .

~v! The reliability of the values of ‘‘N3’’ and
aexp,fit(T,P; ‘‘ N3’’ ! can be checked also by the followin
way.

With aexp,fit, we rewrite Eq.~7! as

N35
V@Vm~T,P,x!2V40~T,P!#

aexp,fit~T,P; ‘‘ N3’’ !V40~T,P!Vm~T,P,x!
. ~14!

Here, we considerN3 as unknown parameter. With Eq.~14!
N3 is calculated from the measured value ofVm(T,P,x) dur-
ing the depressurization process@(3)→(4) in Fig. 2#. The
calculated values ofN3 should not depend on temperatu
and pressure.

The examples of such check are shown in Fig. 8. It is s
thatN3 scatters around ‘‘N3’’ without any appreciable devia
tion. This check procedure can be performed regardles
the temperature region, because an equilibrium state is
ized readily when the whole liquid is in the d-phase and
depressurization rate is as small as 0.2 kgf/cm2 h.

A possible escape of3He through the cold valve and th
superleak for a long time of experiments has proved to
nondetectable. The details can be found in Ref. 2~2002!.

We increase the amount of3He, N3, step by step and
perform procedures~i!–~iii ! at each step followed by proce
dures~iv! and ~v!. WhenN3 exceeds some amount, we a
ways have a phase-separated state at 50 mK for any pres
Then, procedure~iii ! cannot be applied.

III. THEORETICAL

A. General expression fora„T,P,x…

Let us consider a mixture at temperatureT in the volume
V with pressureP, which consists ofN3 moles of 3He and
N4 moles of 4He. The chemical potential per particle of th
mixture m is of the form

FIG. 8. The values ofN3 obtained from Eq.~14! during the
depressurization processes atT550 mK and 500 mK in the serie
of ‘‘ N3’’ 50.207.
09450
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m~T,P,x!5xm3~T,P,x!1~12x!m4~T,P,x!, ~15!

wherem3 and m4 are the chemical potential per particle
3He and 4He in the mixture, respectively. The atomic vo
ume of the mixture can be calculated by

vm~T,P,x!5S ]m

]PD
T,x

. ~16!

With the Gibbs-Duhem relation,m4 is related tom3 by

m4~T,P,x!5m4~T,P,0!2E
0

x x8

12x8

]m3~T,P,x8!

]x8
dx8.

~17!

So, Eq.~15! is rewritten as

m~T,P,x!

5~12x!m4~T,P,0!1xm3~T,P,x!

2~12x!E
0

x x8

12x8

]m3~T,P,x8!

]x8
dx8 ~18!

5~12x!m4~T,P,0!1~1

2x!E
0

x m3~T,P,x8!

~12x8!2
dx8. ~19!

The energy of a3He quasiparticle excitation of small mo
mentump in the mixture may be expressed as

ep5e0~P!1
p2

2m* ~P!
1e int~P,x,p!. ~20!

The first two terms are the energy in the dilute limit and t
effective massm* depends only on the pressure. The la
term is the contribution from the3He-3He interaction. There-
fore, the 3He chemical potential in the mixture can be re
resented in the form5

m3~T,P,x!5e0~P!1mF~T,P,x!1xe1~T,P,x!, ~21!

wheremF is the chemical potential of a free Fermi gas
effective massm* (P). Substituting Eq.~21! into Eq.~18! or
~19!, we obtain

m~T,P,x!5~12x!m4~T,P,0!1xe0~P!1~12x!

3E
0

x x8

~12x8!2
e1~T,P,x8!dx81xmF~T,P,x!

2~12x!E
0

x x8

12x8

]mF~T,P,x8!

]x8
dx8. ~22!

The equation of state of a free Fermi gas is obtained fr
the following two equations:14

n3l35 f 3/2~z!, ~23!
3-5
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l3PF

kBT
5 f 5/2~z!, ~24!

wherePF is usually called the Fermi pressure,l is the ther-
mal de Broglie’s wavelength,

l5S 2p\2

m* kBT
D 1/2

, ~25!

and

f 5/2~z!5
4

Ap
E

0

`

dxx2 ln$11z exp~2x2!%,

f 3/2~z!5z
]

]z
f 5/2~z!. ~26!

The chemical potentialmF is related toz by

mF5kBT ln z. ~27!

