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Focusing of light in a three-dimensional cubic photonic crystal
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The dielectric properties of photonic crystals are, in general, anisotropic spatially. This means that the
constant-frequency surfaces of photons in wave-vector space are deformed from spherical shapes, leading to
the photon focusing effects which are significantly enhanced at frequencies close to the photonic band gaps
(PBG’s). We find that the associated group-velocity surfaces of photons in real space are folded near PBG'’s and
this gives rise to the appearance of photon caustics. We explicitly show these effects by illustrating theoretical
images of photons transmitted through a photonic crystal. The calculation is made with the plane-wave-
expansion method and numerical examples are given for a three-dimensional cubic lattice consisting of air and
silicon.
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[. INTRODUCTION given by the outward normal of the surface of photons and
accordingly very sensitive to the deformation of thesur-

There has been a growing interest in recent years in fabfaces. Thus the superprism effect occurs when we compare
ricating photonic band-gafPBG) structures or periodic, di- the group-velocity directions by changing the photon fre-
electric structures which exhibit a “forbidden” frequency re- quencies for a given wave-vector direction.
gion where electromagnetic waves cannot propagate along Another interesting effect is the one which should occur
any direction? These PBG structures, which are also calledwhen we compare the group-velocity directions by scanning
photonic crystals or photonic lattices, may bring about a vathe wave-vector directions with a given photon frequency.
riety of physical phenomena of both fundamental and pracThis is related to the question of how the energy of ballistic
tical interest. Three-dimensionedD) crystals with PBG’s in  photons is transported in photonic crystals when they are
the visible and infrared frequency regimes, which are exemitted from a point source in a wide range of directions.
pected to provide the most effective potential in applicationsThe answer is determined by the geometrical structures of
have very recently been fabricated and measurements of thee entirew surfaces of photons in the Brillouin zone. Ex-
photon transmission are reportéd. perimentally this should be understood by studying photon

The dielectric properties of photonic crystals which areimages analogous to the phonon images in the bulk and also
composite systems of different optical properties are anisoeomposite structurésThe phonon image is a 2D map of the
tropic in general. As far as the “photon images” we will acoustic phonon intensity.e., phonon energy carried by the
consider are concerned, however, this anisotropy does ngfoup velocity at a sample surface that is obtained when
have a large effect for photons at low frequencies. In conphonons are excited at a point source of the opposite face.
trast, the effect is considerably enhanced at frequencies close Here we remark that the spatial distribution of the phonon
to the Brillouin zone boundaries or PBG’s. Here we note thagroup velocities in a crystalline solid is highly anisotropic
the energy transport of photons in photonic crystals is govand the focusing and defocusing of ballistically propagating
erned by their group velocitiesVg=dw/dk with @ an  phonons have been observed experimentalty.particular,
angular frequency anll a wave vectorthat are deeply re- the phonon imaging method made a substantial contribution
lated to the shapes of the constant-frequency surfagesr-  to revealing how acoustic energy emanating from a point
faces of photons in wave-vector spack space.*® Owing  source is distributed in a crystal latti#é® A similar photon
to the presence of the dielectric anisotropy, éheurfaces of  imaging technique would be utilized for the experimental
photons in photonic crystals should be deformed from averification of the PBG's, which has so far been made by
spherical shape and hence the distribution of the photomeasuring the transmission dip of photons in a given propa-
group velocities in real space is not uniform even if gation direction.
the wave vectork are distributed uniformly itk space. This The purpose of the present work is to elucidate theoreti-
will lead to the focusing and defocusing of photons in thecally ballistic photon propagation in 3D photonic crystals.
photonic crystals which are enhanced by increasing the freSpecifically, we consider the case where monochromatic
guency. photons are emitted from a point source inside or outside the

A related example is the spatial anisotropy of the en-photonic crystal randomly in the wave-vector directions and
hanced optical gafhand so-called a superprism effece-  study the resulting group-velocitpr energy distribution in
ported recently. In the latter the angle of light deflected in athe photonic crystal. In particular, we show how the defor-
bulk crystal is typically abous#=0.1° for a small change of mation of the constant-frequency surface of photons in the
the wavelengthpA/N=0.1%. However, in some cases this first Brillouin zone affects the optical energy transport in the
is enhanced up to aboutd=50°. This enhancement is photonic crystals as the frequency changes. The results are
caused by the fact that the direction of the group velocity ispresented as theoretical photon imagssatial maps of the
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photon group velocitioswhich display the distribution of N
photons in the (100 plane of a cubic 3D photonic E(r)=2 E(G)exdi(k+Gp)-r], €]
crystal. n=1

