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Infrared absorption of the charge-ordering phase: Lattice effects
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The phase diagram of the half-filled spinless Holstein model for electrons interacting with quantum phonons
is derived in three dimensions extending at finite temperatureT a variational approach introduced for the
one-dimensionalT50 case. Employing the variational scheme, the spectral and optical properties of the
system are evaluated in the different regimes that characterize the normal and ordered states. The effects of the
charge ordering~CO! induce a transfer of spectral weight from low to high energies in the conductivity spectra,
as the temperature decreases or the strength of the electron-phonon interaction increases. The inclusion of
effects of lattice fluctuations is able to smooth the inverse square-root singularity expected for the case of the
mean-field approach and determines a subgap tail absorption. Moreover, in the weak- to intermediate-coupling
regime, a two-component structure is obtained within the CO phase at low frequency: the remnant Drude-like
term and the incipient absorption band centered around the gap energy.
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I. INTRODUCTION

In recent years there has been a renewed interes
charge-density wave~CDW! materials.1 The transition to a
charge-ordering CO phase is common to a wide range
compounds,2 including quasi-one-dimensional organ
conductors,1,3 dichalcogenides,4,5 molybdenum bronzes,2,6

and A15 materials.7 Moreover, the CO transition has bee
associated with the stripe density wave order in so
cuprates8 and nickelates,9,10 with the commensurate or in
commensurate charge ordering in manganites.11

The ordered phase generally evolves out of a meta
phase. In electron-phonon weak~el-ph! coupling regime the
transition is the well-understood CDW instability of th
Fermi liquid.1 The related equations predict a ratio ofT50
gap D to the ordering temperatureTCO close to the BCS
value D/kBTCO53.52. However in quasi-one-dimension
materials this ratio assumes larger values because of cr
fluctuations in low dimensionality. Furthermore values of t
ratio larger than 10 have been measured in quasi-t
dimensional and three-dimensional materials.4,5,7,12–14In Ni
compounds12 D/kBTCO.13 and in manganites14 a ratio of
order of 30 have been deduced by the energy gap fitted
optical measurements. This suggests that a strong-coup
CO phase develops in novel materials and that the lat
degrees of freedom can be important for stabilizing the
dered state.15 A very useful approach to investigate the pro
erties of the ordered state is to study the optical absorptio
CO materials.1,15–18 In particular the lattice fluctuation
effects19–21 and the response of the system in the stro
coupling CO regime12,15,22have been studied. Indeed the i
verse square-root singularity expected for the case of a s
distorted lattice can be removed by the fluctuation effe
giving rise to a subgap tail absorption.20 Furthermore the
presence of a polaronic peak in the MIR band of Ni co
pounds observed above and below the transition tempera
can be explained only within a theory valid for a
intermediate- to strong-coupling regime.12,15

Theoretically one of the simplest models of electrons
0163-1829/2003/67~9!/094302~12!/$20.00 67 0943
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teracting with phonons and developing a CO state is
Holstein model.23 The CDW correlations and the transitio
temperature have been studied within this model by Mo
Carlo simulations24–28 showing that the ordered phase
stable at half filling. Recently, using the dynamical mea
field theory ~DMFT!, the issue of the nonperturbative co
pling scenario of the CO phase and of the origin of the la
ratio of the zero-temperature gap to the transition tempe
ture has been addressed.29–31 The results point out that the
scattering of electrons by the phonons involved in the latt
distortions represents the crucial effect in the coupling
gime relevant to most CDW materials.

In this paper we extend the variational scheme propo
for the spinless Holstein model at half filling by Zheng, Fei
berg, and Avignon32 ~ZFA! to finite temperature. We note
that at zero temperature the ZFA results are in good ag
ment with different numerical works.33–35 Actually this ap-
proach introduces lattice fluctuations on the Peierls dimer
tion since it takes into account the nonadiabatic pola
formation. Within this scheme all electrons in the Fermi s
are involved in the el-ph scattering leading, above the
transition, to a stable phase of disordered small polarons~SP!
in the intermediate- to strong-coupling regime. Thus, at h
filling the phase diagram is consistent with previous DMF
results pointing out a strong dependence of the transi
temperature on the adiabaticity particularly in the weak-
intermediate-coupling regime.29–31 Within the ZFA scheme
we have derived the spectral properties useful to characte
the different phases of the system. Next, by using the form
ism of generalized Matsubara Green’s functions,36–40 we
have determined the scattering rate of the quasiparticles fi
ing that, in the CO phase, the single-phonon emission
absorption represent the main mechanism of damping.
lattice fluctuation effects included in the scattering rate
beyond the ZFA scheme and modify the density of sta
that, this way, is able to capture the features of
intermediate-coupling regime in agreement with previo
DMFT studies.29–31

The scattering rate also turns out to be fundamental
©2003 The American Physical Society02-1
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deriving the optical properties of the system. With decreas
T or increasing el-ph coupling, our conductivity spectra a
characterized by a transfer of spectral weight from low
high energies with the opening of an optical gap. The eff
of the lattice fluctuations is that it is able to smooth t
inverse square-root singularity of the mean-field approac
the optical absorption and induces a subgap tail. In the we
to intermediate-coupling regime, a two-peak structure is
tained within the CO phase at low frequency: the remn
Drude-like term and the incipient absorption band cente
around the gap energy.