The Fermi temperature is given as

TF5
\2~3p2n3!2/3

2m* kB

. ~28!

By partially differentiating Eq.~24!, we have

F ]

]P S l3PF

kBT D G
T,x

5
d f5/2~z!

dz S ]z

]PD
T,x

~29!

and

F ]

]x S l3PF

kBT D G
T,P

5
d f5/2~z!

dz S ]z

]xD
T,P

. ~30!

In the same way with Eq.~27!, we have

S ]mF

]P D
T,x

5
kBT

z S ]z

]PD
T,x

~31!

and

S ]mF

]x D
T,P

5
kBT

z S ]z

]xD
T,P

. ~32!

With Eqs.~29! and ~31!, we obtain

S ]mF

]P D
T,x

5
1

n3
S ]PF

]P D
T,x

1
PF

n3l3 S ]l3

]P D
T,x

, ~33!

where we use Eqs.~23! and ~26!. With Eq. ~25!, Eq. ~33! is
transformed into

S ]mF

]P D
T,x

5
1

n3
S ]PF

]P D
T,x

2
3

2

PF

n3

1

m*

dm*

dP
. ~34!

With Eqs.~30! and ~32!, we obtain
09450
S ]mF

]x D
T,P

5
1

n3
S ]PF

]x D
T,P

5
1

nx S ]PF

]x D
T,P

, ~35!

where we use Eqs.~23!, ~26!, and~6!.
Substituting Eq.~35! into the last term on the rhs of Eq

~22!, we obtain

m~T,P,x!5~12x!m4~T,P,0!1xe0~P!1~12x!

3E
0

x x8

~12x8!2
e1~T,P,x8!dx81xmF~T,P,x!

2
x

n3
PF~T,P,x!1

x~12x!

n3
E

0

xPF~T,P,x8!

~12x8!2
dx8.

~36!

Employing Eq.~36! for Eq. ~16!, we have the expression fo
vm(T,P,x). Then with Eq.~1!, the BBP parameter is ex
pressed as

a~T,P,x!5a1~T,P!1a2~T,P,x!1a3~T,P,x!

1a4~T,P,x!1a5~T,P,x!, ~37!

where

a1~T,P!5n40~T,P!
de0

dP
21, ~38!

a2~T,P,x!5n40~T,P!
PF

n3
H 1

n3
S ]n3

]P D
T,x

2
3

2

1

m*

dm*

dP J ,

~39!

a3~T,P,x!5n40~T,P!
12x

x E
0

x x8

~12x8!2

3F]e1~T,P,x8!

]P G
T,x8

dx8, ~40!

a4~T,P,x!5n40~T,P!
12x

n3
E

0

x 1

~12x8!2

3F]PF~T,P,x8!

]P G
T,x8

dx8, ~41!

a5~T,P,x!52n40~T,P!
12x

n3
2 S ]n3

]P D
T,x

3E
0

x PF~T,P,x8!

~12x8!2
dx8. ~42!

Here we use Eq.~34! and

S ]m4~T,P,0!

]P D
T

5v40~T,P!5
1

n40~T,P!
~43!
3-6
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is the atomic volume of pure liquid4He.
In the next section, we give further discussions ona2 ,

a3 , a4, and a5 and fix the approximate expression
a(T,P,x) for the present purpose to construct our empiri
formula.

B. Basic idea for the approximate formula

Let us start witha2(T,P,x). As is seen from Eq.~39!, it
is necessary to know the pressure dependence ofm* for the
numerical estimation ofa2(T,P,x). The effective mass o
3He in the dilute limit results from the motion of a3He atom
in superfluid4He. This has a correspondence in the class
fluid mechanics, that is, the effective mass consists of
3He bare massm3 and the induced mass. Pandharipande
Itoh15 made a microscopic calculation and gave the exp
sion

m*

m3
5F12b

n40~0,P!

n40~0,0! G21

, ~44!

where the parameterb is determined to fit the experimenta
value ofm* at P50. From the data published,16 we take the
value as the best fitting

b50.56. ~45!

With the help of Eq.~44! a2 can be expressed as a sum
terms

a2~T,P,x!.a20~T,P,x!1Da2~T,P,x!, ~46!

where

a205
PF

n3
H F]n40~T,P!

