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Magnetotransport in a two-dimensional electron gas in the presence of spin-orbit interaction

X. F. Wang and P. Vasilopoulos
Department of Physics Concordia University, Montreal, QC H3G 1M8, Canada

~Received 19 August 2002; revised manuscript received 25 October 2002; published 26 February 2003!

We evaluate the transport coefficients of a two-dimensional electron gas in the presence of a perpendicular
magnetic field and of the spin-orbit interaction~SOI! described only by the Rashba term of strengtha. The SOI
mixes the spin-up and spin-down states of neighboring Landau levels into two new, unequally spaced energy
branches. The broadened density of states, as a function of the energy, and the longitudinal resistivity, as a
function of the magnetic field, show beating patterns in agreement with observations. The positions of any two
successive nodes in the beating pattern approximately determine the strength of the Rashba term. A strong SOI
results in a splitting of the magnetoresistance peaks and a doubling of the number of the Hall plateaus. Each
peak in the derivative of the Hall resistivity with respect to the magnetic field fora50 splits, foraÞ0, into two
peaks, whose separationDB increases initially witha and saturates for largea.
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I. INTRODUCTION

There has been an increasing interest in zero-magn
field spin splitting in one-dimensional~1D! and 2D electron
systems~2DES! due to the spin-orbit interaction~SOI!. Such
systems have potential applications in spin-ba
transistors1,2 expected to service in the future quantum co
putation. The SOI has been found also important in an un
pected metal-to-insulator transition in 2D~Ref. 3! hole gas,
in spin-resolved ballistic transport,4 in Aharonov-Bohm~AB!
experiments,5 and in a spin-galvanic effect.6 The analysis of
the Shubnikov–de Haas~SdH! oscillations in magnetoresis
tance measurements has become the main method of
suring the SOI strength in such systems.

Decades ago theoretical studies7,8 in 3D semiconductors
found that the spin degeneracy should be lifted in invers
asymmetric crystals due to the internal crystal field. La
magnetotransport and cyclotron resonance measuremen
a 2D hole system, in a modulation-doped GaAs/AlGaAs h
erojunction, showed9 evidence of zero-magnetic-field sp
splitting for carriers with finite momentum. Similar exper
ments on 2D electron gases, formed in a GaAs/AlGaAs
version layer, led to similar conclusions.10 The first explana-
tion was proposed by Bychkov and Rashba11 employing the
Rashba spin-orbit Hamiltonian, where the spin of fini
momentum electrons feels a magnetic field perpendicula
the electron momentum in the inversion plane. Though n
parabolicity of the bulk band structure of GaAs/AlGaA
could also explain the previous experimental results and b
inversion-asymmetry induced spin splitting, atB50, could
dominate in heterostructures of wide-gap semiconduct
the Rashba SOI has been considered the most approp
reason for the observation of the zero-field spin splitting
low-dimensional electron systems, especially in narrow-g
semiconductors.12 Later, Luo et al.13 investigated the SdH
oscillations in a series of GaSb/InAs quantum wells and c
cluded that the lifting of the spin degeneracy results from
inversion asymmetry of the structure which invokes an el
tric field perpendicular to the layer. Using the Rashba S
they fit the experimental results and determined the Ras
parametera, which describes the strength of the SOI. At t
0163-1829/2003/67~8!/085313~7!/$20.00 67 0853
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same time they concluded that contributions to the SOI fr
the bulk;k3 term due to a crystal inversion asymmetry a
of minor importance.

Generally, the contributions to the spin splitting in th
conduction band of asymmetric heterostructures result fr
the bulk;k3 term due to a crystal inversion asymmetry a
from the Rashba;k asymmetry. Due to their different mo
mentum dependence, the former dominates inwide-gap
structures with small thickness whereas the later domin
in narrow-gap structures. It was shown14 that thek3 term
leads to anomalous beating patterns while the Rashba
leads to the regular beating patterns in magneto oscillatio
Recently, the well-developed shaping technique in na
structures has been used to control the SOI strength in
systems of different materials,15–21 and principally the SdH
oscillations are used to measure the Rashba parametera.22

However, to our knowledge there are no detailed theoret
treatments of the influence of the SOI on magnetotranspo
2D systems. We therefore aim at developing a more reali
model to describe theoretically magnetotransport in syste
with SOI, in which the Rashba term dominates, and de
mine more accurately the parametera.

