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Intersubband gain in a Bloch oscillator and quantum cascade laser
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The link between the gain of quantum cascade structures and the gain in periodic superlattices is presented.
The proposed theoretical model based on the density matrix formalism is able to treat the gain mechanism of
the Bloch oscillator and quantum cascade laser on the same footing by taking into account in-plane momentum
relaxation. The model predicts a dispersive contribution in addition to(tisea) population-inversion-
dependent intersubband gain in quantum cascade structures and—in the absence of inversion—provides the
guantum-mechanical description for the dispersive gain in superlattices. It corroborates the predictions of the
semiclassical miniband picture, according to which gain is predicted for photon energies lower than the Bloch
oscillation frequency, whereas net absorption is expected at higher photon energies, as a description which is
valid in the high-temperature limit. A redshift of the amplified emission with respect to the resonant transition
energy results from the dispersive gain contribution in any intersubband transition, for which the population
inversion is small.
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. INTRODUCTION nanometers and fields of several tenths of kV/cm, the photon
frequencies are in the terahertz range.

Soon after the original proposal of semiconductor |n fact, semiclassical calculations exhibit neither gain nor
superlattices, two apparently quite different schemes to ob- ahsorption at resonance, i.e., for=w;, but transparency.
tain optical gain in such novel systems were put forward. Inbarticularly in the quantum-mechanical picture, it is evident
a seminal work, Kazarinov and Suris pointed out how 04 only spontaneous transitions can occur at resonance. At

achieve a population inversion, a key ingredient to Obta'nsufﬁciently high electric fields, the miniband is split into the

light amplification, between electronic subbands in aWannier—StarkIadder,asetofstatesevenlyspaceIFan

energy. Resonant stimulated emission processes between ad-
jacent states are balanced by absorption processes, because

lations within a miniband—despite a missing populationOf the translat!onal symmetry of the System, which dictates
inversion equal occupation for all rungs of the Wannier-Stark ladder.

Two decades later, the demonstration of the quantum cas- Nevertheless, the semiclassical calculation does predict
cade laséraffirmed the first proposal. ThHeonduction band gain—without inversion—for nonresonant transitions with a
structure in each period is carefully designed to allow for't00 small” photon energyfiw<#w, and absorption for
injecting electrons into an upper subband state, with a long @>7iwy,. But the existence and strength of the gain pre-
nonradiative lifetime, and to enable a fast extraction of elecdicted semiclassically in these periodic superlattices is still
trons from an accordingly tailored lower state. As a consequestioned, despite experimental observation of many related
guence, population inversion is achieved. Also, by a suitabl@henomena in superlattices, such as negative differential
design, the structure is electrically stable at threshold. Byonductivity? the associated Bloch oscillatios,and the
now, the quantum cascade laser technology covers a wideupling of the superlattice to external THz radiatton?
range of the electromagnetic spectrum. Recently, a roomjust to mention a few. In particular, the gain mechanism is
temperature continuous-wave ldsemitting at a wavelength lacking an interpretation in terms of the quantum-mechanical
of 9 um has been demonstrated and stimulated emission iWannier-Stark picture.
the terahertz regime at about gén (Refs. 7 and 8has been In this paper such a quantum-mechanical interpretation of
observed. the gain in superlattices is suggested and a link is estab-

In contrast to this, the feasibility of the Bloch oscillator, lished between the intersubband gain originating from a po-
emitting electromagnetic radiation, tunable by an externapulation inversion, with its symmetric spectral shape cen-
electric dc field, is still under question. Besides the task otered at the transition energy, and the dispersive gain pre-
stabilizing the electric field domains in a biased superlatticalicted for a periodic superlattice, with its nearly antisymmet-
at the point of operation, the description of the gain mecharic profile. The quantum-mechanical model, based on the
nism is, so far, based on semiclassical models only. In @ensity matrix formalism similar to the one employed
naive picture, electromagnetic radiation of photon energyearlier'® yields a general expression for the gain profile in
ho~hw,=eFdis expected, corresponding to the frequencyintersubband transitions. Note that the prediction of amplifi-
of Bloch oscillations,wy,, which linearly depends on the cation without population inversion is not related to the in-
applied dc fieldF. For, e.g., a superlattice periadof some terference of quantum-mechanical paths as in previous

strongly biased superlatti¢eOn the other hand, based on
semiclassical arguments, Ktitorat al® and later Ignatov
and Romanol predicted optical gain due to Bloch oscil-
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proposals:*'°but results from the inclusion of in-plane scat- 4 g
tering.