In Sec. I the model and the variational approach are
viewed; in Sec. II the spectral properties are discussed
Sec. III the damping of the particle motion is calculated a
in Sec. IV the optical properties are deduced.

II. MODEL AND VARIATIONAL APPROACH

In this paper we study the spinless Holstein model at h
filling.23 The Hamiltonian reads

H52t(
^ i , j &

ci
†cj1v0(

i
ai

†ai

1gv0(
i

ci
†ci~ai1ai

†!2m(
i

ci
†ci . ~1!

Heret is the electron transfer integral between nearest ne
bor ~nn! sites^ i , j &, ci

†(ci) creates~destroys! an electron at
the i th site, andm is the chemical potential. In the secon
term of Eq.~1! ai

†(ai) is the creation~annihilation! phonon
operator at the sitei, andv05Ak/M denotes the frequenc
of the optical-phonon mode, withk restoring force per length
unit andM the mass of the local oscillator. The parameteg
represents the coupling constant between electrons
phonons,

g5
A

v0A2Mv0

, ~2!

whereA is the energy per displacement unit due to the c
pling of the charge carriers with the lattice. The dimensio
less parameter

l5
g2v0

2Dt
, ~3!

with D dimensionality of the system, indicating the ratio b
tween the SP binding energy and the energy gain of an
erant electron on a rigid lattice, is useful to measure
strength of the el-ph interaction in the adiabatic regime.
consider spinless electrons since they, even if at a very ro
level, mimic the action of an on-site Coulomb repulsion p
venting the formation of local pairs.

The hopping of electrons is supposed to take place
tween the equivalent nn sites of a simple cubic lattice se
rated by the distanceun2n8u5a. The units are such that th
Planck constant\51, the Boltzmann constantkB51, and
the lattice parametera51.
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Following the ZFA variational scheme,32 we perform
three successive canonical transformations to treat
electron-phonon interaction variationally and to introdu
the charge-ordering solution. The first is the variation
Lang-Firsov unitary transformation32

U15expFg(
j

~ f cj
†cj1D j !~aj2aj

†!G , ~4!

where f and D j are variational parameters. The quantityf
controls the degree of the polaron effect andD i denotes a
displacement field describing lattice distortions due to
average electron motion. The second transformation is

U25expFa(
j

~aj
†aj

†2ajaj !G , ~5!

where the variational parametera determines a phonon fre
quency renormalization. The transformed HamiltonianH̃
5U2

21U1
21HU1U2 is

H̃52t(
^ i , j &

Xi
†Xjci

†cj1v̄0(
i

ai
†ai1Lv0 sinh2~2a!

1g2v0(
i

D i
21v0 sinh~2a!cosh~2a!(

i
~ai

†ai
†1aiai !

2gv0e2a(
i

D i~ai1ai
†!1gv0~12 f !e2a

3(
i

ci
†ci~ai1ai

†!1(
i

ci
†ci~h i2m!, ~6!

where we have the phonon operator

Xi5exp@g f e22a~ai2ai
†!#, ~7!

the renormalized phonon frequencyv̄05v0 cosh(4a), the
number of lattice sitesL, and the quantity

h i5g2v0f ~ f 22!12g2v0~ f 21!D i . ~8!

At half filling the charge-ordered solution is obtained b
assuming

D i5D1DCOeiQW •RW i, ~9!

where D represents the lattice distortion unaffected by t
instantaneous position of electrons andDCO the additional
local lattice distortion due to the Peierls dimerization w
QW 5(p,p,p).

In the ZFA approach the free energy is deduced empl
ing the Bogoliubov inequality and introducing a test Ham
tonian characterized by noninteracting electron and pho
degrees of freedom such that^H̃2Htest& t50, where^& t in-
dicates a thermodynamic average obtained by usingHtest.
The test Hamiltonian is given by
2-2
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INFRARED ABSORPTION OF THE CHARGE-ORDERING . . . PHYSICAL REVIEW B67, 094302 ~2003!
Htest52te f f(
^ i , j &

ci
†cj1v̄0(

i
ai

†ai1Lv0 sinh2~2a!

1Lg2v0~D21DCO
2 !22g2v0DCO

3~12 f !(
i

eiQW •RW ici
†ci2m0(

i
ci

†ci , ~10!

where the subsidiary chemical potentialm0 is

m05m2g2v0f ~ f 22!12g2v0~ f 21!D. ~11!

The quantityte f f5te2ST denotes the effective transfer inte
gral, where the quantity

ST5g2f 2e24a~2N011! ~12!

controls the band renormalization due to the antiadiab
polaron effect, withN0 the average number of phonons wi
frequency v̄0. The test Hamiltonian is diagonalized by
third canonical Bogoliubov transformation32 yielding

H̃test5 (
keNZ

@jk
(1)2m0#dk

†dk1 (
keNZ

@jk
(2)2m0#pk

†pk

1v̄0(
q

aq
†aq1Lv0 sinh2~2a!