In Sec. II we present the energy spectrum and the den
of states~DOS!. In Sec. III we present the results for th
transport coefficients and in Sec. IV concluding remar
Some auxiliary results are found in the Appendix.

II. EIGENVECTORS, EIGENVALUES, AND DENSITY
OF STATES

We consider a 2DES in the (x2y) plane and a magnetic
field along the z direction. In the Landau gaug
A5(2By,0,0) the one-electron Hamiltonian including th
Rashba term reads

H5
~p1eA!2

2m*
1

a

\
@s3~p1eA!#z1gmBBsz , ~1!

wherep is the momentum operator of the electrons,m* is
the effective electron mass,g the Zeeman factor,mB the
Bohr magneton,s5(sx ,sy ,sz) the Pauli spin matrix, and
a the strength of the SOI.
©2003 The American Physical Society13-1
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Using the Landau wave functions without SOI as a ba
we can express the new eigenfunction in the form@kx com-
mutes with the Hamiltonian~1!#

Ckx
~r !5eikxx(

n,s
fn~y2yc!Cn

sus&Y ALx

5eikxx(
n

fn~y2yc!S Cn
1

Cn
2D Y ALx, n50,1,2, . . . .

~2!

Here Lx is the length of the system along thex direction,

fn(y2yc)5e2(y2yc)2/(2l c
2)Hn@(y2yc)/ l c#/AAp2nn! l c is

the usual harmonic oscillator function,vc5eB/m* the cy-
clotron frequency,l c5(\/m* vc)

1/2 the radius of the cyclo-
tron orbit centered atyc5 l c

2kx , n the Landau-level index
and us& the electron spin written as the column vectorus&
5(0

1) if it is pointing up and (1
0) if it is pointing down.

Substituting Eq.~2! in the Schro¨dinger equationHC5EC,
multiplying both sides byf l(y2yc), and integrating overy
we obtain the following system of equations (E65
6gmBB2E)

H i ~a/ l c!A2lCl 21
1 1@~ l 11/2!\vc1E2#Cl

250

@~ l 11/2!\vc1E1#Cl
12 i ~a/ l c!A2~ l 11!Cl 11

2 50
J ,

l 50,1,2, . . . . ~3!

This infinite system of equations is solved exactly af
decomposing it into independent one- or two-dimensio
secular equations. Denoting the new subband index bys we
obtain

@1/2\vc1E2#Cs
250, s50, ~4!

F ~s21/2!\vc1E1 2 i ~a/ l c!A2s

i ~a/ l c!A2s ~s11/2!\vc1E2

G S Cs21
1

Cs
2 D 50,

s51,2,3, . . . . ~5!

Corresponding tos50, there is one level, the same as t
lowest Landau level without SOI, with energyE0

15E0

51/2\vc2gmBB and wave function C0
1(kx)

5(eikxx/ALx)f0(y2yc)(1
0). Corresponding to s51,2,3,

•••, we find two branches of levels with energies

Es
65s\vc6@E0

212sa2/ l c
2#1/2. ~6!

The 1 branch is described by the wave function

Cs
1~kx!5

1

ALxA s

eikxxS 2 iDsfs21~y2yc!

fs~y2yc!
D , ~7!

and the2 one by

Cs
2~kx!5

1

ALxA s

eikxxS fs21~y2yc!

2 iDsfs~y2yc!
D , ~8!
08531
s,

r
l

whereAs511D s
2 and

Ds5
A2sa/ l c

E01AE0
212sa2/ l c

2
. ~9!

The density of states~DOS! is defined byD(E)5(skxsd(E

2Es
s). Assuming a Gaussian broadening of widthG we ob-

tain

D~E!5
S0

~2p!3/2 (
ss

e2(E2Es
s)2/2G2

l c
2G

~10!