]P G
T

2
3

2

n40~T,P!

m*

dm*

dn40~0,P!

dn40~0,P!

dP J , ~47!

Da2~T,P,x!52n40~T,P!
PF

n3
F]a1~T,P!

]P G
T

x. ~48!

The sense of such representation is thatDa2(x) compared
with a20(x) is one order of the magnitude smaller inx, i.e.,
Da2;xa20. In its turn, eliminating the parameterz from the
exact Eqs.~23! and~24!, usingn35 ‘‘ N3’’ NA/V, our empiri-
cal formula ofV40(T,P),12 and the expression form* of Eq.
~44!, the calculation ofa20 can be performed as accurately
one wants.

Treating the last termsa4 anda5, one can see from Eqs
~41! and ~42! that their order of magnitude inx does not
exceed that ofDa2. For T!TF , we estimate

a41a5.
1

10S ]n40

]P D
T

kBTFx5
1

10

PF

n3
S ]n40

]P D
T

x. ~49!

This could be compared withDa2. However, the numerica
estimation shows thatDa2 is about three times larger than
suma41a5. For the other limit ofT@TF , a ratio enhances
09450
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more in favor ofDa2. The leading terms ina4 anda5, both
proportional tox, cancel each other. Therefore, on the who
we can neglecta41a5 compared withDa2.

The contribution to the3He chemical potential from the
interaction atT50 is of the form7

xe1~0,P,x!56nxE
0

1

dy~12y!y2@2V~0!2V~2pFy!#,

~50!

where the second term comes from the exchange scatte
andpF is the Fermi momentum,

pF5~3p2n3!1/35~3p2n!1/3x1/3. ~51!

The quantityV(q) is called the effective interaction betwee
the 3He atoms and the long wavelength limit for very dilu
mixtures is given with our present notation as1,7

V~0!52a1
2~0,P!

m4s40
2

n40
, ~52!

wherem4 is the 4He bare mass ands40 is the sound velocity
in liquid 4He. Several empirical formulas forV(q) were
suggested in Refs. 1 and 17 based on the various experim
tal data18 up to x50.05. The suggestedV(q) shows the
change of sign around 2pF for thex50.023 solution. So, we
may expect that the contribution of the second term is m
smaller than that of the first term in Eq.~50! for the mixtures
of high concentrations studied here. To some extent, this
be justified by the final good fitting of the experimental r
sults. Thus we assume that the second term can be negle
Then, within the lowest approximation inx we have from
Eq. ~40!

a3~0,P,x!.n40~0,P!F]e1~0,P,x→0!

]P G x

2
~53!

52
1

2
n40~0,P!m4 F]s40

2 ~0,P!a1
2~0,P!

]P Gx.

~54!

The next step in our speculation is an assumption thata3 for
a finite temperature conserves its functional dependence
the parameters concerned and thus is given by
temperature-dependenta1 ands40 as

a3~T,P,x!.2
1

2
n40~T,P!m4 F]s40

2 ~T,P!a1
2~T,P!

]P Gx ~55!

52
1

2
n40~T,P!S ]n40

]P D 21

3a1
2~T,P!F 2

a1

]a1

]P
2S ]n40

]P D 21 ]2n40

]P2 Gx, ~56!

where we use the relation
3-7
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m4s40
2 5S ]n40

]P D 21

. ~57!

Consequently, the approximate formula used for
present study is given as

a~T,P,x!5a1~T,P!1a20~T,P,x!

1Da2~T,P,x!1a3~T,P,x! ~58!

with Eqs.~38!, ~47!, ~48!, and~56!. The formula generalizes
the analogous one5,7 derived in the limiting case of sma
concentration and is thus insufficient for a wide concen
tion range.

In the next section, we discuss our experimental res
with Eq. ~58! and try to fix the expressions ofa1 andDa2
1a3 as the functions ofT, P, andx. Note thata20, the ideal
Fermi gas contribution, can be treated exactly. So, there i
sense from the physical point of view to use a simple Tay
series in contrast to the other terms for which the theoret
description is not so transparent because of the3He-4He and
3He-3He interactions.

IV. RESULTS AND DISCUSSIONS

We have performed nine series of experiments. In e
succession, the amount of the3He confined in the sample
cell, ‘‘N3,’’ is kept constant as mentioned in Sec. II. Th
series are listed alphabetically from A to I in Table III wit
various experimental situations. Note that for series A,
and C all the procedures described in Sec. II C are emplo
while for the series from D to I the procedure~iii ! cannot be
applied.

