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Truncated Levy walk of a nanocluster bound weakly to an atomically flat surface:
Crossover from superdiffusion to normal diffusion
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We have demonstrated that the fast stick-slip diffusion of a nanocluster bound weakly to an atomically flat
surface such as graphite is a truncatédyLevalk. To do this, a 2us molecular dynamics simulation was
performed using a finite two-dimensional Frenkel-Kontolova-type model with Langevin-thermostats. We found
that the statistics of jump durations obey a power-law distribution truncatedra and that the exponent
of a mean-square displacementt(") becomes 1 only for=ns. “Short” (200 ng simulations cannot correctly
show the crossover from superdiffusiop> 1) to normal-diffusion ¢=1).
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. INTRODUCTION (Auys9 on graphite undergoes a mild superdiffusion (
=1.1).

Understanding diffusion mechanisms of clusters on sur- However, it is doubtful whether the self-diffusive stick-
faces is important from both fundamental and technologicalip motion of the cluster really represents a genuine super-
points of view: Recently, surface imaging techniques such asjiffusive Levy walk. This is because cluster-surface systems
transmission electron microscog€EM) have shown that are not so far from thermal equilibrium as a genuineyte
large clusters with three-dimensional struct(eey., Sbsps,  walk in anopenfluid systeméis, where energy is pumped in
Au,sg self-diffuse as a whole on graphite much faster than ighrough rotating. Some fluctuation inherent in the systems
expected for uncorrelated thermal motions of atérhw-  not only enhances the jumps but also unavoidably suppresses
ever, it is difficult to deduce the details of the diffusion the occurrence of extremely long jumps responsible for su-
mechanism from the images, because the techniques bagerdiffusion.
cally image the clusters only in intervals of the diffusion. The unavoidable suppression of extremely long jumps, or

To clarify the mechanism, molecular dynami¢®ID)  the truncation of power-law tails of a LD, makes variance
simulations have been performé&d.Luedtke and Landmdn  finite. As discussed by Mantegna and Stardfeyn such
have shown that a gold cluster on graphite exhibits intermitflight, termedtruncatedLévy flight (TLF), a sum of flights
tent “stick-slip” motion accompanied by rotation. The mo- very slowly converges to a Gaussian due to the CLT. We
tion intermittently alternated between a oscillatory trappedexpect therefore that the crossover of diffusivity occurs as
motion (“stick” ) and a sliding jump(*flight” or “slip” )  follows. In small time scales, since trajectoriesthyncated
with no apparent influence of the surface. Flighlip) time  Lévy walk (TLW) are apparently identical to those by LW
and sticking time probability density functiofBDF's) were  and dominated by long-correlatédallistic) segments, they
found to take power-law distributions rather than Gaussiansseemingly give rise to superdiffusiony1). On the other
This indicates that the total trajectory is possibly characterhand, in large time scales, almost all trajectories are random-

ized as a “Lay-flight” (LF), or more strictly, as a “Ley- ized, exhibiting normal diffusion ¥=1). This crossover
walk” (LW).° which can involve infinitely long jumps per- should be observed by computer simulations if the simula-
formed with a finite maximal velocity. tion time is statistically long enough.