In Fig. 1~a! we plot the level energiesEs
1 and Es

2 as
functions of the level indexs. For the case studied here w
haveE1

2.E0
1 . Because the level spacing of the1 branch is

larger than that of the2 branch, the level energy of the1
branch increases faster and the line through the triangles~not
shown! has a slope larger than that through the circles~not
shown! in Fig. 1~a!. Here we also notice thatE7

2.(E5
1

1E6
1)/2, E15

2 .E13
1 , E25

2 .(E22
1 1E23

1 )/2. This difference in
level spacing results directly in the modulation of the dens
of states as shown in Figs. 1~b! and 1~c!. As Fig. 1~b! shows,
where the level broadening is small,G50.1 meV, the DOS
as a function of the energy shows peaks of the same he
except when levels of different branches have the same v
and higher DOS peaks appear. For wider level broadening
shown in Fig. 1~c!, with G50.5 meV, the DOS is modulate
and shows a beating pattern. The nodes of this pattern ap
when a2 branch level is located near the middle betwe
two 1 branch levels; thus, the first node appears near theE7

2

level and the second node near theE25
2 one. The maximum

oscillation amplitude appears when two levels of differe
branches are degenerate, e.g., atE15

2 .E13
1 here.

FIG. 1. ~a! Subband energyEs versus indexs. The triangles are
for the1 branch and the circles for the2 branch.~b! Energy~right
scale! versus DOS with a subband broadeningG50.1 meV.~c! The
same as in~b! but with G50.5 meV. The other parameters areg
52, B51 T, m* 50.05, anda510211 eV m.
3-2
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III. TRANSPORT COEFFICIENTS

A. Analytic results

For weak electric fieldsEn , i.e., for linear responses, an
weak scattering potentials the expressions for the direct
rent ~dc! conductivity tensorsmn , in the one-electron ap
proximation, reviewed in Ref. 23, readssmn5smn

d 1smn
nd

with m,n5x,y,z. The termssmn
d and smn

nd stem from the

diagonal and nondiagonal part of the density operatorr̂, re-
spectively, in a given basis and^Jm&5Tr( r̂Jm)5smnEn . In
general, we havesmn

d 5smn
dif 1smn

col . The termsmn
dif describes

the diffusive motion of electrons and the termsmn
col collision

contributions or hopping. The former is given by

smn
dif 5

be2

S0
(

z
f ~Es

s!@12 f ~Es
s!#tz~Es

s!vm
z vn

z , ~11!

where z[(s,s,kx) denotes the quantum numbers,vm
z

5^zuvmuz& is the diagonal element of the velocity operat
vm , and f («) the Fermi-Dirac function. Further,tz(Es

s) is
the relaxation time for elastic scattering,b51/kBT, andS0 is
the area of the system. The termsmn

col can be written in the
form

syy
col5

be2

S0
(
z,z8

E
2`

`

d«E
2`

`

d«8d@«2Es
s~kx!#

3d@«82Es8
s8~kx8!# f ~«!@12 f ~«8!#

3Wzz8~«,«8!~yz2yz8!
2, ~12!

where yz5^zuyuz&; Wzz8(«,«8) is the transition rate. Fo
elastic scattering by dilute impurities, of densityNI , we have

Wzz8~«,«8!5
2pNI

\S0
(

q
uU~q!u2uFzz8~u!u2

3d~«2«8!dkx ,k
x82qx

, ~13!

whereu5 l c
2q2/2 andq25qx

21qy
2 . U(q) is the Fourier trans-

form of the screened impurity potential U(r )
5(e2/4pe0e)e2ksr /r , where e is the static dielectric con
stant, e0 the dielectric permittivity, andks the screening
wave vector:

U~q!5
e2

2e0e

1

~2u/ l c
21ks

2!1/2
. ~14!

In the situation studied here the diffusion contribution giv
by Eq. ~11! vanishes because the diagonal elements of
velocity operatorvm

z vanish. Neglecting Landau-level mix
ing, i.e., taking s85s, and noting thatsxx

col5syy
col , (q

5(S0/2p)*0
`qdq5(S0/2p l c

2)*0
`du, and (kx

5(S0/2p l c
2),

we obtain
08531
r-

e

syy
col5

NIbe2

2p\ l c
2 (

ss
E

0

`

duE
2`

`

d«@d~«2Es
s!#2f ~«!

