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Thermal conductivity in B- and C- phases of UPt3
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Although the superconductivity in UPt3 is one of the most well studied, there are still lingering questions
about the nodal directions in theB andC phases in the presence of a magnetic field. Limiting ourselves to the
low-temperature regime@T!D(0)#, we study the magnetothermal conductivity within semiclassical approxi-
mation using Volovik’s approach. The angular dependence of the magnetothermal conductivity for an arbitrary
field direction is calculated for both phases. We show that cusps in the polar angle dependence appear inB and
C phases that are due to the polar point nodes.
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Perhaps due to the exceptional appearance of two su
conducting~sc! transitions with two associated critical fiel
curves, UPt3 is one of the most well studied heavy fermio
superconductors. The history of this subject was describe
Ref. 1. TheT linear dependence of the low-temperature th
mal conductivity both parallel to thec axis and thea axis
was in favor of theE2u- rather thanE1g-type sc order
parameter,2–4 a discussion of the latter is therefore no long
necessary in the present work. Further Pt NMR experime
confirmed the triplet nature of the superconductivity and
details of the triplet gap functiond~k! in A, B, andC phases
were determined.5,6 This assignment of the spin configur
tion is consistent with the weak spin-orbit coupling limit6–8

also assumed here.Hc2 along the c axis requires a stron
Pauli limiting effect.9 This favors strong spin-orbit couplin
but thenHc2 results are inconsistent with the NMR data. W
assume thatd(k)5D(k) ẑ to be weakly pinned alongc. Then
the E2u gap functions of for the low-temperatureB and C
phases of UPt3 are given by

D~q,w!5 3
2 A3D cosq sin2q exp~62iw!, B phase

~1!
D~q,w!5 3

2 A3D cosq sin2qcos~2w!, C phase.

Hereq andw are the polar and azimuthal angles ofk. The
angular dependence ofD~q,w! is shown in Fig. 1. In theB
phase the poles are second-order node points and the eq
is a node line. In theC phase two additional vertical noda
lines appear at 45° away from the vertical plane contain
H. The thermal conductivity dependence on field strength
field along the symmetry axis also decided in favor of t
E2u state and against theE1g state;10 this is reviewed in Ref.
11. A much more powerful method for studing the nod
structure of the gap is the investigation of the field-angle
dependence of thermal conductivity in the vortex phase,
cause the location and type of extrema allow a direct de
mination of the node type and positions with respect to cr
tal axes. This method is the main topic of the present w
and we make detailed predictions for UPt3. Existing experi-
mental results on angular dependent thermal conductivi12

have been analyzed in Ref. 13. Unfortunately the experim
was done forT.0.3 K, which is not sufficiently low to de-
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termine node structures. Recently we have been studying
angle-dependent thermal conductivity in other nod
superconductors.14–19 Here we shall restrict ourselves to th
low-temperature limitT! ṽAeH!D(0) and the superclean
limit ( GD)1/2! ṽAeH, whereṽ5(vavc)

1/2, G is the scatter-
ing rate in the unitarity limit, andva,c are the anisotropic
Fermi velocities. The conditionṽAeH!D(0) can be satis-
fied in theB phase whileṽAeH<D(0) in theC phase, since
the latter appears only forH>0.6 T andH>1.2 T for field
alonga andc, respectively. Our results in theC phase may
therefore only have qualitative significance. Restriction
the superclean limit does not influence the main conclusi
on the connection between node topology and magnetot
mal conductivity. We first examine the quasiparticle dens
of states~DOS! and the thermodynamic properties of theB
andC phase of UPt3 in the presence of a magnetic field wit
arbitrary orientation at low temperatures. Then we study
thermal conductivity in theB and C phase in the low-
temperature regime, which provides clear evidence for
nodal positions inD~k!. In this regime the influence of the
antiferromagnetic order in UPt3 may be neglected contrary t
the A-phase regime.

The quasiparticle DOS in the vortex state of UPt3 is given
by

g~0!5ReK C02 ix

A~C02 ix !21 f 2L , ~2!

where the angular brackets denote both Fermi surface
vortex lattice averages. With the form factorf B(z)
5(3A3/2)(12z2)z and f C(z,z8)5(2z8221) f B(z) (z
5cosq, z85cosw) for B and C phases, respectively, th
average may be computed, and one obtains

gB~0!5
1

A3
H p

2
x1C0K F lnS C0

x D21G L J ,

gC~0!5
1

A3
Fp2 K x lnS 2

xD L 1
2

p
C0K ln2S 2

xD L G , ~3!
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FIG. 1. Spherical plots of
uD(q,w)u for the B phase~left!
and C phase ~right!. For the C
phase two additional vertica
nodal planes appear an anglep/4
away from the vertical plane
which containsH assumed atf
5p/4.
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wherex5uv•qu/D is the normalized Doppler shift of quas
particle energies,C05 limv→0Im(ṽ/D) and ṽ is the renor-
malized quasiparticle energy in the presence of impu
scattering.14,20 Furthermore,v is the quasiparticle velocity
and 2q is the pair momentum around the vortex. The seco
terms in Eq.~3! are neglected due to the superclean condit
x@C0, thenG does not appear in the field dependence. F
lowing Volovik21 we obtain