1Lg2v0~D21DCO
2 !, ~13!

wheredk
†(dk) creates~destroys! a quasiparticle in the uppe

bandjk
(1)5Aẽk

21E2, pk
†(pk) creates~destroys! a quasipar-

ticle in the lower bandjk
(2)52Aẽk

21E2, and ẽk is the po-
laronic band. We note thatNZ indicates the new Brillouin
zone defined by the conditionẽk<0. In the charge-ordered
phase a gap opens between the upper and lower bands
quasiparticle spectrum and it is twice the quantity

E52g2v0DCO~12 f !. ~14!

At half filling ( r50.5), the variational free energy of th
system is

F

L
5 f el1T ln~12e2bv̄0!1v0 sinh2~2a!

1g2v0~D21DCO
2 !1m~r!r, ~15!

whereb is the inverse of the temperature. The electron f
energy reads

f el5TE
2W̃

0

deg~e!ln$nF@j (1)#nF@j (2)#%, ~16!

whereg(e) is the density of states,W̃56te f f is the renor-
malized band half-width,nF(e) is the Fermi distribution,
j (1)5Ae21E2, andj (2)52j (1). In order to simplify the
calculations, in the three-dimensional~3D! case we conside
a semicircular density of states
09430
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g~e!5S 2

pW̃2D u~W̃2ueu!AW̃22e2, ~17!

whereu(x) is the Heaviside function. Actuallyg(e) repre-
sents a simple approximate expression for the exact den
of states and it is generally used for a 3D lattice.41–43

Within the variational approach the kinetic-energy me
value

^T̂&5E
2W̃

0

deg~e!
e2

Ae21E2
$nF@j (1)#2nF@j (2)#% ~18!

and the electron order parameter

me5S 1

L D(
i

eiQW •RW i^ci
†ci&

5EE
2W̃

0

de
g~e!

Ae21E2
$nF@j (2)#2nF@j (1)#% ~19!

can be evaluated. The CO phase is characterized by an o
parameter different from zero.

In this paper we discuss results valid in three dimensio
In Fig. 1 we report the phase diagram obtained within o
approach forW56v0, with W the bare band half-width. We
compare it with the mean-field result obtained in the ad
batic limit for f 50 anda50 that overestimates the trans
tion temperature. TheA phase represents the Fermi-liqui
like normal state, while theB phase the disordered localize
SP normal state. This latter phase is determined when the
absence of order (DCO50) and the lattice presents the lar
est distortions (f 51). While the transition fromA to CO is
continuous, the transition from CO toB and the crossove
from A to B is rather discontinuous. We stress that a disc
tinuous character for the transition can be considered a
drawback of the ZFA approach.32 However, the phase dia
gram bears a strong resemblance to that derived with m
sophisticated tecniques.29,30

In the inset of Fig. 1, the ratio ofT50 gap D to the
ordering temperatureTCO is shown. It is interesting to note
that within the CO phase it is possible to distinguish tw
regimes. The first is the mean-field regime in the sense
the ratio assumes values near the BCSD/kBTCO53.52,
while the second regime exhibits larger values of this qu
tity. For instance, atl50.9 the ratioD/kBTCO is about 13,
the value measured in nickelates.12 Hence, a strong-coupling
CO phase develops starting from intermediate values of
el-ph coupling. This CO regime is characterized by a gap
the order of 2g2v0 and by distortions comparable to those
the disordered SP phase.

Previous DMFT results31 have pointed out a strong depe
dence of the transition temperature on the adiabaticity p
ticularly in the weak- to intermediate-coupling regim
Therefore we have determined the transition temperature
two different values of the adiabaticity ratio@see Fig. 2~a!#.
The temperatureTCO strongly depends on the adiabatici
for intermediate el-ph couplings. Here the lattice fluctuatio
are very effective in reducingTCO . The variationDTCO
2-3
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FIG. 1. The phase diagram
~solid line! corresponding toW
56v0 compared with the mean
field one~open circles!. CO char-
acterizes the charge-orderin
phase, theA phase represents th
Fermi-liquid-like normal state,
and the B phase the disordered
small polaron normal state~the
crossover between theA and B
phases is marked by the dashe
line!. In the inset, the ratio ofT
50 gap D to the ordering tem-
peratureTCO as a function ofl.
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FIG. 2. ~a! The transition temperature as a function ofl for two
different values of the adiabaticity ratio:W56v0 ~solid line! and
W53v0 ~dashed line!. ~b! The variationDTCO5TCO* 2TCO of the
transition temperatures due to different masses of the oscillator
function of l.
09430
5TCO* 2TCO of the transition temperatures due to differe
masses of the oscillators is reported in Fig. 2~b!. The ratio
between the old and the new masses simulates the iso
substitution of the oxygen from16O ~M! to 18O (M* ). Ac-
tually in many perovskite oxides the presence of the oxyg
atoms induces the el-ph coupling.44 Therefore we can con
sider a change of the values ofv0 and g to v0*
5v0AM /M* and g* 5g(M* /M )1/4, respectively.45 The
softening of the phonon frequency induces an increase of
transition temperature. Furthemore, as a function ofl, the
difference between the two ordering temperatures is cha
terized by a maximum in the region of weak to intermedia
el-ph couplings.