In Sec. Il we present the model system, and discuss as
sumptions and details of the density matrix calculation. With ,
less stringent approximations than those made by Kazarino relaxation,/
and Suris we find an expression for the coherence betwee k/  tunneline 2O VLL 4

. . g 21
two, at first spatially separated, subband states that an - > >4 k'
coupled by tunneling and broadened by intrasubband scattel
ing. The coherence determines current density as well a

<« m—
™

optical transitions. Transforming to the basis of eigenstates x

of the biased heterostructure—the Wannier-Stark basis fo state 9 sate 1 1
the superlattice—the model is extended to describe optica >

transitions between any pair of subbands. growth direction (z)

In Sec. lll we apply the theory to superlattices and obtain
the quantum-mechanical counterparts to the semiclassical re; " | del f i | bband
Its for both the Esaki-Tsu current-voltage characteristic system that serves as a simple model for a diagonal intersubban

su Yransition. Tunneling into a virtual intermediate stdtotted as

and the dispersive gain predicted semiclassically in Ref. 3\i/ell as photon-assisted tunneling is expressed by a transfer matrix
The results are quantitatively compared to the predictions o lement# ), . Relaxation is assumed to take place within each
the semiclassical picture, where good agreement is found fQi,ppand Omy

higher electron temperatures.

In Sec. IV intersubband transitions are investigated for theourselves to elasti¢impurity, e.g) scattering within each
guantum cascade structure and the relation betwasti- subband and assume a parabolic dispersion relation parallel
symmetrig gain and Lorentzian-shaped intersubband gairto the layers in the effective mass approximation
becomes apparent: the theory predicts a transition from the

. _ . . . . . . . ﬁ2k2
Lorentzian-shaped inversion gain to the dispersive gain with e @)
decreasing population inversion accompanied by a redshift €ik= € om*’
of the peak gain with respect to the transition energy.

FIG. 1. Mixed momentum- and real-space picture of a two-level

where €, denotes the lower subband edge andl is the
effective mass of the electron averaged over the extension of
the wave function in well and barrier.

We consider two subbands, confined in adjacent wells,
that serve as a model system for photon-assisted tunneling A. Coherences
structures and, in particular, for transitions within the

Wannier-Stark ladder of a weakly coupled superlattice. Ta
start with, the same basis as mythe grlglnal F\)Nork of Ka- % atp [, p] and separating the diagonal and nondiagonal

’
zarinov and Suris is chosen as an appropriate basis set. TRES with respect to the parallel momentiyk” according

wave functiongik) are given by the product of the envelope 10 Pyi = S il (1= ) P We obtain two coupled
functions¥,(z), maximally localized® in well i, and plane equations with four terms each, which determine the time
waves evolution of the system. Since the coherent téins diag-
onal with respect to the in-plane momentum and the scatter-
(r,z]ik)y="(2)e'*", (1) ing termV is purely nondiagonal, the commutators that de-

o i o termine the diagonal and nondiagonal parts of the density
where thez axis is defined by the direction of growtk,  atrix are evaluated as

=(ky,ky)=k denotes the in-plane momentum, amd

Il. THEORY

Using the equation of motion of the density matrix

=(x,y) the lateral position. The matrix elements of the , ij_ immi_ jimpymi
Hamiltonian in this basis are given by it app = 2 (H"pl = pi"HY)
b= (K| H] kY =HY, 8o + VL (2) -
P . + 2 (V Lmk'PLn/Jk PkrE'Vrkn'Jk! )
where the respective contributiohbandV take the form
. 22 ij . ij
) e Q)" ) Viee 0" 'ﬁﬁtplklk/*% (Viw P =PV
ij _ {J —
He=l 10, en |+ Vie=| o Vie | ®
+ 2 (H ol =P HE, ()