In the following, we first construct the empirical formu
of the BBP parameteraemp,A with the data of a series A an
Eq. ~58!. Then, applyingaemp,A to the series from B to I, in
which the 3He concentration becomes higher and higher,
have to correctaemp,A by augmenting the term proportiona
to x2.

TABLE III. The list of our experiments tabulated alphabetica
in the order of the amount of3He confined in the sample cell ‘‘N3.9
The columns of Temperature, Pressure, and3He concentration are
the experimental ranges investigated.

Series ‘‘N3’’
@mol#

Temperature
@mK#

Pressure
@kgf/cm2#

3He
concentration

A 0.207 1–630 0.65–10 0.07–0.08
B 0.220 1–100 0.61–5 0.07–0.08
C 0.273 0.4–200 0.26–10 0.09–0.10
D 0.299 130–220 0.75–10 0.10–0.11
E 0.373 220–310 0.45–10 0.12–0.14
F 0.457 310–370 0.95–10 0.15–0.16
G 0.502 340–400 1.19–10 0.17–0.18
H 0.557 400–445 1.07–10 0.19–0.20
I 1.004 580–660 1.50–10 0.35–0.39
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A. Series A

The data of a series A are already shown in Fig. 5~b!
where the values ofaexp determined in the depressurizatio
processes at various constant temperatures are plotted
function of pressure. From the data we obtain the plots
aexp as a function of temperature at various constant pr
sures. Examples of such plots are given in Fig. 9.

As is noted in the preceding section, the numerical cal
lation of a20 can be done accurately. Our present calculat
is within the accuracy of 0.1%. Examples of the results
shown in Fig. 10. As can be seen, the magnitude ofa20 is of
the order of a few hundredths. So, the calculation with
0.1% accuracy is sufficient for the present purpose to es
lish the empirical formula within the accuracy of 1%.

In order to estimateDa2 anda3, it is necessary to know
a1(T,P). The direct calculation with Eq.~38! is impossible
as we have no data ofde0 /dP. We choose the method o
successive approximation. That is, at firsta1 is estimated
with

a1~T,P!5aexp,fit~T,P;0.207!

2~a201Da21a3! ‘‘ N3’’ 50.207, ~59!

wherein the second term of the rhsaexp,fit is used fora1 in
the formulas ofDa2 and a3. Then, by employing thus ob

FIG. 9. aexp(T,P; ‘‘ N3’’ 50.207! is plotted as a function of tem
perature at various constant pressures. The solid curves are th
culatedaemp,A of Eq. ~68!.
3-8
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taineda1 for the calculation ofDa2 anda3, we reestimate
a1 with Eq. ~59!. We repeat the procedure until we have
good convergence ofa1.

The finally determineda1(T,P) is found to be fitted very
well by the following polynomial ofT andP:

a1~T,P!5A10~P!1A11~P!T, ~60!

where

FIG. 10. Calculateda20 of Eq. ~47! for the series of
‘‘ N3’’ 50.207.~a! a20 is plotted as a function of pressure at vario
constant temperatures.~b! a20 is plotted as a function of tempera
ture at various constant pressures.
09450
A10~P!5(
i 50

4

A10,i P
i ,

A11~P!5(
i 50

3

A11,i P
i . ~61!

The coefficients of the polynomials of Eq.~61! are given in
Table IV.

In Fig. 11, we show the plot ofa1(0,P). Note that
a1(0,0) is justa(0,0,x→0)[a0. From Eqs.~60! and ~61!
we obtain

TABLE IV. The coefficients of our empirical formulas of Eq
~61!, Eq. ~67!, and Eq.~71!.