The notion of Lery-flight has widely appeared in physical ~ The purpose of the present work is to demonstrate that
issues like chaotic diffusion in a rotating fluid fldwnd also  there exists a crossover from the anomalous superdiffusion to
in nonphysical ones like dynamics of economic indites. the normal diffusion for Ley-type stick-slip diffusion of a
Mathematically, LF obeys a vy stable distribution (LD)  nanocluster on an atomically flat surface-like graphite. So far
that has power-law tails responsible fofinite variance and such a study has not been carried out yet. This is basically
thus does not fulfill an essential hypothesis needed to applgiue to the difficulty in determining a long-time behavior of
the central limit theoren{CLT).° In LW, a random-walker the diffusivity that requires very prolonged MD runs with
visits the same sites of LFastantaneougumps (infinite ve-  very heavy computational loadse., many degrees of free-
locities) are not allowed and the time to complete each jumpdom of atoms and complicated many-body interatomic po-
of the LW is required. Therefore, variance becomes finite andentialg. Here we report an extremely long (2s) MD
“superdiffusion” occurs when there are more flights than simulation involving a finite two-dimension&2D) Frenkel-
stickings: mean-square displacemei@SD’s) ([R(t+q) Kontolova(FK) type model! with Langevin-thermostats, ex-
—R(q)]2>q=<AR2(t)> scale ast” with 1<vy<2, where tended to a three-dimensional cluster on an atomically-flat
(*)q denotes a statistical average over the tipduedtke  surface. This model is seemingly oversimplified but can
and Landmahconcluded from a MSD obtained with a con- clarify the characteristic diffusion mechanism responsible for
siderably long MD simulation of 90 ns that a gold clusterthe change of diffusivity with increasing time scale.
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The model gold cluster is an atomistic three-dimensional
nanocrystal of 245 atoms shown in Fig. 1, whose lowermost
37 atoms form a compact hexagon and each interact with the
surface[v yon(X,Y) ] like FK models!! Interatomic interac-
tions within the cluster are restricted to first nearest neigh-
bors and described not by a harmonic potential used usually
for the FK models but by a Lennard-Johnés) (6-12 po-
tential. The depth of the LJ potential wellis set to 0.609
FIG. 1. Snapshot of the model cluster (A on the periodic eV, which is derived from the bulk modulus and the inter-

potential surfaceu(y,,) Modeled for graphite. atomic distanced,,=2.88 A) of bulk gold. By similar rea-
soning for the 2D potential surface, the verti¢al inter-
Il. COMPUTATIONAL DETAILS atomic distances are always fixed in our simulations.

To take into account the situation that cluster atoms are

0 II_D|ffu§|ve E‘Ot('f!" of sbmalfll partlclles on surfface? is usually yhormally equilibrated with surface atoms through thaje
elieved to be driven by thermal motion of surface atoms,,, nica|interactions, the cluster’s lowermost 37 atoms in

However, for the fast diffusion of clusters bound weakly 10 a0t with the potential surface are treated individually by

atomically flat surfaces, it has been reported by DeItorL evin-dvnamic&? the dvnamical interactions of the clus-
et al'? and by Luedtke and Landméthat a statiqfrozen angevin-aynamics, yhamical| 1ons us

b diffusi v identical with ter atoms with the surface atoms are expressed by random
substrate can cause a diffusion nearly identical With 0Ng, e ang friction force in proportion to velocity, both of
caused t.)y fqlly dynamical supstrates. Pre§umably this is b&ghich are due to thermal motion of atoms and related by the
cause S|gn|f|ca}nt surface lattice deformayon,. which aﬁecﬁluctuation-dissipation theorem. On the other hand, the rest
sticking behavior ?”d resduces average diffusion velocity aﬁpper 208 atoms, which are not in contact with the surface,
suggested by Le_wuat aI:, does not oceur due_ to the we_ak are treated by Newtonian-dynamics using a velocity Verlet
cluster—surface interactiondhe Au—C interaction of Lewis algorithm. The time stept is 5 fs. The Langevin damping-

et al® is about two times stronger than that of Luedtke and; o constant ¥, is set to 100 p&® By 37 Langevin-

4 .
:_atltr_]dma.rg.) Ih's ;ugt?]ests t?at aIthought (:)ffects Ofl tp?rmalthermostats, the atoms in the cluster are thermally equili-
attice vibrations in the surfaces cannot be completely nep ;o 4t 5 given temperatufe

glected, such a surface can be effectively modeled by a static
single-atom potential. In the present work, therefore, we con-
sider a model nanocluster not on a computationally heavy [1l. RESULTS AND DISCUSSION
atomistic surface but on an analytic periodic potential sur-
face, which mimics Ayys on a graphite surface, as shown
schematically in Fig. 1.