Thus, electrons are allowed to tunnel between the subband
statei andj by means of the momentum conserving matrixwhere the commutator of the scattering potential with the
elementsi();;, in each of which they are possibly scatterednondiagonal part of has been neglected in the second equa-
out of a virtual intermediate state by an intrawell relaxationtion (Born approximation The steady-state values of the
proceswkk, as depicted in Fig. 1. For simplicity we restrict coherences of the density matrf¥, which determine the
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transitions|ik)—|jk), the current, and the absorption, are

obtained from a Laplace averdgelefined by (€i— e f —imf) E o€ — €k )| Vigo 2
oc + 8 € — €5) VD, |2
f(s)=sf dte Sp(t) (7)
0 i JJ . i 2 ﬁQ'J
=1 (fy— ) —im 2 | e — €| Vigo*———
and performing the Laplace limé—0 using the relation K €k ™ €ik
lims_o, (0—is) *'=P(l/w)+ims(w) at the appropriate
L. i i ii
stage of the calculation. In this approach the populatigns X (f,— 1)+ 8 e — Ejk’)|vkk/|2_—J(f{<J —f) ],
of the density matrix are not accessible and appear in the €ikT €k
resulting expression as external quantities. The Laplace av- (12
erage gives

which agrees with the previous restitin contrast to the
original treatment, we continue by neither neglecting the dif-
|hsf" —|ﬁ3p (0)+2 (Hlmfmj flmH ) ference of the arguments in tl&efunctions on the left-hand
side (LHS) nor omitting the second term on the RHS. The
coherence associated with the transitj@k)—|1k) is ob-

gim tained from
+2 kk’ k’k fr k’k) 8

transition broadening direct contribution
——— —~

21 _ . 2 1 21 22 11
IﬁkaJk,fvlfiSpkk/(O) (ka/ / fImVE]kJ,) fk k k k 21 fk fk

+iti Qe (Vi fy — D) = % =), (13

+ E ( H im f kka ' :(mk/ ) (9) scattering-assisted contribution

_ _ _ _ _ where we have used abbreviations for the scattering-induced
In a first step, the nondiagonal part in E§) is approxi-  proadening of the transition, = 7 8( e — e,k)Ika,Iz,
mated(cf. Appendix A for detail$. Specifying to the assump- the subband separaticn= e, — €5, and the in-plane mo-

tions of a two-level system with intrawell scattering only and mentum of the final statg. =%~ 1\2m* (e, ) . The first

neglecting terms of higher order if);; corresponding 10 oy o the RHS, which contains the di?f;rené:e of popula-

multiple-tunneling processes gives tions between the two states, corresponds to the central result
of Ref. 13, cited often as the original proposal of the quan-
tum cascade laser. The second term, which has been dis-
carded so far, contains differences in the population within a
subband. It is this term which will be responsible for the
second-order type of gain, leading to the characteristic nega-

(10) tive differential conductivity and the dispersive gain profile

' in a superlattice, and a modified spectral shape of the gain in

a quantum cascade laser.

(P =—i78(e— €j)| Vi Fi — FIVE,,

+hQ,

VI =) Vi (- f“>)

€jk — €jk’ €ik — €ik’

which has to be placed into E¢8) for the diagonal part.
Simplifying for intrawell scattering here and taking the B. Current density

Laplace limit yields(cf. Appendix B The current density between two states spatially separated
by d=2z,,—2,; is calculated fromj=eTr(of), whered
(€ — Eik)f ﬁQIJ(f“ — £l =i/h[H,z] is the velocity operator anglis the position op-
erator. The current is induced by the nondiagonal matrix el-
i i \Jii ements of the velocity operator; , which are given by;;
2 [ka’(f)k’k (Do Ve A1 =iQj(zj;—z;) + €z; /1. By choijce of the basis set, the cJ:on—
tribution of the dlpolaIj is small compared to the tunneling

3
where (f) denotes the approximated expression for the nonterml and we obtain

diagonal part in Eq(10). Correlations of the scattering po-

tentials may change }he strength of in-plane scattering. For jwedz i(Qzlflz—lefﬁl)- (14)
the benefit of analytical results, we perform an ensemble

average and neglect these correlation terms. Later, in the

final expressions, the scattering rate is considered as a givéssing the previous equation for the coherentk?sand
quantity. The coherencl! is given by and the current yields

f21
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_Reo(w)]
. (15 o(w)= £oN,C

Cedn0y)? « WA TED Y D

ho % €+ (vt 7)?

242 2 10§22 g1ly 20§22 11
The current results from differences in population. In the __ ¢ 10z G k*) AT~ fic)
following section and in contrast to the original work, the goNCw 7k (e—hw)+(fir 1)?
differences are evaluated for nonequival&nstates in the

respective subbands. To obtain the result of Kazarinov and

Suris, - is set equal tdk and a constant broadening is
used:

(19

The in-plane momenta of the final states are denotek.by
=h"12m*[ e+ (e—hw)]. The preceding expression con-
tains the two gain mechanisms as limiting cases of a more
~edhQy®?  y general intersubband gain profile with a simple physical in-
= 3 2+ 7/zAn' terpretation. Before we discuss the quantum-mechanical
paths involved, the expression may be generalized to an ar-

bitrarily located pair of subband states.