Equation Coefficient Value Unit

A10,0 2.8806966131021

A10,1 21.2290688531022 @(kgf/cm2)21#

A10,2 8.9663661831024 @(kgf/cm2)22#

A10,3 25.5608016831025 @(kgf/cm2)23#

Eq. ~61! A10,4 1.9845335031026 @(kgf/cm2)24#

A11,0 3.4413678531023 @K21#

A11,1 23.6498797131024 @K21
•(kgf/cm2)21#

A11,2 9.0582588431025 @K21
•(kgf/cm2)22#

A11,3 26.9096596331026 @K21
•(kgf/cm2)23#

A31,00 7.3745968631022

A31,01 21.3194846531022 @(kgf/cm2)21#

A31,02 1.1578155431023 @(kgf/cm2)22#

Eq. ~67! A31,03 26.0079057631025 @(kgf/cm2)23#

A31,20 3.4560625031022 @K22#

A31,21 23.9426528731023 @K22
•(kgf/cm2)21#

A31,22 1.7722890831024 @K22
•(kgf/cm2)22#

A32,00 25.8395812831022

A32,01 3.2231492131023 @(kgf/cm2)21#

A32,02 2.6730839631024 @(kgf/cm2)22#

Eq. ~71! A32,10 6.4193615131022 @K21#

A32,11 24.1374420931023 @K21
•(kgf/cm2)21#

A32,12 3.2419758931024 @K21
•(kgf/cm2)22#

FIG. 11. a1(0,P) calculated with Eq.~60! is shown as a func-
tion of pressure.
3-9
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a050.288. ~62!

This value is in good agreement with the data published

a050.28460.0054,

a050.28660.0015. ~63!

The pressure dependence of the BBP parameter was
studied in Refs. 3 and 6 in which the data extrapolated to
limit of T50 K are given. However, either the limit ofx
→0 was not considered at all or the concentration dep
dence was neglected within their experimental range.6 The
latter can be justified only in the low pressure range ofP
50 ~see Sec. IV C and Figs. 16@1#, @2#!. As far as we know,
the present result of Eqs.~60! and ~61! is the first case of
empirical expression fitting the experimental pressure dep
dence of the BBP parameter in the limit ofT50 K and x
→0.

As can be seen from Table IV, the value of the seco
term on the rhs of Eq.~60! is very small compared with the
first term. That is,a1(T,P) is almost independent of tem
perature. We can calculatee0(P) with Eq. ~38!,

e0~P!5e0~0!1E
0

P

v40~0,P8!@a1~0,P8!11#dP8. ~64!

Taking the value ofe0(0)522.785 K from Ref. 19, we ob-
tain e0(P) as shown in Fig. 12. In the figure, the quanti
e0(P) calculated in Ref. 20 is also plotted for compariso
Although in Fig. 11 we did not show the magnitude of t
BBP parameter used in Ref. 20, we recognize a system
difference between oura1(0,P) and the BBP parameter afte
Ref. 20. The difference increases with the growth of pr
sure, in particular,;2% at P52 kgf/cm2 and ;5% at P
58 kgf/cm2. As can be seen from Eq.~64! and Fig. 12,
however, such small disagreement in the BBP param
does not result in any appreciable difference for the mag
tude ofe0(P).

Since our aim is to establish an empirical formula
simple as possible, we combineDa2 anda3 and then try to
fit it as

ã3[Da21a35A31~T,P!x. ~65!

FIG. 12. The binding energy of a3He atom in pure4He, e0(P)
@see Eq.~64!#. Here we use the valuee0(0)522.785 K from Ref.
19.
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From the finally determinedDa2 and a3, it is found that
A31(T,P) is fitted well by the polynomial ofT andP,

A31~T,P!5A31,0~P!1A31,2~P!T2, ~66!

where

A31,0~P!5(
i 50

3

A31,0i P
i ,

A31,2~P!5(
i 50

2

A31,2i P
i . ~67!

The coefficients of the polynomials of Eq.~67! are given in
Table IV.

The empirical formula of the BBP parameter obtain
with the data of series A can be summarized as

aemp,A~T,P,x!5@A10~P!1A11~P!T#1a20~T,P,x!

1@A31,0~P!1A31,2~P!T2#x. ~68!

In Fig. 9, the solid curve in each figure represents the B
parameter calculated with Eq.~68!. As can be seen, the fit
ting is satisfactory as it should be.

B. Series B–I

The experimental data obtained for the series from B t
are shown in Fig. 13 whereaexp(T,P; ‘‘ N3’’ ! is plotted as a
function of pressure at various constant temperatures. In
14, the data are shown as a function of temperature at var
constant pressures.