In Sec. Il we develop the mathematical formulation for
determining photon group velocities in a 3D cubic photonicwhere E(Gy) are Fourier coefficients ankl is a 3D Bloch
crystal. Numerical examples for the photon images are giveMave vector. Now we introducBl-component column vec-
in Sec. Ill for an air/Si lattice for various photon frequencies.tors E;y and diagonal matrice&; (i=x,y,z) with NXN
The implications of our results are discussed in Sec. IV.  elements defined by

Il. FORMULATION Ei(G))
The band structures of photons are obtained by solving - Ei(Go)
Maxwell’'s equations Ei=| Ei(Gs) [, 9
o E(Gy)
VXE(r 1) == por H(TD), (N N
VXH(r, 1) =eoe(r) - E(r.1), ) 0 (k+G,),; 0 0
wherer=(x,y,z), E(r,t) and H(r,t) are the electric and Ki= 0 0 (k+Gg)i - 0
magnetic fields, angy ande are the magnetic permeability : : : - :
and permittivity of a free space. In a spatially modulated 0 0 0 o (K+Gy);
system, the dielectric constantdepends on the position N '(10)

i.e., e=¢(r). Here we assume the harmonic time depen-
denceE(r,t)=E(r)exp(—iot) and H(r,t)=H(r)exp(—iwt)
for both the electric and magnetic fields. Equatiéhsand
(2) should be supplemented with

We further define anNXN matrix e=(e,n With e,
=¢(G,—G,,) and a 3N-component column vectdt with

V-[e(r)E(r)]=0, ) E

V-H(r)=0. (4) E=| Ey |- (1)

Thus, we have to solve the wave equation

® 2 . . . .
VXV XE(r)= (E &(NE(r) () Substituting these equations into E§), we have
or equivalently [M _ (E)ZD}Ezo (12)
C 1
2
w
Vx[s(r)1V><H(r)]=(—) H(r), (6)
c where
wherec is the light velocity in vacuum.
In order to solve Eq(5) or (6) we employ the plane- E§+E§ _KXEy —K,K,
wave-expansion schenl&:1* First we expand the dielectric T
constant as M=| —K\Ky Ki+K; —K|K, (13
N —KK, —K,K, KZ+KZ
8(r)= 2 &(Gy)expliGy-1), (7)
n=1 and
whereN is the number of plane waves in the truncated Fou-
rier series expansion ard G,) is a Fourier coefficient with e 00
G, a reciprocal lattice vector. Similarly, we have to expand p=lo0o & o (14)
the electric or magnetic field. Here we note that Ej.con- 0 0 %
&

tains a derivative of the dielectric constaxit) that changes
abruptly at the boundary between the constituent materials of
the photonic crystals, so the convergence of the magnetigre 3N X 3N matrices. The dispersion relation of photans
field should be much slower than the electric field. Accord-=w(k) is obtained from Eq(12). The group velocities of
ingly, we consider Eq(5) and expand the electric field as photons,Vy=dw/dkK, is calculated as follows: First we note
(this means that we employ the so-callEanethod that
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2
ET[M—<%) D}Ezo. (15)

Then differentiating Eq(15) with respect tk, we have

JET M o) 2D BBt oM 2w dow |~
ok c ok c? ok
U ) S (16)
c ok
From this equation we find
|
KKt
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I\
ET_
dw ¢k a9
° 9k 20 EDE
With the condition(3) or
KyeEx+KyeEy, + KeE,=0, (18)

E(y) is written in terms ofE(X) and E(Z), and Eq.(12) is
reduced to

(19

Equation (19) should be solved for the photonic lattice the density of state€D0OS). In the calculation of these dis-

specified!®

Ill. NUMERICAL RESULTS

persion curves the number of plane waves kept in the expan-
sions (7) and (8) are N=7°=343. More precisely, as the
reciprocal lattice vector&, (n=1—N) in the simple cubic
crystal introduced in Sec. |Il, we chooseG,

We present numerical results for a 3D cubic lattice com-=2m(n,,ny,n,)/a=(G,y,Gpny,G,,) with —3<n,,n,n,

posed of materials withe,=e,,=1 (air) and gp=¢g;

< 3. The convergence of the calculation with this number of

=12.96(silicon). The structure of a unit cell is shown in Fig. plane waves has been checked by the fact that no appreciable
1. This is the same as the building block of the simple cubicchange has been seen even if we increase the number of

lattice considered by ‘Soer and Hau¥ and actually fabri-
cated by Linet al® The expressions of(G,) for the cubic
lattice considered are given in the Appendix.