3@12 f ~«!#uU~A2u/ l c
2!u2uFss

s ~u!u2u, ~15!

where

uFss
2~u!u25$Ls21~u!1D s

2Ls~u!%2e2u/A s
2 ,

uFss
1~u!u25$D s

2Ls21~u!1Ls~u!%2e2u/A s
2 .

The exponentiale2u favors small values ofu. Assuming
b5ks

2l c
2/2@u,24 we may neglect the term 2u/ l c

2 in the de-
nominator of Eq.~14! and obtain

syy
col5

NIbe2

4p\b F e2

2ee0
G2

(
ss

E
2`

`

d«@d~«2Es
s!#2f ~«!

3@12 f ~«!#I s
s , ~16!

where

I s
65@~2s61!D s

422sD s
212s61#/A s

2 . ~17!

The impurity densityNI determines the Landau Leve
broadeningG5Wzz8(«,«8)/\. EvaluatingWzz8(«,«8)/\ in
the u→0 limit without taking into account the SOI, we ob
tain NI'4p@(2ee0 /e2)#2G/\.

The Hall conductivitysxy
nd is given by

sxy
nd5

2i\e2

S0
(
z,z8

f ~Ez!@12 f ~Ez8!#^zuvxuz8&

3^z8uvyuz&
12eb(Ez2Ez8)

~Ez2Ez8!2
, z8Þz. ~18!

The evaluation of Eq.~18! proceeds along the lines of Re
25 using the the matrix elements^zuvmuz8&, m5x,y, given
in the Appendix. Taking«n11

s 2«n
s'\vc , leads readily to

sxy
nd5

e2

4p\ (
s50

`

~s11!@Bs~ f s
12 f s11

1 !1Cs~ f s11
2 2 f s12

2 !#,

~19!

where

Bs5
1

A s
2As11

2 H Qs
21

2m* aDs11

\2vcAs11

3F aDs11

\As11
1S \

m* l c

1QsD Y A2G J , ~20!

Cs5
1

As11
2 As12

2 H Qs8
21

2m* aDs11

\2vcAs11

3F aDs11

\As11
2S \

m* l c

1Qs8D Y A2G J ; ~21!
3-3
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hereQs511@s/(s11)#1/2DsDs11 and Qs8511@(s12)/(s
11)#1/2Ds11Ds12. We notice that ifa50, we haveQs

5Qs85As115As1251 and Eq. ~19! becomes sxy
nd

5(e2/h)(s50
` f s , i.e., the conductivity expression pertine

to the integer quantum Hall effect.25

The resistivity tensor,rmn is given in terms of the con
ductivity tensor. We use the standard expressionsrxx
5syy /S, ryy5sxx /S, ryx5rxy52syx /S, where S
5sxxsyy2sxysyx .

B. Numerical results

In the numerical evaluation of the conductivity we assu
that thed functions appearing in Eq.~16! are broadened an
replace them with the Gaussian functio
(1/A2pG)e2x2/(2G2). Further, if not otherwise specified, w
use the following parameters:T50.4 K, G51.5 meV, g
50, m* 50.05, Ne5431016 m22. In Fig. 2 we plotsxx

col in
the smallu limit, see Eq.~16!, as a function of the magneti
field. The dotted curve showssxx

col in the absence of SOI an
the solid one in its presence witha51.2310211 eV m. For
low magnetic fields and weaka the conductivity decrease
quickly with a and saturates arounda52310211 eV m.
The typical beating pattern appears when the subband br
ening is of the same order as the Landau-level separation
high magnetic fields, the effect of SOI is weakened and
beating pattern is replaced by split conductivity peaks. T
latter approaches that without SOI when the magnetic fi
becomes very strong. One of the segments, with a typ
beating pattern between the fourth and the fifth node
shown in the inset. From Fig. 1 we see that themth node is
located near thenth Landau level whenEn1m

2 .(En21
1

1En
1)/2. Using this expression for largen and smallm (n

@1), we can obtain the ratio of the Landau index over
magnetic field. The result is

nm

Bm
.

~2m21!~2m13!e\218gm* \e24m* 2g2\2e

32m* 2a2
.

~22!