We first show in Fig. Pa) an x—y trajectory of the clus-

ter's center-of-mass for- 1.5 ns at 500 K, and in Fig.(B),

Since verticalz) motions of atoms in the present system ItS % ¥, and rotational ¢) components. In Fig. (@ we find
that the cluster stick-slip-diffuses from the site A to the site B

are probably not so important to the lateraly) motion of ) .
the cluster as a whole, the periodic single-atom potential sut‘f\{'thout apparent influence of the surface morpholégyen

f ; in 20: _ h hi £ circles. The diagonal lines in Fig.(B) represent flights of
ace is expressed in 2Dion(x,Y). ON the graphite surface, dhe cluster. The oscillations about horizontal lines on right

neath them in the adjoining graphite sheet, are preferentiaﬁnd left sides are stickings at the sites A and B. Some of the

adsorption sites for metal atoniSTherefore p 4omis defined sharply curved parts in _thg sllp.—mot|on are also dqe foa
not on the honeycomb lattice but on the triangular lattice ofSt!Ck!ng eventisee the cr_lterlon given below for c_Ias_S|fy|ng
the surfacd(i.e., @ carbon atom sites are omitied~or sim- sticking events The periodsr of x, y, and ¢ oscillations

plicity we assume the three shortest wave vectors’ terms of ghown on the right-hand S'.de of Fl_gﬁtﬁ are 23, 24, anq 16
2D Fourier series, ps, respectively, and consistent with the corresponding val-

ues of 7~20 ps reported by the previous studtésThis

stick-slip motion is basically identical to that obtained by
Vatord X,Y)=Eq &(X,y)=Eq(—2/9) X | cos k| x+ R more realistic modelings, which demonstrates the validity of
V3 the present simplified model.

Figure 3a) shows a 2000 ns<2 us) x—y trajectory, and
+co k2—y 4 cod K x—l Figs. 3b)—3(e) its x component on four different spatio-
J3 J3 ' temporal scales. Compared to the previous studies, the simu-
lation time of the present study is one order of magnitude
Herek is the length of the shortest wave vectors, related tdonger. (Luedtke and Landmé&rperformed a 90 ns simula-
the lattice constant of graphiteadapnic=2.46 A), and the tion and Lewiset al.® a 125 ns simulation, for static sub-
average value af 4o.{X,Yy) is 0 eV. The amplitude of poten- strates. From Figs. c)—3(e), we find self-similar stick-slip
tial corrugation,Ey, is thought to be a mere fraction of the behavior, characterized by horizontal linéstickingg and
binding energy of 0.26 eV/atom for large Au islands ondiagonal linegflights), which is also reported in the previous
graphite™® Here we se€, to 0.06 eV. Thereby, a height of studies®® On the other hand, Fig.(B) as well as Fig. &)
energy barriers for single atoms is about 0.053 eV at a saddhow the behavior on the time scale one order of magnitude
point between potential wells on the triangular lattice. larger than the previous studies. It is seen from the figures
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FIG. 2. (a) 1.5 nsx-y trajectory of the cluster’s center-of-mass 126
at 500 K. The small open circlesX) represent the minimum po- ;:.\m\
tential energy sitesg-site9 in the periodic potential surface. The 80 ’\A\‘_J
large closed circles represent the lowermost 37 atoms of the cluster
(®@). 6 is the cluster’'s angle of rotation relative to the surface 404
lattice. (b) The variations irnx, y, and # as a function of time. 47‘b 4é0 e 4;0 o5
that the characteristic stick-slip behavior is almost lost. In 1 )
other words, on large spatio-temporal scales, the fluctuation 1204
of the x component becomes close to an ordinary Brownian 1104
motion characterized by a Gaussian, which implies a cross-
over from a Lery-walk to a normal random walk. 1067
Before going to the discussion about the MSD of the clus- 90
ter, we examine whether the statistics of the stick-slip behav- -
ior have power-law nature indicative of alyewalk. To cal- 1800 4805 4810 4815 4820
culate the flight time PDRp;(t), and the sticking time PDF, t (ns)