The dispersion relations of photons in theX direction
and also along the Brillouin-zone boundaXyM-R of this
crystal with a filling fraction[f defined by Eq.(A7)] f

=0.19 (with b/a=0.28) are shown in Fig. 2 together with

"a

Aea—>

plane waves further. We have also confirmed that the disper-
sion curves obtained are identical to the ones previously ob-
tained by Sater and Hau¥ and also by Linet al® How-
ever, the DOS we have obtained is more smooth than the one
illustrated by Sater and Haus and clearly shows, in addition
to several van Hove singularities, the existence of a complete
gap at frequencies around the normalized frequenc of
=wal2wc=0.37. This is because, in our calculation of the
DOS, we have employed an accurate linear analytic method
for the Brillouin-zone integration devised by Gilat and
Raubenheimel’ In this calculation we have used a uniform
shifted mesh over the irreducible section of the first Brillouin
zone and the number of intervals into which we have subdi-
vided the longest’-X axis is 50. In Ref. 16, however, a
simple root-sampling method with 300points in the Bril-
louin zone has been used.

At the X point of the Brillouin-zone boundary the forbid-
den frequency gap is considerably large, extending fiom
=0.25 up to the complete gap. In the present calculation we
concentrate our attention on the frequency region below the
lowest complete gap and select eight frequenciés
=Tol—'d)8 (5)1:015, 3)2=022, 5)32025, ’(1)4:027, 3)5
=0.29,0=0.30,%,;=0.34, andwg=0.37) for illustration.

Now we display the photon images primarily determined
from the shapes of the constant-frequency surfaces calcu-
lated from the dispersion curves. These images are con-
structed by randomly distributing a large number of photon

FIG. 1. (a) Schematic of the three-dimensional cubic photonicwave vectors whose directions are assumed to be uniform in

crystal.(b) A unit building block of (a).

wave-vector space. For each wave vector of a photon the
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0.5
],
04 - ] FIG. 2. (a) Dispersion rela-
as_yf////m//m/////m L tions of photons in the cubic air/
- . silicon photonic crystal(Fig. 1)
03| & % along the boundary of the irreduc-
E R L S5~ e cconfiN FENENENNRN. ible part of the Brillrouin zone
= [ ] shown in the inset ofb). Filling
8 02 N - fraction assumed i§=0.19. Nor-
LA R R ) malized frequenciesva/2mc=a
C ] =»,=0.15,0=%,=0.27, andw
0.1 - 7 =wg=0.37 are indicated. (b)
- - Density of states calculated with
i (a) 1 ) :
0 A P the linear analytic method.
r X M RO 1 2 3 4

DOS (arb. units)

corresponding group velocity direction is calculated and théllustrated by the dashed line in Fig(c3 and no noticeable
point of its intersection with th€001) plane separated a dis- feature can be seen. However, the image of Fib) at @
tancel from the photon source is recorded irrespective of the= w, (this frequency is found inside the gap in theX (the
magnitude of the group velocity. This detection plane of[100]) direction is quite anisotropic. Also a remarkable fea-
3L X 3L in size is then divided into 150150 square grids ture found in this photon image is the presence of the central
and the number of group velocity vectors involved insideregion surrounded by a circular high-intensity line of radius
each grid is counted and multiplied by the photon frequencyabout~L, where photon transmission is very small. This is
These numbers are then normalized and displayed in a gragvidently caused by the presence of frequency gaps in the
scale, resulting in a photon image. [100] and its equivalent directions.