For each series, we calculateaemp,A . The results are
shown in Fig. 14 as dashed curves. It is seen thataemp,A
deviates slightly fromaexp as ‘‘N3’’ increases. We suppose
that the deviation arises from the increase ofx with the in-
crease of ‘‘N3.’’ So, we correctaemp,A by taking into ac-
count the contribution proportional tox2. That is, we try to
fit aexp with

aemp~T,P,x!5aemp,A~T,P,x!1A32~T,P!x2. ~69!

The polynomialA32(T,P) is determined to obtain the bes
fitting with the whole aexp(T,P; ‘‘ N3’’ ! by assuming the
polynomial as simple as possible. The result is

A32~T,P!5A32,0~P!1A32,1~P!T, ~70!

where

A32,0~P!5(
i 50

2

A32,0i P
i ,

A32,1~P!5(
i 50

2

A32,1i P
i . ~71!

The coefficients of the polynominals of Eq.~71! are given in
Table IV. The fittings are shown in Fig. 14 as solid curve

This determination is done not only by obtaining the b
fitting but also by employing procedure~v! in Sec. II C. That
is, we calculate
3-10
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FIG. 13. Experimentally determined BBP parameteraexp(T,P;
‘‘ N3’’ ! is plotted as a function of pressure at various const
temperatures. The data are for series from B to I as describe
Table III.
09450
N35
V@Vm~T,P,x!2V40~T,P!#

aemp~T,P; ‘‘ N3’’ !V40~T,P!Vm~T,P,x!
~72!

for all the series of experiments, The results are shown
Fig. 15. As can be seen, for each series the calculated va
of N3 scatter around ‘‘N3’’ and they are almost independen
of temperature and pressure, as it should be, within 1%
each ‘‘N3.’’

Comparing Figs. 8 and 15 for ‘‘N3’’ 50.207, we notice
that aemp,A is better thanaemp in the high pressure region
above about 8 kgf/cm2. In order to improve this point, we
think that we should determineaemp,A by considering thex2

term from the very beginning. However, from our prese
requirement to reproduce the BBP parameter within the
curacy of 1%, our formulaaemp is satisfactory.

Therefore, we may conclude that the empirical formu
aemp(T,P,x) of Eq. ~69! reproduces ouraexp(T,P; ‘‘ N3’’ !
satisfactorily, i.e., within the accuracy of 1%.

C. Concentration dependence of the BBP parameter

As can be seen from the formulas and figures presente
far, the pressure dependence ofaemp(T,P,x) arises mainly
from that of a1(T,P), and the temperature dependence
principally due to that ofa20(T,P,x). In this section, we
examine the concentration dependence ofaemp(T,P,x). This
seems interesting because ouraemp(T,P,x) is shown to be
satisfactory at least up tox;0.4, the highest concentratio
presently studied and, in addition, there has been no sys
atic study of the3He concentration dependence of the BB
parameter as a whole.

The examples of the results in the limitT→0 are shown
in Figs. 16@1# and@2# for P50 and 10 kgf/cm2, respectively.
In the figures, we also show the correspondinga20 and ã3
[A31x1A32x

2 as a function ofx to recognize the competi
tion between them. ForP50 kgf/cm2, it is seen that the
BBP parameter is very insensitive to the concentration i
wide range of concentration. Such behavior is consist
with the data published.4,21 On the other hand, forP
510 kgf/cm2, the BBP parameter shows a clear concent
tion dependence. Thus one recognizes that the concentr
dependence varies considerably with pressure.

As the saturated3He concentration atT50 is rather
small, it may be interesting to see the behavior at a hig
temperature. The concentration dependence atT50.69 K
under the saturated vapor pressure is reported in Ref. 4.
comparison between the data4 and the calculation with Eq
~69! is shown in Fig. 16@3#. We note the difference of 1%–
2.5%, depending on the concentration. Such noticeable
crepancy is not surprising since, first, the temperature 0.6
lies beyond the range of the present investigation. As
known, above about 0.7 K the phonon and roton excitati
of the 4He fluid cannot be already negligible,7,23 and their
contribution into the BBP parameter should be considered
the present study this effect is completely disregarded. S

t
in
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FIG. 14. Experimentally determined BBP parameteraexp(T,P; ‘‘ N3’’ ! is plotted as a function of temperature at various constant p
sures. The solid circles are the data points. The data are for series from B to I as described in Table III. The solid curves are the
aemp of Eq. ~69!. The dashed curves are the calculatedaemp,A of Eq. ~68!.
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ond, the data4 do not demonstrate any monotonic behavior
a function of concentration within their experimental acc
racy. Apparently, this may be attributed to some disadv
tages of the measurement procedure resulting in the la
out-of-control errors.