With this approximation, the current density is solely driven ¢ ical Il as di | . h
by the density of excess electrons in either state To account for vertical as well as diagonal transitions the

:Zk(fﬁZ_fﬁl). For a superlattice, this approximation does basis of eigenstates of the biased system—the Wannier-Stark

predict the resonant current peaks that occur whenev&aS's for a superlattice—is chosen. Due to the assumption of

ground and excited states align, but fails to account for th%;trawell scattering only, the dark current vanishes as the

current between equivalent states in the Wannier-Star nneling matrix el_emenhﬂij IS mco_rporated in the ex-
ladder. ended wave functions. The photon-induced current, how-

ever, is then mediated by the dipole matrix element between
_ _ the two subband states, which can no longer be considered as
C. Absorption and gain small in this basis. The nondiagonal part of the velocity op-

Optical properties are deduced from the high-frequencyerator is given by =iez; . Since the operator of the high-
response to an additionally applied ac field. In the case of &requency fieldéH= —e/cvA does not change its purely
photon-assisted tunneling transition, the Hamiltonian isnondiagonal structure, inspection of the previous equations
supplemented by and replacement afd();; by iez;/A naturally extends the

equation for the gain profile to any intersubband transition
edf ‘ and permits us to omit the rather arbitrary distinction be-
SO tween a diagonal and vertical transition:

e.
SH(t)=— vA=

edf, .
e 0 ( 22,12 o, Y FE— i)+ v(F2 =i
a\w)=—
(16) eonichi?o K (e—ho)2+ (vt ¥D)?

. (20
for a vector potentiaA= (c/iw)f e ' with an amplitude

f,, of the high-frequency field. Noting the similar structure of og will be shown in the following, expressid0) allows a

6H and the nondiagonal partchI, the12<:orrections to 2"[‘9 simple explanation of the gain mechanism in a superlattice
coherences in linear respons and 5f are related td"  and in a quantum cascade structure. It is instructive to re-

andfi? by write the differences in populations as

edf, edf, Le 22 ol 2200 oLy _ ol oq _ 22
5f§,1w:_ ho fi,ls—hw’ 5f&,2w: ho flj<-,25+hw’ 17 Vil k*) )/k‘k(l fk+) kar(l "2)’ (21)

emission|2)—|1)  absorption|1)—|2})
which are evaluated at an energy % » instead ofe due to

the time dependence of the ac field. This relation reflects the | . . . . -
similarity of tunneling and photon-assisted tunneling pro_Whlch directly translate into the paths depicted in Fig. 2. The

cesses in a diagonal transition. The photon-induced currerwvo. processes aboye relate the staf and|1k. ) by the
becomes emission or absorption of @onresonantphoton,’ w # € for

k#k, , assisted by relaxation within the lower state g,

which ensures momentum transfer. The second difference in
5j(w)~ed2 i(9215fﬁ2 _leéfﬁl _ (18) Eq. (20) is interpreted accordingly, where the relaxation

K “ @ takes place within the upper state.
If one assumes constant and equal in-plane scattering

The high-frequency conductivity is related to the current bytimes r=%/v, a Fermi distribution with the same tempera-
o(w)=4(j + dj(w))ldf , and directly linked to the absorp- tureT in each subband, and chemical potentjalsand u,,
tion (cf. Appendix C for detailsaccording to respectively, the gain is analytically expressed as
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—
peak gain = i
i Wannier-Stark T 77K:
[ spacing e=eFd, i
10 Bloch frequenc ]
, - loch frequency
: : :
N 0l
~ |
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3 L
l | -10 =
A=20.3 meV"
: absorption d=5.1 nmme ]
1 n®@=10""cm
- ‘ i ) | L L L
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FIG. 2. Possible quantum-mechanical paths: for an incident pho- photon energy he (meV)

ton with energyhw# €, absorption or stimulated emission may oc-
cur due to a nonresonant absorption or emission into an intermedi- F|G, 3. Bloch oscillator at=eFd=15 meV: a dispersive gain

ate and a subsequent relaxation into the final state. Energy anghntripution arises atAn=0 from second-order processes by