This leads to

FIG. 2. Conductivitysxx as a function of the magnetic fieldB.
The dotted curve is fora50 eV m and the solid one fora51.2
310211 eV m. The inset shows the oscillations between the fou
and fifth node.
08531
e

d-
At
e
e
ld
al
is

e

nm11

Bm11
2

nm

Bm
.

~m11!\2e

4m* a2
. ~23!

If we keep the electron densityNe constant and use the defi
nition of the filling factorn5Ne2p l c

2 , we can approximate
Bm by Bm5p\Ne /enm , and obtain

1

Bm11
2

2
1

Bm
2

.
~m11!\e2

4pm* 2a2Ne

~24!

and

nm11
2 2nm

2 .
~m11!p\3

4m* 2a2
. ~25!

Equations~24! and ~25! can be used to estimate the Rash
parametera. For instance, using the inset of Fig. 2 provid
n4571 andn5587. Experimentally, the SdH oscillations i
the resistivity of a 2D system, in the presence of SOI,
usually viewed as resulting from a 2D system with tw
subbands15,21 with the SOI splitting at the Fermi levelDR
52akF serving as the subband separation. Following t
line of reasoning, we can also analyze the results show
the inset of Fig. 2. The SdH frequency difference betwe
the plus and minus oscillations ism3Bm.4.8 T and corre-
sponds to a carrier density differenceDN51.16
31015 m22. This leads18 to a5\kFDN/(2m* Ne)51.1
310211 eV m.

In Fig. 3 we plot the resistivityrxx for different strengths
a as a function of the magnetic field. With the increase ofa
each resistivity peak becomes lower and gradually splits
two peaks. However, the shape of the gaps is not affecte
SOI. We also notice that all peaks retain almost the sa
form after splitting.

Figure 4 shows the Hall resistivityrxy versus the mag-
netic field B. For strong magnetic fields we see the integ
quantum Hall effect plateaus ath/ne2, wheren is an integer.
In the presence of SOI, one more plateau with va
2h/(2n11)e2 appears between every two plateaus of or
n andn11. The size of this new plateau increases witha. It
is worth noting that these extra plateaus require rather str
a and may easily shrink or disappear if disorder is includ
in the calculation of the Hall resistivity. In the lower inset o

h
FIG. 3. The resistivityrxx as a function of the magnetic fieldB

for different values of the parametera as indicated.
3-4
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Fig. 4 we plot the derivativedrxy /dB as a function ofB.
Each peak, corresponding to a sharp jump of the resistiv
splits into two peaks which separate from each other, b
distanceDB, with increasinga. The dependence ofDB on
a is plotted in the upper inset. The split increases slowly
small a and saturates at abouta52310211 eV m.

C. Comparison with the experiment

In the following, we will analyze, using Eq.~24!, two
typical measurements of the SdH oscillation in InGaA
InAlAs heterostructures, assuming the Rashba term do
nates the contribution of the observed zero-field spin sp
ting. Reference 26 provides results for two samples A and
For sample A, with effective massm* 50.046 and sheet den
sity ns51.7531012 cm22, the positions of the first six
nodes are, respectively, at fields,B150.873 T, B250.46 T,
B350.291 T, B450.227 T, B550.183 T, B650.153 T.
From the positions of any two successive nodesBm and
Bm11, we extract the Rashba parametera. The results are
shown as full triangles in Fig. 5; as showna fluctuates and
converges to the average valuea53.7310212 eV m with
increasing node numberm. The consistency of thea values
extracted from different nodes convinces us that the Ras
term is the main cause of the beating pattern here. It ma
that bulk SOI contributes also and results in the variation
a when different nodes are used. The calculated spin s
ting at the Fermi level isdF52akF52.45 meV and is the
same as the extrapolated result from Ref. 26. The s
analysis has been done for sample C, withns51.46
31012 cm22 and B150.65 T, B250.312 T, and B3
50.204 T; the results are shown in Fig. 5 as squares.
zero-field spin splitting at the Fermi level is 1.7 meV and
close to the value 1.5 meV given in Ref. 26. In the inset
Fig. 5 we show the calculated diagonal resistivity for sam
A of Ref. 26 at temperatureT50.5 K. A magnetic-field-
dependent subband broadening is adopted,G5G0AB, with
G050.68 meV/T1/2. The second node is well fitted, while th