ps(t), we divide the whole trajectory into a succession of

sticking and flight intervals as in Refs. 14 and 4; for every 2 £ 3. (a) 2 usx—y trajectory of the cluster's center-of-mass
ps distanced(t;) =[R(ti— 7/2) = R(t;+ 7/2)| is computed, 4t 500 K. The small closed dot represents the size of the cluster.
and if d(t;)<d., the event is then identified as a sticking (n)—(e) The x component of the trajectory in four different spatio-
one. In the analysis, the sticking period) (of 20 ps, and the temporal scales. The area in the small rectangléjris expanded
sticking amplitude @) of 0.6 A, the same values as those of to a full scale in(c), and the like from(c) to (d) and from(d) to (e).
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FIG. 4. Histograms of flight timep;(t) (8 and sticking times
ps(t) (b), calculated from the Zus MD simulation (closed tri-
angles and its portion of 200 ngopen inverted triangles Histo-
gram bin width QAt) is 20 ps(see text The flight times obey a
power-law probability density function-t™# with u~2.0, and
sticking times~t~" with »~1.9. 10° 10" 102 10®

t (ps)

Ref. 4 are use(_JI. I_:Ilght events a,re then 5|mply the mtervz_ils FIG. 5. (a) Log—log plots of MSD's for the (ey-type cluster
between the stickings. The PDF's are determined from hisg  tace diffusion at 500 K antb) the slopesy, of the plots. The

togram; of the flight and stick durations. The histograms arQolid curve was derived from the full dataset of theug x—y
normalized according t&,p(t,)At=1, where duratio is  gtjck-slip trajectory in Fig. @) and the dotted curve from the re-
rounded tot,, every 20 ps(= histogram bin widthAt=7)  guced dataset consisting only of flight events in the full dataset. The
because of the uncertainty between sticking and flight eventsplid lines with slopes of 2ballistic) and 1(Brownian-type in (a)
below 7. are guides to the eyes.

We show in Fig. 4 the histograms of the flight times
and the sticking timesb), obtained from the full dataset of faster(exponentiagl decay, is indicative of truncation of tails
the 2000 nx—y stick-slip diffusion(closed trianglesand its ~ of the LD. In self-diffusive cluster—surface systems, infi-
portion of 200 ngopen inverted trianglgsEach figure indi-  nitely long-lived) jumps, which violate equipartion of en-
cates a power-law relation for both the two datasets, demorergy and thermalization with surfaces, are unrealistic and
strating the temporal self-similarity of the stick-slip behavior unavoidably interfered by some fluctuation inherent in the
in Figs. 3c)—3(e): ps(t)~t* with u~2.0, andp(t)~t*  systems and decay, which is not the casedjpensystem$
with v~1.9. These exponents are a little different from thewhere energy is pumped in.
results (w~2.3 andv~2.1) in Ref. 4 probably because of = There seems to be no drop-off in the sticking time histo-
differences in the size of the cluster and the interatomic ingrams within the present simulation time ofux. This may
teractions. However, the overall reproduction of the characimply that the sticking time PDF can have an infinitely long
teristic stick-slip diffusion is very good. This indicates either tail, although the statistics could be still insufficient to clarify
the validity of our simplified model or the presence of somethe point.
universal mechanisntsuch as, for example, self-organized We show in Fig. %a) a log—log plot of the MSD calcu-
criticality'®) which is independent of details of models. lated from the full dataset of the 2s stick-slip trajectory in

As seen in Fig. &), the slopes of the diagonal lines are Fig. 3@, and in Fig. %b) its slope, y=dlog([R(t+q)
always almost the same. This indicates that the flight speeds R(q)]z)q/d logt. When the slope is 2, it represents a bal-
are almost the same and that they are constant during tHistic motion, and the slope of 1 corresponds to an ordinary
flights. This allows us to suppose that the flight duration is inBrownian-type motion(The increase in the fluctuation of
proportion to jump length £,” i.e., the power-law relation of  for t=10" ps reflects the fact that the data are less accurate at
p¢(t) indeed indicates a power-law tail of a LR (€) with larget because the number of samples for a statistical aver-
no typical jump length, or characteristics of LW. age overg decreases with) From the figures, we can see a