The temperature dependence of the BBP parameter u
the saturated vapor pressure is reported in Ref. 5 for ax
50.055 solution. In the present study, the comparison
tween aexp and aemp is made for the temperature depe
dence at various constant pressures as shown in Figs. 9
14, in order to separate definitely the concentration dep
dence. So, it may be interesting to compare the data of~Ref.
5! with our aemp. The results are shown in Fig. 17~a!. It is
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seen that the agreement is better than 1% though there
systematic difference between ouraemp and the data5. Com-
paring Figs. 17~a! and~b!, we recognize that the temperatu
dependence is mainly due to that ofa20.

In order to see the general feature of the approximat
with respect tox in Eq. ~69!, we examine the limitx51. The
value of the BBP parameter atx51 may be formally defined
as

a~T,P,x51!5
V30~T,P!

V40~T,P!
21, ~73!

which is calculated withV40(T,P)12 andV30(T,P).22 From
Eqs.~68!, ~69!, and~73!, we obtain, for example,
3-12
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FIG. 15. The values ofN3 obtained from Eq.~72!. The data are for series from A to I as described in Table III.
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aemp~0,0,x51!50.3034

,a~0,0,x51!50.3370

,aemp,A~0,0,x51!50.3618. ~74!

This result seems reasonable, because we should take
account the terms of higher order with respect tox as x
increases, and we may expect the sign of the succes
terms to change alternately.

D. Argument on the absolute uncertainty

In the procedure to fix the functional form ofaemp, we
use the exact formula fora20 which mainly contributes to the
09450
nto

ive

temperature dependence of the BBP parameter. The m
pressure dependence of the BBP parameter comes froma1.
This is determined consistently withã3, which is a func-
tional of a1 and depends on the3He concentration. Note tha
all the fittings agree well with the plot of the data for th
temperature dependence of the BBP parameter at var
constant pressures~Figs. 9 and 14!. It is almost impossible to
separate the concentration dependence ofã3 from the raw
plot of the data shown as the pressure dependence@Figs. 5~b!
and 13#, since the variation of the BBP parameter with pre
sure is so large that the concentration dependence is ne
smeared out. Thus, we may say that in the formula ofaemp
the dependence on temperature, pressure, and the3He con-
the
FIG. 16. Concentration dependence of the BBP parameter at various constant temperatures and pressures.~a! The 3He concentration
dependence of the BBP parameter calculated fromaemp(T,P,x) of Eq. ~69!. ~b! The 3He concentration dependence ofa20 of Eq. ~47!. ~c!

The 3He concentration dependence ofã3 in Eq. ~69!, i.e., ã35A31(T,P)x1A32(T,P)x2. In each curve, the dashed part corresponds to
region above the saturated concentration.
3-13
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centration is correctly grasped. The results of compari
with the completely independent data of other groups
shown in Figs. 16@3# and 17 may support this statement.

In this section we give an argument on the absolute
certainty of the value obtained withaemp, i.e., that ofaexp
with which aemp is determined.

Besides the fundamental quantity of Eq.~4! and the re-
lated assumptions~for details, see Ref. 12!, our values of
aexp rely on Refs. 6 and 13 through Eqs.~10! and ~13!. So,
the absolute uncertainty ofaexp is closely related to that in
the fittings of Eqs.~10! and~13!, especially, Eq.~10!. For the
molar volume of pure liquid4He V40(T,P), the difference
between the present study and Ref. 6 is within61
31022 cm3/mol.12 So, there seems no serious difference
the relative accuracy for the measurement of molar volu
between the present study and Ref. 6.

Note that Ref. 6, in turn, relies on Ref. 4 through t
empirical formula of a originally given for very dilute
mixtures,4

a~T,0,x→0!5~0.28460.005!2@~0.03260.003! K21#T.
~75!