momentum are conserved in this second-order process. nonresonant photon emission and absorption followed by scattering
events that ensure conservation of momentum. Whereas stimulated
e2|212|262 mek,T emission is predl_cted foﬁw<e (cf. inset: path of stl_mulated
al(w)= 5 o 3 emission, absorption dominates fokw>e. A constant in-plane
goNChw whe &+ relaxation time ofr=0.2 ps is used. Parameters of the GaAs/AlAs
. superlattice (Ref. 23. A=20.3 meV, d=5.1 nm, and n®
e(ulfel)/kaef ﬁlka+ 0( 5) ::[)010 em2 ( 3
XIn . (22 '

elra= kT 4 5 5)
allow only for next-neighbor interactions and multiple tun-

wheres= e—fiw characterizes the off-resonant nature of then€ling is excluded, corresponding to a limited coherence of
photon transition and(8)= 6(8)+ 6(— 8)e~ T reflects spatially extended states. .

p ” . ” Rewriting the gain profile of Eq(20) specifically for a
the asymmetry between “too small” and “too large” photons . :

. " superlattice yields

with regard to the resonant transition.

e’d?|1 A2 e fk —fi,)

lll. RESULTS a(w)=— :
gonChilw K (eFd—7w)?+(2vy,)?

(24)
In this part the theoretical model is evaluated and inter-
preted with respect to the gain profile of a superlattice andNote that, as the miniband width of a superlattite,and the
guantum cascade laser. dipole matrix elementz;; , are related (0}'s zj=dA/4eFdin
the Wannier-Stark basis, the diagonal expression of(E%).
and the general expression of EQO) for a(w) provide
identical results. At resonance, the incoming photon pro-
In the case of a superlattice, populations and scatteringokes transitions between equivalent states=k, and ab-
times are equal for symmetry reasorfy;=fg? and % sorption and emission balance each other as expected from a
= yZ. The characteristic negative differential conductivity of system with no population inversiomAn=3,(fZ*—f;*
the current-voltage characterisfiF) is recovered from Eq. =0. In the case of photons with energys<e the lower
(15 if one identifies the subband spacing with the field dropstate involved in this second-order transition will be less oc-
per periode=eFd, whereF is the applied electric field. The cupied than the upper state, leading to an asymmetry be-
current density reads tween emission and absorption in favor of gain. In contrast,
for a photon energy exceeding the subband spacing absorp-
tion occurs. As illustrated in Fig. 3, Eq24) recovers the
, (23) dispersive shape of the gain predicted semiclassically—
kK (eFd)?+(2y,)? giving rise to absorption above ar(dtimulated emission
below the field-dependent Bloch frequeney,=eFd/%.
where we omitted the state indices and introduced the miniNote that we have neglected any particularity of the actual
band width viaA~4#Q,,. The populations may be de- scattering processes here. A detailed investigation in the
scribed by thermal distributions, either by Fermi-Dirac orframework of second-order perturbation theédryeveals a
Boltzmann statistics. The current-voltage characteristic recomplex interplay of population effects and the influence of
sembles the Esaki-Tsu characteristic and agrees quantittie momentum transfer for the relaxation processes in a su-
tively with the result by Wackéf® within the sequential perlattice.
tunneling picturé® valid for weakly coupled superlattices. We compare the gain derived within the present approach
This assumption is implicit in the present approach, as wevith the results obtained from the standard model based on

A. Bloch oscillator

. edA? wlfe —fi,)
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v o (meV) 20 * FIG. 5. Full line, generalized intersubband gain in the case
whereAn/n=0.5. Dashed line, direct contributidfirst term in the
FIG. 4. Semiclassicaldotted ling vs quantum-mechanical re- right-hand side of Eq(13)]. The sample parameters correspond to
sults (solid line) for the absorption in a superlattice for different the terahertz quantum cascade lag&sfs. 7 and Bat aboutfiw
temperaturesT. We assume a temperature-independent scattering=18.7 meV. A constant relaxation time=0.5 ps and populations
time 7=0.2 ps in the quantum-mechanical model andrggt=7in  n,=3x10° cm 2 andn;=1x10° cm 2 are used.
the semiclassical model. In the semiclassical picture the peak gain
scales with the ratiol {(A/2kgT)/14(A/2kgT). The quantum-
mechanical gain profile exhibits an additional narrowing with lower
temperature.