III. SPECTRAL PROPERTIES

In this section we calculate the spectral properties wit
the ZFA approach. They are discussed in order to charac
ize the different phases of the diagram reported in Fig. 1

The electron Matsubara Green’s function can be dis
tangled into electronic and phononic terms46 by using the test
Hamiltonian~10!, hence

G~k,t!52S 1

L D(
i , j

eik•(Ri2Rj )^Ttc̄i~t!cj
†& t^TtX̄i~t!Xj

†& t ,

~20!

where we have c̄i(t)5etHtcie
2tHt and X̄i(t)

5etHtXie
2tHt. The Green’s function in Matsubara freque

ciesvn becomes

G~k,ivn!5e2STG (c)~k,ivn!1e2STS 1

ND(
k1

S 1

b D(
m

G (c)

3~k1 ,ivm!E
0

b

e( ivn2 ivm)t$es cosh[v̄0(t2b/2)]21%,

~21!

where
s a
2-4
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s52 f 2g2e24a@N0~N011!#1/2. ~22!

In Eq. ~21! G (c)(k,ivn) is the Green’s function

G (c)~k,ivn!5uk
2G (1)~k,ivn!1vk

2G (2)~k,ivn!, ~23!

whereG (1)(k,ivn) and G (2)(k,ivn) are the Green’s func
tions associated to the quasiparticles of the upper and lo
bands, withuk

2 given by

uk
25

1

2 F 11
ẽk

Aẽk
21E2

G ~24!

andvk
2 by

vk
25

1

2 F 12
ẽk

Aẽk
21E2

G . ~25!

Two physically distinct terms46 appear in Eq.~21!. The first
derives from the coherent motion of quasiparticles and th
surrounding phonon cloud, while the incoherent term is d
to processes changing the number of phonons during
hopping of the charges.

Making the analytic continuationivn→v1 id, one ob-
tains the retarted Green’s functionGret(k,v) and the spectra
function

A~k,v!522 I Gret~k,v!52pe2ST$uk
2d@v2jk

(1)#

1vk
2d@v2jk

(1)#%12pe2ST (
l (Þ0)2`

1`

I l~s!eb l v̄0/2

3@12nF~v2 l v̄0!#K~v2 l v̄0!

12pe2ST (
l (Þ0)2`

1`

I l~s!eb l v̄0/2nF~v1 l v̄0!

3K~v1 l v̄0!12pe2ST@ I 0~s!21#K~v!, ~26!

where the functionK(v) is

K~v!5H~v!1H~2v!, ~27!

with

H~v!5
g~Av22E2!

A12
E2

v2

u~v2E!u~AE21W22v!. ~28!

In the normal phase the first term of Eq.~26! represents the
purely polaronic band contribution and shows a delta beh
ior. In the CO phase, this term is equal to the result of
mean-field approach when one neglects the renormaliza
of the upper and lower bands due to the polaron effect.
remaining terms of Eq.~26! provide the incoherent contribu
tion that spreads over a wide energy range.
09430
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Thus we get the renormalized density of statesN(v) that
is normalized to unity. In Fig. 3~a! we report the density of
states for three different values of the el-ph coupling aT
50.023W. It is apparent that in the normal phase (l
50.15) the weight of the coherent term is prevalent and
density of states is practically unchanged with respect to
noninteracting case. Entering the CO phase, a gap open
the quasiparticle spectrum and it broadens with increas
parameterl. We note that, at the energies corresponding
the gap, the inverse square-root singularity occurs. The o
sharp features of the density of states are due to one-pho
and two-phonon processes in the upper and lower bands

At higher temperatures@Fig. 3~b!# similar features are
found. However, in this case, for large el-ph couplings,
density of states is determined by the incoherent dynamic
the small polaron excitations.46 It is made up of two bands
peaked approximatively around2g2v0 and g2v0, whose
heights are equal at half filling. We stress the evolution of
gap energy of the CO phase toward the characteristic en
2g2v0 that represents the energy range between the
peaks of the SP density of states.

FIG. 3. ~a! The renormalized density of states atW56v0 and
T50.023W as a function of the energy~in units ofv0) for different
el-ph couplings.~b! The renormalized density of states atW
56v0 andT50.14W as a function of the energy~in units of v0)
for different el-ph couplings.
2-5
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IV. DAMPING

In this section we deal with the el-ph self-energy th
includes lattice fluctuation effects beyond the ZFA approa
This quantity allows to determine the scattering rate of
quasiparticles of the upper and lower bands and a better
sity of states. This analysis will play an essential role in
infrared-absorption calculations that is the main aim of t
paper. For the sake of clarity we will put forward this di
cussion.

Retaining only the dominant autocorrelation terms at
second step of iteration,36–40 we derive the local self-energ

S (2)~ ivn!5S 1

ND(
k1

S 1

b D(
m

G (c)~k1 ,ivm!

3E
0

b

dte( ivn2 ivm)t@ f 1~t!1 f 2~t!#, ~29!

where

f 1~t!5Zt2e22ST$ez cosh[v̄0(t2b/2)]21%; ~30!

z52s, with s given by Eq.~22!; Z is the number of nn sites
and

f 2~t!52g2v0
2e4a~12 f !2@N0~N011!#1/2

3coshF v̄0S t2
b

2 D G . ~31!

Other terms beyond the autocorrelation ones induce a de
dence of the self-energy on the momentum and could
included.40 We note that the fundamental autocorrelati
contribution presents some analogies with the correspon
self-energy within DMFT approaches where the indep
dence on the momentum is the main assumption when
interaction term is local.