^x&B5
2

p
ṽ
AeH

D
I B~u!,

K x lnS 2

xD L
C

5
2

p
ṽ
AeH

D
I C~u!lnS D

ṽAeH
D , ~4!

I B~u!5a sinu1
2

p
E~sinu!, I C~u!5I B~u!1I ~u!.

HereE(sinu) is the complete elliptic integral of the sec
ond kind. Furthermore, we used the definition

I ~u!5
1

2 H f ~u!

Au12a2sin2uu
12a sinu

1cosuS p

2
2tan21~a tanu! D J ,

f ~u!5H cos21~a sinu! for Aa sin~u!,1

cosh21~a sinu! for Aa sin~u!.1,
~5!

wherea5vc /va is the anisotropy of Fermi velocities andu
is the polar angle ofH with respect toc axis. The averages in
Eq. ~4! are evaluated by replacing thek space integration by
a summation over nodal positions and then integrating
the superfluid velocity field.13,14 We assume a square vorte
lattice for simplicity; a hexagonal lattice would lead to a
additional numerical factor 0.93.

Substituting Eq.~4! into Eq. ~3!, we obtain
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gB5
1

A3
ṽ
AeH

D
I B~u!,

gC5
2

pA3
ṽ
AeH

D
I C~u!lnS D

ṽAeH
D . ~6!

In addition, we have C05(G/D)@g(0)#21. The low-
temperature specific heat, the spin susceptibility, etc.,
given by

Cs

gNT
5

xs

xN
512

rs~H !

rs~0!
5g~0!, ~7!

wherers is the superfluid density. Theu dependence ofg(0)
for B andC phases is shown in Figs. 2 and 3, respective

The thermal conductivity tensor in the vortex phase d
pends on the angles~u,f! of H due to the angle dependenc
of the Doppler shift energyDx. Here f is the azimuthal
angle betweenH and the direction of the heat currentjQ in
the ab plane. Following Ref. 19 we obtain for theB phase

kzz

kn
5

2

3

vavc

D2
~eH!I B~u!FB

zz~u!,

kxx

kn
5

1

3

va
2

D2
~eH!I B~u!FB

xx~u!,

FB
zz~u!5sinu,

FB
xx~u,f!5

2

p Fsin2f E~sinu!1cos~2f!
1

3 sin2u

3@cos2u K~sinu!2cos~2u!E~sinu!#G . ~8!

For fields along symmetry directions the linear field depe
dence ofkzz has also been obtained in Ref. 22.

The thermal Hall coefficient in theB phase is obtained a
0-2
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kxy

kn
~u!52

va
2~eH!

3D2
I B~u!FB

xy~u,f!,

~9!

FB
xy~u,f!5

2

p

sin~2f!

3 sin2u
@~22sin2u!E~sinu!

22cos2uK~sinu!#.

Theu andf angle dependences ofk i j ( i j 5xx,zz,xy) in the
B phase are shown in Fig. 2 and Fig. 4. For heat curr
alongc (kzz) no f dependence appears. In the limitu5p/2,
I B(p/2)5a12/p and then

kxx;
1

p S 12
1

3
cos~2f! D ; kxy;

2

3p
sin~2f!. ~10!

The maximum inkxx(90°,f) at f5690° occurs for heat
current'H when the Doppler shift gives rise to the large
quasiparticle DOS parallel to the heat current and we h
kxx(f590°)/kxx(f50°)52.

Now we consider theC phase. Againkzz does not exhibit
a f dependence. TheC phase according to Eq.~1! has two
additional perpendicular node lines. Rotating the field a

FIG. 2. Polar field-angle dependence ofI B(u) and
I B(u)FB

i j (u,45°) (i j 5xx,zz,xy) that determines theu dependence
of DOS g(0), thermal conductivities (kxx ,kzz) and thermal Hall
coefficient (kxy).