the semiclassical curve, reflects an explicit influence of the
electron distribution within the subband. This influence is
absent in the semiclassical treatment, regardless of the ap-
proximation for the distribution function. In real devices,

semiclassical calculations. In the semiclassical approieh however the electron temperature reaches 100 K and above
Boltzmann equation is solved in the relaxation time approxi- ’ P ’

mation for the distribution functiorf(k,,k;) of miniband i t_he superlatti_ce is biased beyo_nd the onset_of Bloch O.SC"'
electrons subject to an external dc ;nc‘l‘ ac fiskt)=F lations, according to a self-consistent theoretical analysis of

+F,cos@t), where F_<F. In the case of a Maxwel the in-plane distribution function in the Wannier-Stark
distﬁbutior‘f"this yieldsw ’ picture?® Still, at electron temperatures of about 77 K, the

considered superlattice, e.g., with a sheet densityn@f

2d2 A | (A/2KaT) . =10 cm 2, exhibits a peak material gain of about
asdw)= —n(® 15 cnmi !, which exceeds the estimated value for waveguide
eoC 242 1o(A/ZKeT) 1+ (wp7)? losses in the terahertz range.
<R 1-iwr—(w,7)? -
(wa)2+(1—in)2 , B. Quantum cascade laser

In the quantum cascade laser, the populations of the re-
spective subband state depend on the design as well as cur-
rent and temperature. Then, the direct and scattering type
contribution add up as shown in Fig. 5. For a negligible

in the single-relaxation-time approximation, and

ed? A (3 1(A/2kgT) Tp

dgclw)= —N
sd @) eon € 272 1o(A/2KgT) 1+ wirer, lower state populatiolAn/n~1, wheren=3(fZ+fl),
Eq. (20) is dominated by resonant photon emission due to the
<R 1—iw7e—w§7erp 26) population inversion between equivaleht states. It re-
wﬁferpﬂl—iwfe)(l—iwfp) ’ sembles the Lorentzian-shaped inversion gain profile, lin-

early depending on the population inversiam. On the

for the improved two-relaxation-time approximation given other hand, in the limiting case of equal populations, the
by Ignatov and Romandwwhere distinct momentum and Bloch-type contribution results in a dispersive gain profile as
energy relaxation times, and 7, are used and which agrees in the superlattice. In between, there is a smooth transition of
with detailed Monte Carlo studié8. The ratio of Bessel the (usua) intersubband gain profile to the dispersive gain
functions contains the temperature dependence for a nondedth decreasing\n/n as shown in Fig. 6.

generate electron gas. Figure 4 shows a comparison of the Thus, Eq.(20) for the gain profile states thahere is a
semi-classical results and the quantum-mechanical predidlispersive contribution to the gain profile in any intersub-
tions for the same constant relaxation timefi/y=0.2 ps at  band transition with a rising significance foAn/n tending
different temperatures. No independent parameters areto zero. This result implies two predictions for an intersub-
used. The two approaches agree remarkably well at highand emitter such as the quantum cascade laser. First, the
temperatures in the semiclassical limEd<<A. The narrow- gain does not linearly depend akn, but there is a non-
ing of the gain profile with lower temperature, compared tonegligible intersubband gain even without a population in-
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! T=77K

In a superlattice a population inversion between equiva-
lent states differing in energy by=eFd cannot occur, as
f22=f1', due to the translational symmetry of the system.
Consequently, resonant-stimulated photon emission pro-
cesses are exactly balanced by the corresponding absorption
processes. However, nonresonant second-order processes ex-
hibit gain for Aw<e, whereas net absorption occurs for
hw>e. This inversionless gain atw<e represents the
guantum-mechanical analog to the gain predicted by semi-
lower state: classical models, which had not been described previously.
n,=3-10°cm™ The guantum-mechanical approach agrees remarkably well
v L L , . with the semiclassical results in the high-temperature limit.

10 20 30 In contrast to the miniband pictufd,it provides an easily
photon energy ho (meV) conceivable interpretation of the gain mechanism.
In a quantum cascade laser structure, upper and lower

_FIG._ 6. Evolution of_the generalized gain_prof_ile from the direct states generally exhibit a different population and, in the
gain—linearly depending on the population inversion—to thejqaq| case, an inverted population. If the inversion decreases,
scattering-assisted gain with decreasihg/n and increasing the the quasisymmetric gain spectrum at a high degree of in-
lower state populatiom,, respectively, while keeping the upper version, whereAn/n~1, evolves to a dispersive gain, for
state densityn, constant. ! ' . N