Making the analytic continuationivn→v1 id, we can
calculate the scattering rate of the quasiparticles of the up
band,

G1~k!5G̃@v5jk
(1)#522 I S ret

(2)@v5jk
(1)#. ~32!

We can express the scattering rate in the following wa

G1~k!5G1@jk
(1)#5G1-phon@jk

(1)#

1Gmulti@jk
(1)#1G res@jk

(1)#, ~33!

whereG1-phon is the contribution due to single-phonon pr
cesses only;

G1-phon@jk
(1)#52Zt2e22STI 1~z!sinhS bv̄0

2
D g1,l 51@jk

(1)#

1g2v0
2e4a~12 f !2g2@jk

(1)#, ~34!

Gmulti represents the scattering rate by multiphonon p
cesses,
09430
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Gmulti@jk
(1)#52Zt2e22ST(

l 52

1`

I l~z!sinhS bv̄0l

2
D g1,l@jk

(1)#;

~35!

and G res denotes a residue term due to the difference
tween the coherent and the incoherent contributions47

G res@jk
(1)#5Zt2e22ST@ I 0~z!21#B@jk

(1)#. ~36!

In the previous equations the functiong1,l@jk
(1)# reads

g1,l@jk
(1)#5$N0~ l v̄0!1nF@jk

(1)1 l v̄0#%B@jk
(1)1 l v̄0#

1$N0~ l v̄0!112nF@jk
(1)2 l v̄0#%B@jk

(1)2 l v̄0#

~37!

andg2@jk
(1)# reads

g2@jk
(1)#5$N01nF@jk

(1)1v̄0#%B@jk
(1)1v̄0#

1$N0112nF@jk
(1)2v̄0#%B@jk

(1)2v̄0#.

~38!

Moreover the functionB(x) is equal to 2pK(x), with K(x)
given in Eq.~27!. The decomposition of the scattering rate
three distinct terms has been introduced in order to simp
the analysis of the results.

We define the scattering rate for the quasiparticles of
lower band,

G2~k!5G̃@v5jk
(2)#522 I S ret

(2)@v5jk
(2)#, ~39!

which turns out to be equal toG1(k). Thus we can take into
account only one scattering rate,

G~k!5G1~k!5G2~k!. ~40!

In Fig. 4~a! we report the scattering rateG for different
el-ph couplings at low temperature. In the normal phasel
50.15) the scattering rate is zero withinv0 of the chemical
potentialm. Therefore at this temperature the main mech
nism of energy loss is the spontaneous emission of phon
with frequencyv0 by the quasiparticles~one-phonon pro-
cesses are prevalent!. Thus the behavior of the scattering ra
is determined by of the Fermi statistics since the quasipa
cle excitations withinv0 of the Fermi energy cannot los
energy.46,47 In the CO phase (l50.50) the gap in the scat
tering rate opens at energies given by the sum of the
energy~indicated by the arrows in the figure! and the phonon
frequency. Since there are no available states within the
only the quasiparticles with such energies can be scattere
the residue el-ph interaction.

In Fig. 4~b! we concentrate on the scattering rate at a fix
el-ph coupling (l50.4) for different temperatures. At lowT
(T50.01W) there is the gap due to the Peierls dimerizati
and the processes of phonon spontaneous emission by
quasiparticles. With rising temperature, we can follow t
increase of the quantityG in the normal phase because of th
absorption and emission of phonons. In the normal phas
finite temperatures, these scattering processes are effe
2-6
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also in the energy range around the chemical potential wh
they are able to enhance the rate. Actually, at higher temp
tures (T50.14W), the rate is weakly dependent on the en
gies involved in the phonon scattering. It is confirmed tha
this regime of temperatures the single-phonon emission
absorption give an important contribution to the quantityG.

For large el-ph couplings and for small polaron exci
tions, the quantityG decreases whenT increases but it is
always larger thante f f , therefore the electronic states lo
their individual characteristics and the electron motion
predominantly a diffusive process. A high-temperatu
expansion37,38,46provides the scattering rate

G5Zt2Apb

z̄
e2b z̄/45Zt2Apb

4Ea
e2bEa, ~41!

with z̄52g2v0 and Ea5 z̄/4. This value coincides with the
well-known rate of the Holstein polaron in the ‘‘classica

FIG. 4. ~a! The scattering rate atW56v0 andT50.023W as a
function of the energy~in units ofv0) for different el-ph couplings:
l50.5 ~solid line! and l50.15 ~dashed line!. ~b! The scattering
rate atW56v0 andl50.4W as a function of the energy~in units
of v0) for different temperatures:T50.01W ~solid line!, T
50.05W ~dashed line!, and T50.14W ~dotted line!. The arrows
indicate the gap energy.
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limit, with Ea typical activation energy for hopping.23

The introduction of the damping allows to improve th
approximations of calculation for the spectral properti
This can be carried out by substituting in Eq.~21! the new
Green’s functionG̃(c),

G̃(c)~k,ivn!5uk
2G̃(1)~k,ivn!1vk

2G̃(2)~k,ivn!, ~42!

for G (c). The Green’s functionG̃(n)(k,ivn) is expressed as

G̃(n)~k,ivn!5E
2`

1`dv

2p

Ã(n)~k,v!

ivn2v
, ~43!

where the spectral functionÃ(n) is assumed to be

Ã(n)~k,v!5
G~k!