FIG. 3. Polar field-angle dependence ofI C(u) and
I C(u)FC

i j (u,45°) (i j 5xx,zz,xy).
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given u aroundc ~i.e., changingf! will lead to a corotation
of these node lines such that the vertical plane containinH
always stays at a half angle between the two perpendic
planes of the node lines parallel toc ~Ref. 9; see inset of Fig
5!. Consequentlykzz(u) will again be independent off
while kxx(u,f) depends on both field angles. We find f
heat current alongc:

kzz

kn
5

1

6

va
2

D2
~eH!I C~u!FC

zz~u!ln2S D

ṽAeH
D ,

~11!

FC
zz~u!5a sinu1

2

pE21

1

dzuzuF1

2
~11cos2u!~12z2!

1~a2sin2uz21A2 sinu cosuz~12z2!1/2#1/2.

On the other hand, we obtain for the heat current alonga:

FIG. 4. Azimuthal field-angle dependence ofI B(u)FB
xx(u,f) for

variousu. For u→0° the f dependence is suppressed complete
The zz component is alwaysf independent.

FIG. 5. Azimuthal field-angle dependence ofI C(u)FC
xx(u,f) for

various u. The zz component is againf independent. The inse
shows the field and node geometry in theC phase. The node lines
alongc are lying in the planes perpendicular toab ~dashed lines!,
which are mutually orthogonal. The fieldH lies at the half angle
~p/4! between forming an anglef with the heat currentjQ along the
a axis. This geometry is preserved for anyf because the noda
planes corotate with the field.
0-3
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kxx

kn
5

1

3p

va
2

D2
~eH!I C~u!FC

xx~u,f!ln2S D

ṽAeH
D ,

~12!
FC

xx~u,f!5FB
xx~u,f!1A2~11cos2u!1/2.

As is readily seenkzz depends only onu, while kxx depends
both on u and f. Both angular dependences are shown
Fig. 3 and Fig. 5, respectively.

In both B andC phasesk i j ( i j 5xx,zz) and also the spe
cific heat, which is determined byI B,C , exhibit clear cusps a
the polesu50 ~andu5p! caused by the contributions from
the respective second-order node points that are prese
both B andC phases. This is very similar to what has be
recently observed and analyzed in YNi2B2C.23 There the
second-order node points lie along the equator and henc
cusps appear as function off. The most significant differ-
ence in theB- andC-phase results can be seen in the beh
ior of kzz for small polar angleu. While in the B phase it
approaches zero, it remains finite in theC phase. Further-
more the kxx2kzz anisotropy for u5p/2 is considerably
smaller in theC phase as compared to theB phase. In bothB
and C phases thexx component exhibts nonmonotonic b
havior as function ofu.

The thermal Hall coefficient in theC phase reads

kxy

kn
~u!52

va
2

3D2
~eH!I C~u!FC

xy~u,f!ln2S D

ṽAeH
D ,

~13!

whereFC
xy(u,f)5FB

xy(u,f) holds because the contribution
from perpendicular node lines withH lying at the half angle
between cancel and so as in theB phase one is left with pola
and equatorial contributions to the thermal Hall constant.
numerical calculations we used the anisotropy ratioa
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5vc /va51.643. It can be directly obtained from experime
tal anisotropies of thermal and electrical conductivitie1

sc /sa5sc /sa52.7, which are equal toa2.
We have found that in UPt3 at low temperatures~i.e., T

! ṽAeH) and in the superclean limit@(GD)1/2! ṽAeH#, the
thermal conductivity exhibits a clear angular dependence
will help to identify the nodal directions inD~k! and to verify
the predictions of the commonly discussedE2u model for the
gap function inB andC phases. Most significantly we pre
dict that ~i! cusps appear in the thermal conductivity a
specific heat foru50° ~and u5p! due to the polar point
nodes of UPt3 in bothB andC phases,~ii ! in theC phase for
heat current along the nodal direction~f5p/4! a finite
kzz(u,p/4) occurs even foru→0, which is caused by the
contribution from the additional perpendicular node regio
~for the B phase this contribution vanishes!, ~iii ! the kxx
2kzz anistropy forH in the ab plane~u5p/2! is consider-
ably larger in theB phase as compared to theC phase. This
is again caused by the perpendicular node lines that con
ute and enhancekxx only for theC phase.

We hope that these different features in the field-ang
dependent thermal conductivity tensor above and below
critical field of theB-C transition will resolve a part of the
remaining controversy surroundingD~k! in UPt3. We recall
that thermal conductivity experiments have been very us
to identify D~k! in unconventional superconductors. For e
ample Izawa et al. have succeded to identifyD~k! in
Sr2RuO4,24 CeCoIn5,25 organic salts,26 and more recently
YNi 2B 2C.23 Indeed the thermal conductivity appears to pr
vide a unique window to access the nodal structure in unc
ventional superconductors.

We would like to thank Koichi Izawa and Yuji Matsud
for useful discussions.
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