An/n~0 and below. In contrast to the peak inversion gain,

] ] ] ) ] which does not depend on temperature and decreases with
version, scaling approximately linearly with the electron scattering, the latter decreases with temperature as the differ-
densityn in the system. Second, above threshold, the peaknces in occupation between initial and final states diminish,
gain and, thus, the laser signal are expected to shift to lowgg; increases with more frequent scattering processes.
energies with increasing current or temperature, as the ratio Tpe theory predicts amplification without inversion below
An/n generally decreases. the intersubband resonance of two broadened states. The
peak gain in any amplified intersubband transition relying on
a poor population inversion, i.eAn/n~0, exhibits a red-
shift of the order of the level broadening with respect to

In Secs. Il and Il of this paper, the homogeneous broadthe transition energy. This dispersive gain contribution,
ening v, of intrasubband relaxation processes has been inwhich has escaped observation so far, is expected to be ex-
troduced, without specifying it in detail. It may be taken asperimentally accessible in a quantum cascade structure by a
elastic impurity scattering or quasielastic phonon scatteringsearch for the attributed redshift.

For the numerical evaluations it was taken as a
k-independent quantity. As mentioned before, a realistic cal-
culation for microscopic interaction processes in a superlat- ACKNOWLEDGMENTS

megeneous level broadening due to interface roughness hggq Giacomo Scalari for fruitful discussions. This work was

not yet been discussed. Inhomogeneity can be considered §ypported by the Swiss National Science Foundation.

a simplified approach such as the “local quantum-

mechanical model??® This model assumes a “global

quasi-Fermi level” in each subband, independent of the in- APPENDIX A: NONDIAGONAL PART FEK,

plane position. Within this model the dispersive shape of the . ) )

gain is not obscured by inhomogeneous broadening. This Equation(9) governs the dynamics of the nondiagonal

holds true even in a diagonal structdfeyhere the subband Part ink,k’

fluctuations are not correlated, though the linewidth will be

determined by inhomogeneous broaderffhgzurthermore, - - _ o ,

intersubband plasmons are known to alter the line shape of ifisf), ~ifsp).(0)+> (VI fi—fi"vi)

the intersubband transition and to cause a blueshift of the m

intersubband resonance due to dynamical screening of the S ,

dipole field?® However, the subband states of a Bloch oscil- + (HM) = HD). (A1)

lator or quantum cascade laser are generally weakly popu- m

lated ~10'° cm™2 compared to the onset of the collective

phenomen¥ beyond some 16 cm™2. Assuming intrawell scattering only, the second and third
In conclusion, the proposed model provides a unified determs on the RHS yield

scription of optical transitions between two-dimensional sub-

bands. The upper and lower subbands can be either of the

same kind(superlattice or of different kind (quantum cas- im emj_ eimymiy vl gii  cijygii

cade laser strﬂctu}e ; % Vi T = B Vi) = Vi Tio = ficVie

40

An/n=1

upper state:
n,=3-10°cm

30

population of,

20 lower state

An/n=0

—a(®) (cm™)
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S ) Vil (Fi—fll)
% (H e = fe HED fle=—im8(ei—€jir) e

kk' hL;;

Ejk_Ejk’

:(eik_€jk’)f:(1k’+ﬁ9ij(f{<]k’_f:(lk')' V:(Ik;(flkl_f:(lf)

. _ i cij  cijygii
Neglecting the nondiagonal matrix elemex}t, (0) and tak- P VT = TkcVie |- (AS)
ing the Laplace average equatiohl) gives ' '
B 1 APPENDIX B: DIAGONAL PART F!
flkjk,:_ 7)—+i775(€ik_6jk/) . . . .
€ik— €k’ _ quuat|on(8) determines the dynamics of the diagonal part
N i L in ki
XA (e = Fae) + Vi Fo = FU VIRL. (A2)
The nondiagonal),, still depends orfl),, —f,, . The coher- insfl=ifispy(0)+ % (HMRI = FRHEYD
ences between statksandk’ within the same subband are
derived from the special version for | of Eq. (Al): . . ' 4
2 VgDl (NgeVid: (8D
m,

. 11 . 1 m ¢mi imy ;mi

Iﬁkak'%lﬁSpkk'(OH% Vige T = Fic Vi) where(f) denotes the previous approximations of the nondi-

agonal part. The second term on the RHS is given by

+ 2 (M — i HDY), (A3)