@G~k!#2/41@v2jk
(n)#2

, ~44!

with n standing for1 or 2. We can determine a new elec
tron spectral function and density of statesNf luct that in-
cludes fluctuation effects beyond the ZFA approach. Th
effects are able to change the density of states in the Fe
liquid-like phase. Indeed in this phase it is interesting
study the behavior of the density as function of the tempe
ture at a fixed value of the coupling constantl @see Fig.
5~a!#. While the density obtained within the ZFA approach
similar to the bare one~solid line in figure!, now Nf luct
shows an enhancement at the Fermi energy in the l
temperature regime (T50.07W) and a depression at th
same energy in the high-T case (T50.20W). Actually at low
T the processes of phonon spontaneous emission sub
spectral weight to states of energy larger thanv0 compared
with the chemical potential, inducing an increase at
Fermi energies where the states are not damped. At inter
diate temperatures (T50.12W), where real phonons ar
present, the absorption and emission processes are effe
also around the chemical potential and oppose this enha
ment, so that the density of states at the Fermi energ
nearly unchanged. At higher temperatures these proce
dominate, causing a reduction of the spectral weight at
chemical potential.

In Fig. 5~b! the density of statesNf luct is plotted as a
function of the coupling constantl showing that it is able to
capture the features of the intermediate-coupling regime.
these values of parameters, the density within the ZFA
proach shows a discontinuous transition from a lightly ren
malized function to a strongly modified density with
marked reduction at the chemical potential. Due to the
cluded lattice fluctuations,Nf luct evolves gradually from the
bare density to the characteristic small polaron funct
showing pseudogap features in agreement with previ
studies.29–31Not only in the normal phase but also in the C
state does the quantityG change the spectral properties. A
tually, in the boundary phase region below the transition te
perature of the ZFA approach, a pseudogap opens in the
sity of states as a precursor effect of a gap at low
temperatures and stronger el-ph couplings.

Thus the lattice fluctuation effects introduced by means
a self-energy insertion turn out to be able to correct the dr
2-7
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backs of the ZFA approach. Next we will focus on the optic
properties, analyzing the prominent role of the lattice flu
tuations in determining the infrared absorption of the syste

V. OPTICAL PROPERTIES

In this section we deal with the optical properties near a
within the CO phase. Calculating the real part of the cond
tivity in a regime of linear response reduces to evaluate
retarded current-current correlation function

R sa,b~v!52
I Pa,b

ret ~v!

v
. ~45!

The electron motion will be supposed to take place betw
the equivalent nn sites of the cubic lattice, hence the ten
sa,b is assumed to be diagonal with mutually equal eleme
sa,a .

Performing the two canonical transformations~4! and~5!
and making the decoupling46 of the correlation function in

FIG. 5. ~a! The new renormalized density of states atW56v0

andl50.2 as a function of the energy~in units ofv0) for different
temperatures.~b! The new renormalized density of states atW
56v0 andT50.2W as a function of the energy~in units ofv0) for
different el-ph couplings.
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the electron and phonon terms through the introduction
Htest ~10!, we get in Matsubara frequencies

Pa,a~ ivn!5e2t2S 2
1

L D(
i ,d

(
i 8,d8

~d•d8!E
0

b

dteivnt

3F~ i ,i 8,d,d8,t!D~ i ,i 8,d,d8,t!, ~46!

where the functionD denotes the electron correlation fun
tion

D~ i ,i 8,d,d8,t!5^Ttc̄i
†~t!c̄i 1dâ~t!ci 81d8â

†
ci 8& t ~47!

and the functionF the phonon correlation function

F~ i ,i 8,d,d8,t!5^TtX̄i
†~t!X̄i 1dâ~t!Xi 81d8â

†
Xi 8& t .

~48!

To derive the optical properties, the role of the dampingG
of the particle motion is fundamental. Since the electron c
relation function can be expressed as a function of
Green’s functionsG (n), the effect of the damping46 can enter
our calculation substitutingG (n) for G̃(n), given by Eq.~43!.
Furthermore, in order to simplify the analysis of our resu
we separateF into two contributions,

F~ i ,i 8,d,d8!

5@^Xi
†Xi 1dâ& t#

2$F~ i ,i 8,d,d8!2@^Xi
†Xi 1dâ& t#

2%

5e22ST1@F~ i ,i 8,d,d8!2e22ST#. ~49!

Considering the two terms of Eq.~49!, the current-current
correlation function can be written as

Pa,a~ ivn!5Pa,a
(1) ~ ivn!1Pa,a

(2) ~ ivn!. ~50!

The first term reads

Pa,a
(1) ~ ivn!54e2t2e22STS 1

L D (
keNZ

sin2~ka!