FIG. 4. Hall resistivityrxy as a function of the magnetic fieldB.
The different curves correspond to differenta and are marked as in
Fig. 3. The lower inset shows the derivative ofrxy with respect toB
versusB for a50 ~dotted curve! anda51.2310211 eV m ~solid
curve!. In the upper inset the differenceDB between the values o
the two peaks in this derivative, into which thea50 peak nearB
524 T splits, is shown as a function ofa.
08531
y,
a

r

/
i-

t-
.

ba
be
f

it-

e

e

f
e

first node appears at a slightly higher magnetic field and
oscillations are enclosed between them whereas the num
observed in Ref. 26 is 35.

In Ref. 15 the SdH oscillations of a 2DEG confined in
gate-controlled InGaAs layer were observed under differ
gate voltagesVg , at values21, 20.7, 20.3, 0, 0.3, 0.5,
and 1.5 V. The electron effective mass ranges fromm*
50.049, atVg521 V, to m* 50.052, atVg51.5 V, and
the corresponding sheet density changes fromn51.6 to n
52.4131012 cm22. The first nodesB1 corresponding to the
Vg values given above are at fieldsB152.032, 2.025, 2.011
1.98, 1.923, 1.894, 1.87 T, respectively, and the second no
at B251.13, 1.079, 1.035, 0.966, 0.915, 0.9, 0.871 T. E

FIG. 6. Strengtha of the Rashba term, as a function of th
applied gate voltage, extracted from Eq.~24! ~squares! and perti-
nent to the results of Ref. 15. The latter are shown by the o
~solid! circles when the first~second! nodes are fitted as in Ref. 15
The inset shows our calculatedr vs B beating pattern forVg

50.3 V, T50.4 K. The dotted curve, produced bya57.04
22.26Vg10.87Vg

2 , is a fit to our results~squares!.

FIG. 5. Strengtha of the Rashba term, as a function of th
observed~Ref. 26! node numberm, extracted from Eq.~24! and
measured node positionsBm andBm11 for sample A~triangles! and
sample C~squares!. The inset shows our calculatedr vs B beating
pattern for sample A. The dotted and solid lines are guides to
eye.
3-5
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ploying Eq. ~24! we evaluate the Rashba parameter a
function of the gate voltage. We show the results in Fig. 6
filled squares and fit them with the dashed curve, obtai
with a57.0422.26Vg10.87Vg

2 . Our results are consisten
with those given in Ref. 15 obtained by fitting the first nod
~open circles! of the observed beating pattern with those o
tained from an approximate evaluation of the resistivity;
fitting of the second nodes is shown by the filled circles. O
calculated magnetoresistivity, as a function of the magn
field, for Vg50.3 V andT50.4 K, is shown in the inset o
Fig. 6. Here we find the second node is well fitted and
smaller number of oscillations (n22n1.26) than that ob-
served (.28). It is worth noting that the value ofa we
obtained, after analyzing these two examples for InAs-ba
heterostructures, is of the same order of magnitude as
found by the microscopic model proposed in Ref. 14
comparable densities; from Fig. 3 of Ref. 14 the extrac
value ofa is .2310211 eV m at densityns51012 cm22.

Our way to extract the parametera from the experimenta
SdH oscillations leads to theoretical results that are in ra
good agreement with those obtained by fitting experime
curves. One advantage of Eq.~24! is that it is independent o
the Zeeman splitting. Accordingly, the conclusion can
drawn that the Rashba effect plays the main role in the
mation of beating patterns in the SdH oscillations in the m
surements discussed above. However, as stated above
mismatches exist, e.g., thea value extracted from differen
node sets can vary and not all observed nodes can be
well with the same accuracy. Also, the measured depend
of the resistivity on the magnetic field is not well recover
by this simple model. This might be a result of the appro
mations introduced in it, e.g., the neglect of the bulk SOI
the model, the simplified impurity potential, the smallu ap-
proximation or some unconsidered mechanism influenc
the resistivity.