It should be noted that, far> ns, there is a drop-off in crossover from superdiffusion &y<2) corresponding to
the flight time histogram obtained from the 2000 ns datasethe Levy-type power-law flight PDF fot< ns to normal
The drop-off, a transition from power-law decay to muchdiffusion (y=1) due to the truncation of the PDF fdr
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= ns. This is consistent with a visual inspection of the tra-the stickings ¢) as well as the LW’s ). On the other hand,
jectory for 1.5 ns in Fig. @): In time scales smaller than a the effect of stickings on the crossover to normal diffusion
maximum flight duration of~ ns, TLW is seemingly iden- due to being a TLW is unclear. To assess the effect, we made

tical to LW, and some trajectories are partially randomized® reduced {68%) dataset which consists only of flight
while others are dominated by a long-correlattidean ex- events[for d(t;)>d.] out of the full dataset of 2000 ns to

cursion, which results in superdiffusion® 1). On the other ~ calculate a MSD and ity. The results(dotted lineg are
hand, in time scales larger than the maximum flight durationShoWn in Figs. &) and 5b). The upward constant shift from

almost all trajectories are randomized and this gives rise t(gh.g Sc.’“d Imle "?t F'lg:'. &) |sB:c)i)uehto th?hdlfftehrencellén a‘ée;a%e
the crossover to normal diffusionyE1). Statistically good musion velocity. Figure shows that the Sofid and dot-

B ) : . ted lines almost overlap fdr>10? ps and this indicates that
convergence ty=1 requires long MD simulations. We ob-

. ... the crossover originates only from the truncation of flight
served that small datasetseﬂ_oo ns can sometimes exhibit duration. From the discrepancy for 107 ps, it can be seen
no crossover to normal diffusion because of the lack of sta

that the oscillation around a few tens of ps is due to long

tistics. o ) oscillatory sticking motion.
The diffusion coefficienD (=(AR?(t))/4t) of the cluster
is estimated to be 1.2510 ° cn?/s from the linear part IV. CONCLUSION

(10° ps <t<10* ps) in the MSD. This value is about ten _ _ _ _ .
orders of magnitude larger than those for other cluster— 10 clarify long-time asymptotic behavior of ig-type

surface systems such as compact Ir clusters on atomically fISfick-slip diffusion of a nanocluster bound weakly to an
Ir surfaces’ However. the value oD is three orders of atomically flat surface such as graphite, we have presented a

magnitude smaller than estimated at 500 K from the densitfr?Ite 2[3 tFrenlgel—K;)ntolo(;/a-typet modlel I Wlth§_ Lar;gevm-
of self-similar ramified-cluster-islands measured by TEM. Iaf:jmr?:rﬁ'c?sasn'mplzrt'gam\eNeinae; ;gn:\e(j%hg??rlen;t()aﬁscyc-s of
As discussed by Lewist al.® this huge discrepancy is prob- y ! imutation. Ve fou ISt

ably mainly due to errors in the estimation of cluster depod“™P (flight) duration take a Ley-type power-law distribu-

sition flux and in “deposition-diffusion-aggregatioDDA) Egn t_;unga;id e?tji?fz(;iuotnn?(; Ivlh'nc: t:)esr’]lg:fn;} g:ﬁjﬁ%‘:}e;ofrrom
model’s assumptions to analyze experiméritising realistic Vy-typ P -

many-body potentials, Lewist al® reported 3.71 and 1.09 '[_3283' We _als? tf.oundthth?t thatt_ for relatl\t/ebly “‘;Tqrt’td( b
x 10 ® cé/s for dynamic and frozen substrates, respec-_ ns) simulations the truncation cannot be obtained be-

tively (y were estimated to be 0.9—1,vhich strongly sup- C2uSe of lack of statistical reliability. This indicates that the
ports our result. correct long-time behavior probably cannot be obtained from

As was noted by Luedtke and Landnfeand references short simulations.
therein, it is known that when mathematically genuine LW's
with infinite variance coexist with stickings, diffusivity is
either anomalousgsuper- : K y<2; sub- : 0<y<1) diffu- We thank Y. Tai and W. Yamaguchi for fruitful discussions
sion or normal diffusion y=1) depending on statistics of and comments.
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