3 (
n1 ,n2

h(n1 ,n2)~k!S(n1 ,n2)~k,ivn!, ~51!

where we have

h(1,1)~k!5h(2,2)~k!5~uk
22vk

2!2, ~52!

h(1,2)~k!5h(2,1)~k!54uk
2vk

2 ~53!

with S(n1 ,n2)(k,ivn) given by

S(n1 ,n2)~k,ivn!5E
0

b

dteivntG̃(n1)~k,2t!G̃(n2)~k,t!.

~54!

The second term of the current-current correlation function
obtained, retaining only the main autocorrelation termi 5 i 8
andd5d8,
2-8
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Pa,a
(2) ~ ivn!5S 2e2

Z D S 1

L2D (
keNZ

(
k1eNZ

(
n1 ,n2

p(n1 ,n2)

3~k,k1!T(n1 ,n2)~k,k1 ,ivn!, ~55!

where we have

p(1,1)~k,k1!5p(2,2)~k,k1!5~ukuk1
2vkvk1

!2, ~56!

p(1,2)~k,k1!5p(2,1)~k,k1!5~ukvk1
1uk1

vk!2, ~57!

and the functionT(n1 ,n2)(k,k1 ,ivn) reads

T(n1 ,n2)~k,k1 ,ivn!

5E
0

b

dteivntG̃(n1)~k,2t!G̃(n2)~k1 ,t! f 1~t!,

~58!

with f 1(t) given by Eq.~30!.
We perform the analytic continuationivn→v1 id, and,

clearly, the conductivity can be expressed as a sum of
terms,46

R sa,a~v!52
I@Pa,a

ret(1)~v!1Pa,a
ret(2)~v!#

v

5R sa,a
(coh)~v!1R sa,a

( incoh)~v!. ~59!

As in the spectral properties, the appearance of two ph
cally distinct contributions, the coherent and incoherent o
occurs. Actually the first termR sa,a

(coh) is due to the charge
transfer affected by the interactions with the lattice but
accompanied by processes changing the number of phon
On the other hand, the incoherent termR sa,a

( incoh) in Eq. ~59!
derives from inelastic-scattering processes of emission
absorption of phonons. The coherent conductivity is deriv
as

R sa,a
(coh)~v!5S 4e2t2

v De22ST (
n1 ,n2

E
2W̃

0

de$nF@j (n1)2v#

2nF@j (n1)#%C̃(n1 ,n2)~e,v!h~e!A(n1 ,n2)~e!,

~60!

whereC̃(n1 ,n2)(e,v) is

C̃(n1 ,n2)~e,v!5
G~e!

G2~e!1~j (n2)2j (n1)1v!2
~61!

andh(e) is defined as

h~e!5S 1

ND(
k

sin2~ka!d~e2 ẽk!. ~62!

In Eq. ~60! the functionA(n1 ,n2)(e) is expressed by

A(1,1)~e!5A(2,2)~e!5
e2

e21E2
, ~63!
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A(1,2)~e!5A(2,1)~e!5
E2

e21E2
. ~64!

The latter term of the conductivity becomes

R sa,a
( incoh)~v!

5S 2e2t2

v De22ST (
n1 ,n2

E
2W̃

0

deE
2W̃

0

de1g~e!g~e1!

3R(n1 ,n2)~e,e1 ,v!1S 2e2t2

v De22ST@ I 0~z!21#

3 (
n1 ,n2

E
2W̃

0

deE
2W̃

0

de1g~e!g~e1!$nF@j1
(n2)

2v#

2nF@j1
(n2)

#%C(n1 ,n2)~e,e1 ,v!, ~65!

where g(e) is the density of states~17!, the function
R(n1 ,n2)(e,e1 ,v) is given by

R(n1 ,n2)~e,e1 ,v!52(
l 51

1`

I l~z!sinhS bv̄0l

2
D @Jl

(n1 ,n2)
~e,e1 ,v!

1Hl
(n1 ,n2)

~e,e1 ,v!#, ~66!

C(n1 ,n2)(e,e1 ,x) is

C(n1 ,n2)~e,e1 ,x!

5
1

2

@G~e!1G~e1!#

@G~e!1G~e1!#2/41~j (n1)2j1
(n2)

1x!2
, ~67!

and

j i
(n j )5n jAe i

21E2. ~68!

We notice that the functions

Jl
(n1 ,n2)

~e,e1 ,v!

5C(n1 ,n2)~e,e1 ,v1 l v̄0!$nF@j1
(n2)

2 l v̄02v#

2nF@j1
(n2)

2 l v̄0#%$N0~ l v̄0!1nF@j1
(n2)

#%, ~69!

Hl
(n1 ,n2)

~e,e1 ,v!