Thus, the photon images in the cubic plarey plane at To allocate the origin of the characteristic structures in the
w=w, andw="a, are plotted in Figs. @) and 3b), respec- photon images predicted, here we study the behaviors of
tively, for the square region-1.5<x/L, y/L<1.5. At ® photons at frequenciés=®,; andw=w, more in detail. At
=, (this is a representative of low photon frequengitise  the former frequency the wavelengths of photons are much
image is almost isotropic: that is, the intensity distributionlonger than the lattice constaatand the present photonic-
exhibits the angular dependence expected from the Lambeiand-gap structure with cubic symmetry exhibits an isotropic
cosine law. More explicitly, the normalized intensity profile dielectric property as shown by Dated al. in the limit of
coincides well with the formula cfgn *(x/L)J/[1+(X/L)?] |k|—0.18 Figure 4 exhibits the sections of the constant-

-1.5 -1.5
-1.0 -1.0
-0.5 -0.5 . .
FIG. 3. Theoretical photon im-
= 0.0- 0.0 ages (brightness corresponds to
= photon intensity on the (001)
0.5 0.5 plane at(a) @=w;=0.15 and(b)
w=w,=0.27.(c) Photon intensity
1.0 1.0 along the horizontal linePQ in
(@. The dashed line shows
1.5 1.5 cogtan {(}L)J[1+(¥L)’]  (the
-1.5 -1.0 -05 00 05 10 15 -1.5-1.0 -0.5 00 05 10 1.5 Lambert formula. (d) Photon in-
x/L x/L. tensity along the horizontal line
- 15 15 | | . — - PQin (b). The intensity peaks oc-
g ‘2 (d) , I l T cur at the oute(inner causticsG’
1 = Lb lH l - andH’ (1’ andJ’) in the focusing
3 3 Gl structure of(b).
205 205 i
= = 0 | Ao ala hid !
-15 -1 05 0 05 1 1.5 -5 -1 05 0 05 1 1.5
P x/L Q P x/L Q
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FIG. 5. (@) The group-velocity curves corresponding to the

-1 L ' J L i : L constant-frequency curves of Fig(l) at ®=®,=0.27. The points
-12 08 -04 kg/n 04 08 12 labeledA’—D’ define the caustickA’ andB’ on the(001) plane

! are indicated in Fig. ®)] originating from the inflection points

FIG. 4. () The sections of the constant-frequency surfaces ifA—D on the cons_tant—frequency curved) The group-veloc_lty
the first Brillouin zone by the100) plane at®=&,=0.15. Two cuivechorrespondlng to the constant-frequency curves Qf kay. 4
curves almost overlagb) The sections of the constant-frequency at®@=®,=0.27. The points labele” andF" are the caustickE’
surfaces by thg100) plane at@=%,=0.27. The points labeled and F’ on the(OO:D plane are indicated in Fig.(B)] originating
A-D are the inflection points on the constant-frequency curiges. rom the inflection point& andF on the consta_nt-fr_equency curves.
The sections of the constant-frequency surfaces by 1h@ plane |0 generate these curves, the wave-vector directions are assumed to

at ®=9,=0.27. The points labele and F are the inflection be distributed uniformly(gvery Zj on the constant-frequency
points on these curves. curves. So the local density of points in each curve measures the

focusing of photons in a given direction.

frequency surfaces by thd00 plane ato=®; in the first
Brillouin zone. We see that at this frequency the constanteurves(corresponding to parabolic lines with zero Gaussian
frequency surfaces of photons are almost degendvdth  curvature on the constant-frequency surfacésading to a
approximately spherical shapeand entirely located inside folding of the group-velocity curves of photons.
the first zone. So the group velocities are also distributed The (100 and(110) sections of the group-velocity curves
nearly isotropically in real space and no specific feature izalculated from the constant-frequency curves of Figb) 4
expected in the energy propagation of photons. and 4c) are shown in Figs. ® and 5b), respectively. In

In contrast, afo=, the constant-frequency surfaces arethese figures the group-velocity curves are folded at the
no longer degenerate and exhibit significant anisotropy. Ipoints labeledA’—F' corresponding to the inflection points
addition, they are partly cut off by the Brillouin-zone bound- A—F on the constant-frequency curves. These poiitsF’
aries because this frequency is found inside the forbiddeare called caustics along which the intensity of photons be-
gap for a finite range of the propagation direction around the&eomes infinite in the geometrical optics approximation.
[100] and its equivalent directions. FiguregbX and 4c) Finally, we show in Fig. 6 the photon images obtained as
display the sections of the constant-frequency surfaces by thee increase the frequency consecutively frém w,=0.15
(100 and (110 planes afo=w,. These constant-frequency to @=wg=0.37(inside the complete gapWe see how caus-
curves are deformed markedly from circular shapes and muic lines (focusing singularitiesappear as the frequency in-
tually disconnected. Associated with these deformations thereases in the images and how they are deformed and even-
inflection points A—F appear on the constant-frequency tually the photon transmission is prohibited.
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FIG. 6. Calculated photon im-
ages on thg001) plane at eight
consective frequencieso=o,
=0.15, ©,=0.22, ©3=0.25, o,
=0.27, @5=0.29, ©=0.30, o,
=0.34, andwg=0.37.
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IV. CONCLUDING REMARKS istry of Education, Science and Culture of Jajj@nant Nos.