" 2 (Hmekmj_fLmHkmj):(Gik_fjk)fikj+ﬁQij(ij_f:<i :

where the second and third terms are evaluated as m
Performing the Laplace limis— 0 we obtain

> (VI - fimvI =V () — i), ;
m (€ik— € Ty

> (HIMp— i HE) =hy(f=f) -2 Vi (D= (Dide Vil (82)
m !
= (€ — Eik,)f:(ik,+ﬁQijf£k/_fikjkIﬁjS%(eik_ Eik/)f:(ik, If one assumes no correlation between the scattering centers

in different wells, i.e., if one were to drop terms containing

and terms of higher order in the tunneling matrix elemente product\/ikik,vf(jk, for i #j, the product of scattering po-

corr_esponding to multiple—tunqeling processes are neglecteghniials and the approximated nondiagonal part becomes
Taking the Laplace average yields

2 _f:(J

o } RO (Y, — i
. 1 , - . V” (f 'l’ =im7é(€r, — € V” , +Lk
f:('k,=—P—eik_fik/VL'k,(fL',—fL') e (D =170 € — €)1 Vil p—
L and similarl
Vi (=) Y

€ik — €ik’

—im( €= € )V (Fr — i)~

fil —

mij(f{j—fjkj,))

ejk_ejk’

(A4) (Dige Vi =178 i €51c) [ Vi |
The last term vanishes as either #iéunction or the differ-  Rewriting Eq. (B2) and sorting terms finally leads to an
ence in populations is zero. Placing the approximations foequation for the relevant coherences between the two states,
f'k'k, andfl‘(’k, in Eq. (A1) and neglecting the principal value which determine transport properties such as the current
yields density:

transition broadening direct contribution— f7¢

(Eik_ejk)f;cj_i'n- ;cj E 5(€ik'_fjk)|V:kr|2+5(€ik_Ejk')|kar|2: ﬁQij(fZ—fij)
k!

i, QL G By (B3)
—im, 5(Eik’_€jk)|vkkr|2—j(fkf_ ;cl)+5(€ik_€jk’)|vfkr|2—j (7 =13
I €t — € Ejk_ejk’

scattering-assisted contribution—f??

s
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It corresponds to the results of Kazarinov and Sdrster performing a noncorrelated ensemble average on their equation
and specifying on a two-level system.

APPENDIX C: ABSORPTION
The ac-field-induced coherence is given by the transformation

edf,
M=~ Fleto (1)

which yields

edf, | AQu(fE—f) A0 yi(FZ — 12—yl — )]
J’_

ho e—ho—i(%+7)  (e—ho)le—ho—i(%+7)]

As eachsf = §(f9°+ °) the absorption consists of two contributions

Sfl=—

a(w)=a%%w)+ a®(w), (C2
like the two contributions on the RHS of E@3) add up with respect to the current density. We obtain

aqc( ):€2d2|921|2 ﬁT]Zl ﬁT]Zl (fzz_fll)
eomcw T | (e+ho)+(hr ') (e—ho)+(hn, )20 (o)
main contribution ’
and
()= 2’| Qy? NUE D= Ui =D U —fD-nUi—n)
gon,cw  F (e+hw)+(hr b)? (e—hw)+(hr, )> | (C4)
main co;tdburion
|
where we set k.= 1\2m*[e+(e—hw)], . e2d2( (1|2 hr Y(FR— £22)
— L 2m [ (e+hw)], andhr t=yi+y2. The first @9 @) = rLCﬂ' v ERT]
term a9(w) depends on the difference in population of gorCw K (e—hw)™+ (Am ")

equivalentk states and yields the usual Lorentzian line shape
for the gain profile in the case of a population inversion. The : : o .
o o : : whereas the scattering-assisted contribution gives

second contributionr°°(w) contains differences of popula-
tions between differerk states within the respective subband
state and will be discussed later.

In the following, we will omit the nonresonant contribu- bo, e’d?| Q5| 7&”&_“&1)_ Vﬁ(fzg_fﬁz)
tion. The contribution accounts for the situation where the (@)= goNCw X (e—tw)2+(fir b2
upper state lies below the lower state. However, it is not
neglected in the numerical calculations as it is important to
prevent the divergence at=0, which alters the line shape The difficulty in assigning a path of transitions of the elec-
for w~O(y), i.e., in the far-infrared or terahertz regime. If tron to the latter expression fa®%(w) is resolved by adding
one regards the resonant contribution only, the gain reads both contributiongcf. Eq. (19)].
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