5C(n1 ,n2)~e,e1 ,v2 l v̄0!$nF@j1
(n2)

1 l v̄02v#

2nF@j1
(n2)

1 l v̄0#%$N0~ l v̄0!112nF@j1
(n2)

#% ~70!

describe phonon absorption and emission processes, re
tively. In the limit of high temperatures and for small polaro
2-9
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FIG. 6. The conductivity up to
6v0 at different el-ph couplings.
In the inset, the conductivity up to
2v0 at different el-ph couplings.
The conductivities are expresse
in units of e2r/mt, with m
51/2t.
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excitations, the phononic incoherent absorption is preva
and in this limit an analytic expansion can be performed46

The internal consistency of our approach is verified
using the sum rule

E
0

`

dv R sa,a~v!52
p

2
e2^T̂a,a&, ~71!

where ^T̂a,a& is the mean value of the component of t
kinetic energy equal to one-third of Eq.~18!. Employing the
calculated spectra, we have checked that the two sides o
~71! differ by a few percent.

In Fig. 6 we report the conductivity spectra forT
50.023W at el-ph couplings. Raising the el-ph coupling,
tranfer of spectral weight from low to high energies tak
place. The Drude term becomes smaller and, in the wea
intermediate CO regime, the optical response is character
by two components: the remnant Drude-like term and
incipient absorption band centered around the gap ene
For stronger el-ph couplings, the band is peaked around
gap but it is accompained by a subgap tail due to the lat
fluctuations.19,20,48Thus, by increasing the parameterl and
by crossing the phase transition, we do not have any sh
changes in the optical spectra but a rather continuous ev
tion. We point out that in the mean-field approach the inf
red absorption occurs only at energies above the gap and
characterized by the inverse square-root singularity.49

In the inset of Fig. 6 the gradual disappearance of
Drude term and the rise of the interband absorption can
followed in a narrow range of energies. At higher tempe
tures a similar evolution of the bands of the infrared abso
tion is found by increasing the el-ph strength. Actually,
both ranges of temperature, the response in the limitv→0 is
completely suppressed only for strong el-ph couplings wh
a well-defined optical gap opens. Furthermore in the
phase there is a lowering of the height of the interband te
that spread over a wide range of energies.

It is interesting to analyze the conductivity spectra a
fixed el-ph coupling for different temperatures. We take in
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account two different regimes:l50.4 (A→CO phase! and
l50.8 (B→CO phase!. In the first case~Fig. 7!, by starting
from the normal phase and by lowering the temperatu
there is a redistribution of the spectral weight among the t
components accompanied by a progressive narrowing of
Drude term. The maximum of the second band slightly sh
towards higher frequencies and the optical gap fully dev
ops at low temperatures well within the CO phase. We str
that these results of the optical absorption are consistent
experimental measurements in dichalcogenides.18

In the other regime (l50.8) very different features of the
optical response are obtained~Fig. 8!. Here the evolution
from the SP to CO absorption band is characterized by n
peak energy. In the CO phase, belowTCO , there is a residue
of optical response in the limitv→0 and the optical gap
starts to appear for lower temperatures in corresponde
with energies that can decrease with loweringT. These re-
sults can be closely connected with the conductivity spe
measured in nickelates12,15 that reveal the relevance of th
lattice degrees in stabilizing the CO phase.

FIG. 7. The conductivity~in units ofe2r/mt, with m51/2t) up
to 2v0 at different el-ph couplings.
2-10
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VI. SUMMARY AND CONCLUSIONS

We have discussed the phase diagram, and the spe
and optical properties of the half-filled spinless Holste
model in three dimensions as a function of the tempera
and the el-ph coupling. The lattice fluctuation effects pla
crucial role in determining the density of states and the
tical response of the system.

The phase diagram is consistent with previous DMFT
sults, pointing out a strong dependence of the transition t
perature on the adiabaticity particularly in the weak-
intermediate-coupling regime. The density of states captu
the features of the intermediate-coupling regime in agr
ment with DMFT studies.

Concerning the optical absorption, we have observed t

FIG. 8. The conductivity~in units ofe2r/mt, with m51/2t) up
to 16v0 at different el-ph couplings.
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with decreasingT or increasing el-ph coupling, the ordere
phase effects the conductivity spectra, inducing a transfe
spectral weight from low to high energies with the openi
of an optical gap. The inclusion of effects of quantum latti
fluctuations makes it possible to smooth the inverse squ
root singularity of the mean-field approach and induce
subgap tail absorption. In the weak- to intermediate-coupl
regime, a two-peak structure is obtained within the CO ph
at low frequency: the remnant Drude-like term and the
cipient absorption band centered around the gap energy.
results obtained in the intermediate- and in the stro
coupling regimes are consistent with experimental cond
tivity spectra.12,15,18,20

In this paper lattice fluctuation effects beyond the var
tional ZFA approach are included by means of self-ene
insertions. At the lowest order the main contribution to t
self-energy is independent of the momentum, however, at
same order other terms could be easily included in orde
give a nonlocal quantity. Furthermore, the scattering rate
be calculated not only perturbatively but also employing
self-consistent procedure.36–38,46 If also the real part of the
self-energy is introduced by using the Kramers-Kronig re
tion, the procedure of calculation can become more co
plete. The agreement of the results obtained in this pa
with other approaches seems to suggest that a second-
perturbation theory on the good ZFA solution can capture
physics of the model in the different regimes of the norm
and ordered state.

Finally we note that our approach is valid in the infrar
range of frequencies where interband absorption takes pl
Thus it is unable to reveal the structures attributed to coll
tive excitation modes arising from the CDW
condensate.1,16,17,50
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