In the present work we have theoretically studied photon09640385 and 14750045

focusing in a cubic 3D photonic crystal consisting of air and
Si. The dielectric anisotropy of this composite system, which APPENDIX

depends on frequency, leads to a concentration of the energy |, this appendix we give the expressionss¢6,) for the

of photons along specific directions even if they are emitteq, \pic |attice we consider. First. we note that
isotropically (in wave-vector spagen the photonic crystal.

More explicitly, we have shown that the presence of PBG’s e(f)=ep+(ea—ep)S(r), (A1)

greatly enhances the anisotropic photon propagation in the

crystal through the deformation of the constant-frequencyvheree, and e, are the dielectric constants of the matrix

surfaces near the Brillouin-zone boundaries. These new préSi) and backgroundair) materials, respectively, ang(r)

dictions should be verified by a photon imaging experimentakes either unity or zero depending on whether the position

analogous to photon imaging experimé&rtsin which the r is inside (unity) or outside(zerg silicon. Thus, inverting

global angular distribution of the ballistic energy propagationEd. (7), we have

of photons may be measured on the whole surface of a pho- 1

tonic crystal. It should be noted that experimental verifica- _ .

tion of the PBG’s has so far been made only locally, that is, #(Gn)=2nda, 0f V_O(ga_sb) fVOS(r)exp(ﬂGn- rydr,

by measuring the transmission dips of photons in a given (A2)

propagation direction. Here we also remark that along those 3 ) . )

strong focusing directions of photons their nonlinear effectdVith Vo=2a~ a unit cell volume. The reciprocal lattice vector

are expected to be significantly increased. G, in the simple cubic lattice is given byG,
The present calculation is based on the dispersion rela= 27(Nx,Ny,Nz)/a=(Gnx,Gny,Gnz), Where @i,ny,ny) is

tions of photons valid in an infinite lattice. Real photonic @ Set of integers. Then EA2) can be calculated explicitly

crystals fabricated are, of course, finite in size and have su@nd the resulting expression is

faces. In measuring photon energies, those of photons re-

flected at the crystal surfaces will be superimposed onto the £(G,)= —16(ea—ep) 1
energies photons emitted primarily from the point source and " Vo GnxGnyGn:
hence may affect the photon images. Thus, there should be

an additional contribution to the images of photons caused % sin Ean) sin(EGn )sin(Ean>, (A3)

by single and multiple reflections at the surfaces of a photo- 2 2"V 2

nic crystal. This would be a topic to be studied separately]cor G %0 G20 G..£0

Also similar analyses for photonic crystals with more com- X Ny 2

plicated lattice structures, such as face-centered-cubic and Ae,—ep)(a—2b) 1 b b
sin(—an) sin(—Gny),

diamond structuresgfor which wider PBG’s are expectgd &(G,)=

would be interesting. Vo GnxGny 2 2
(Ad)
ACKNOWLEDGMENTS for G, #0, Gny;t 0,G,,=0,
We are grateful to Dr. N. Hatakenaka for stimulating dis-
cussions. The work at Hokkaido University was supported in o(Gy) = 4(sa—€p)(a—b)b isin<EG (A5)
part by a Grant-in-Aid for Scientific Research from the Min- " Vo Gnx (2 ™)

075109-6



FOCUSING OF LIGHT IN A THREE-DIMENSIONA. . . .
for Gnx#0, G,y=0, G,,=0, and
e(0)=¢ep+(ga—&p)f, (A6)

with the filling fractionf of air defined by

PHYSICAL REVIEW B 67, 075109 (2003

o b2(3a—2b)

33 ¢

~ (A7)

whereb is a side length of the air column inside the unit cell
shown in Fig. 1b).
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