IV. CONCLUDING REMARKS

We studied magnetotransport in a 2D electron system
the presence of the Rashba spin-orbit interaction term. W
the subband broadening is much smaller than the Lan
level separation, the effect of this term on the conductivity
manifested as a splitting of the SdH peaks. For week m
netic fields, with a level broadening comparable to the L
dau level separation, a beating pattern appears in the con
tivity plot as a function of the magnetic field. By measurin
the position of two successive nodes, we can estimate
strengtha of the Rashba term. The theory is in reasona
good agreement with the available experimental observat
for rxx . In strong magnetic fields, where the integer quant
Hall effect is observed, a sufficiently stronga creates new
plateaus between the integer plateaus in the Hall resist
and splits the SdH peaks ofrxx .
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APPENDIX

The x andy components of the velocity operator read

vx5
]H

]px
5F2 i\¹x /m* 2vcy ia/\

2 ia/\ 2 i\¹x /m* 2vcy
G ,

~A1!

vy5
]H

]py
5F2 i\¹y /m* a/\

a/\ 2 i\¹y /m*
G . ~A2!

Setting Es5vcl c@s1/21DsDs11(s11)1/2#/A2, Fs5vcl c@(s

21)1/21DsDs21s1/2#/A2, Gs5vcl c@Ds11s1/22Ds(s11)1/2

2A2(a/\vcl c)DsDs11#/A2AsAs11, and Hs5vcl c@D ss
1/2

2Ds21(s21)1/22A2a/\vcl c#/A2AsAs21, we can express
the matrix elements ofvx andvy in the Landau representa
tion as follows:

^Cs
2~kx!uvxuCs8

2
~kx8!&52

@Es2aDs /\#

AAsAs11

ds,s821dkx ,k
x8

2
@Fs2aDs21 /\#

AAsAs21

ds,s811dkx ,k
x8
,

~A3!

^Cs
2~kx!uvyuCs8

2
~kx8!&52

i @Es2aDs /\#

AAsAs11

ds,s821dkx ,k
x8

1
i @Fs2aDs21 /\#

AAsAs21

ds,s811dkx ,k
x8
,

~A4!

^Cs
1~kx!uvxuCs8

1
~kx8!&5^Cs

2~kx!uvyuCs8
2

~kx8!&ua→2a ,
~A5!

^Cs
1~kx!uvyuCs8

1
~kx8!&5^Cs

2~kx!uvyuCs8
2

~kx8!&ua→2a ,
~A6!

^Cs
2~kx!uvxuCs8

1
~kx8!&5 iGsds,s821dkx ,k

x8
2 iHsds,s811dkx ,k

x8
,

~A7!

^Cs
2~kx!uvyuCs8

1
~kx8!&52Gsds,s821dkx ,k

x8

2Hsds,s811dkx ,k
x8
. ~A8!

The matrix elements of the position operator in they di-
rection are
3-6
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^Cs
2~kx!uyuCs8

2
~kx8!&

5
l c

A2AsAs11

@s1/21~s11!1/2!DsDs11]ds,s821dkx ,k
x8

1
l c

A2AsAs21

@~s21!1/21s1/2DsDs21#ds,s811dkx ,k
x8

1ycds,s8dkx ,k
x8

~A9!

^Cs
1~kx!uyuCs8

1
~kx8!&

5
l c

A2AsAs11

@DsDs11s1/21~s11!1/2#ds,s821dkx ,k
x8

1
l c

A2AsAs21

@DsDs21~s21!1/21s1/2#ds,s811dkx ,k
x8

1ycds,s8dkx ,k
x8
. ~A10!
g

U

s

o,
re

C

hy
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The form factorsuFzz8(u)u2 read

uFs,kx ;s8,k
x8

2
~u!u25u^Cs

2~kx!ueiqW •rWuCs8
2

~kx8!&u2

5@~s8/s!1/2Ls21
s82s~u!1DmDm8Ls

s82s~u!#2

3
s!

s8!

us82s

AsAs8

e2udkx ,k
x81qx

, ~A11!

uFs,kx ;s8,k
x8

1
~u!u25u^Cs

1~kx!ueiqW •rWuCs8
1

~kx8!&u2

5@~s8/s!1/2DmDm8Ls21
s82s~u!

1Ls
s82s~u!#2

s!

s8!

us82s

AsAs8

e2udkx ,k
x81qx

.

~A12!
tt.
i,

G.

. B
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