Watsonet al.utilized Eq.~75! for a double purpose, in which
the applicability of Eq.~75! is extended to the mixture of
rather high concentration and the concentratio
temperature-, and pressure-independent behavior of the c

FIG. 17. Temperature dependence of the BBP parameter fo
solution ofx50.055 atP50. ~a! The calculatedaemp(T,0,0.055)
@the solid curve# and the data from Ref. 5@the solid circles#. ~b! The

calculateda20(T,0,0.055).~c! The calculatedã3(T,0,0.055).
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ficient 0.032 K21 is assumed as well. First, they fixed th
value of their BBP parameteraW in a single phase region a
their normalization point (T5T* , P50) for each run with
x50.0827, 0.0918, and 0.100 solutions by

aW~T* ,0;x![0.28420.032T* . ~76!

With this normalization,aW(T* ,P;x) is determined by mea
suring the pressure dependence of the molar volume atT* .
The temperatureT* is around 0.3 K. Next, Eq.~75! is em-
ployed again to estimateaW(0.05,P;x) as

aW~0.05,P;x!5aW~T* ,P;x!10.032~T* 20.05!. ~77!

With aW(0.05,P;x) thus estimated, the saturated concent
tion xs,W(0.05,P) is determined by using Eq.~2! from the
measurements of the molar volume for the d-phase as a f
tion of pressure in the phase-separated state.

Note that the pressure dependence of the saturated
centrationxs(T,P) is mainly related with the pressure depe
dence of the BBP parameter. The effect of the concentra
variation due to the pressure on the BBP parameter is alm
negligible for determining the pressure dependence of
saturated concentration.

As can be seen from Figs. 9, 14, and 17, the tempera
dependence ofaemp is not a simpleT-linear behavior as is
assumed in Eq.~77!. However, as is seen in Figs. 9 and 1
the temperature behavior ofaemp does not show any appre
ciable pressure dependence for a fixed ‘‘N3.9 From Fig. 14,
it is seen that the temperature dependence varies with
amount of ‘‘N3.9 That is, the temperature dependence is
pected to vary with the3He concentration. However, it ma
be plausible to neglect this effect foraW since the variation
of the concentration withinx50.0827–0.100 is not so large
So, one may expect thataW(0.05,P;x) estimated with Eq.
~77! represents the sufficiently correct behavior of the re
tive pressure dependence. Taking into account the statem
in the beginning of this section, we may say that the abso
uncertainty of ouraemp(T,P,x) is that of aW(0.05,P;x) or
xs,W(0.05,P) almost regardless of temperature and the3He
concentration.

In Fig. 8 of Ref. 6, one recognizes that thex50.0827
solution remixes at about 3 atm pressure. The concentra
at this remixing region is given as about 0.0820 withaW .
So, the uncertainty ofaW(0.05,P) seems to be 1–1.5% cor
responding to the absolute uncertainty of about 0.001 in3He
concentration. For the averaged values ofxs,W(0.05,P) given
in Table III of Ref. 6 and used in our Eq.~10!, the absolute
uncertainty is also stated as60.001. This means that th
absolute uncertainty, expressed in fractions ofxs,W(0.05,P),
does not exceed 1.5% forP50 and 1% forP510 kgf/cm2

according to the increase of the saturated concentration
pressure within this range. Consequently, we may concl
that, on the whole, the absolute uncertainty of ouraemp lies
within 1–1.5% depending slightly on pressure and alm
irrespective of temperature and the3He cencentration.
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V. SUMMARY

We have presented the experimental data of the BBP
rameter determined with our new method. The investiga
region of temperature is 0.4–660 mK, that of pressure
0.3–10 kgf/cm2, and that of the3He concentration is 0.07–
0.39.

In the usual method of obtaining the BBP parameter, o
condenses a gas mixture, the3He concentration of which is
known beforehand. The pressure is applied by using
same gas mixture. In the present method, we confine a liq
mixture by a cell and the amount of3He is kept constan
during a series of experiments in which the pressure is sw
at various constant temperatures. The pressure is change
controlling the amount of4He in the cell. So, the3He con-
centration varies mainly as a function of pressure. This is
advantageous aspect of the present method. That is, one
deal with a wide range of the3He concentration withou
preparing gas mixtures of various3He concentrations. The
estimation of the amount of the3He confined in the cell is
essential to the present method. This is done consiste
with respect to the determination of the BBP parameter.

The second advantageous aspect of our method is as
ated with lacking the necessity of warming the whole syst
up in order to prepare in the cell the sample mixture of d
ferent concentrations. That is, the calibration procedure
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