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Jahn-Teller~JT! effect in manganites is studied theoretically both in the absence and presence of the
Coulomb interaction. The focus is on the role of orbital degeneracy, i.e., multiband effect, in the electron-
phonon~el-ph! interaction. The kinetic energy gainK, which is directly related to the spin-wave stiffness, is
calculated to compare with the experiments. Without the Coulomb interaction, the perturbative analysis gives
the reductionDK of K due to the JT coupling asDK>(0.7–1.9)(V/t0)(g2/MV2) with the prefactor deter-
mined mostly by the density of states at the Fermi energy@g: electron-phonon~el-ph! coupling constant,M:
mass of the oxygen atom;V: frequency of the phonon;t0: transfer integral#. Although there occur many
second-order perturbative processes,DK roughly scales with the density of states at the Fermi energy. The
magnitude ofDK is at most 3% ofK and is negligible in this case. In the limit of strong electron correlation,
on the other hand, the magnitude of the orbital polarization saturates and the relevant degrees of freedom are
its direction. An effective action is derived, and it is found that the JT interaction isenhancedcompared with
the noninteracting case, andDK is given by the lattice relaxation energyEL for the localized electrons,
although the electrons remains itinerant with the bandwidth of the order oft0, which is larger thanEL .
Therefore there should be an appreciable reduction of the spin stiffness due to JT coupling in manganites.

DOI: 10.1103/PhysRevB.67.064413 PACS number~s!: 75.30.2m, 75.30.Et, 71.27.1a
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I. INTRODUCTION

It has been recognized that in the strongly correlated e
tronic systems both the electron-phonon~el-ph! and electron-
electron~el-el! interaction are enhanced and play importa
roles. In manganites, the colossal magnetoresistance~CMR!
~Refs. 1–4! has been discussed from both of these points
view. In this system the ferromagnetism is basically e
plained by the double exchange model.5–7 However, the or-
bital degeneracy of theeg-states is considered to be ve
important, and the orbital ordering or disordering is the c
cial issue for the understanding of the CMR effect.8–15

Therefore two mechanisms have been proposed and stu
for CMR effect, i.e., due to~i! the Jahn-Teller~JT! electron-
phonon coupling and~ii ! the electron correlation. In the
former mechanism, the change of the bandwidth due to
crossover from small to large JT polaron is the key mec
nism of the CMR effect, and the JT effect is assumed to
negligible in the ferromagnetic metallic state.16–20 This pic-
ture appears to be contradicting with the orbital orderin
which require rather strong coupling, surrounding the fer
magnetic region in the phase diagram.11,21–33 However, it
might be the case that the metallic screening weakens
el-ph interaction and/or the el-el interaction, and only in t
ferromagnetic metallic state both of them could be neglec
although the Hund’s coupling is strong enough to polar
the spins perfectly. On the other hand, several authors c
that the Coulomb interaction plays the important role in
0163-1829/2003/67~6!/064413~10!/$20.00 67 0644
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physics of the orbital degrees of freedom, and the JT in
action is the secondary effect.8–15,27,34

In this paper we revisited this issue by considering b
the el-ph and el-el interactions, because both of them
considered to be relevant. Then the interplay between th
two interactions is the key issue. As shown below, the m
tallic screening of the JT el-ph interaction does not occur
contrast to the coupling between the breathing mode and
charge fluctuation. Coulomb interaction and JT effect c
laborate with each other, and it is concluded that JT effec
enhancedby the el-el interaction by comparing the two lim
its of zero and strong electron correlations. A similar idea h
been proposed by one of the authors9 in the context of the
large-d approximation,16–20,35 where the single-site mode
embedded in the dymanical environment is considered.36 To
our knowledge the effect of the JT coupling in three dime
sions has not yet been exploited so much, and we found
the el-ph coupling which modulates the transfer integral
comes relevant in both limits of the noninteracting and
strong correlation limit. Another important issue is how t
el-ph intereaction manifests itself in the spin stiffness o
served in neutron-scattering experiments.37 Because of the
half metallicity, the stiffness is roughly proportional to th
kinetic energy.38 The polaronic effect on the kinetic energ
is therefore expected to appear as a reduction of
stiffness.37,38

We first consider the noninteracting electrons with orbi
degeneracy with JT el-ph coupling.27 The single-band mode
©2003 The American Physical Society13-1
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RYO MAEZONO AND NAOTO NAGAOSA PHYSICAL REVIEW B67, 064413 ~2003!
where the charge density is coupled to the phonon can
treated by means of the canonical transformation, leadin
the reduction of the kinetic energy via the Debye-Wal
factor.39 This argument is applicable to the interaction w
the breathing mode. However, this method cannot be ge
alized to the JT el-ph interaction with multiband electron
structure because it includes off-diagonal components w
respect to orbital indices. Due to this difficulty, it is hard
apply the same argument as the case of the breathing m
to that of JT effect. Therefore we employ the perturbat
analysis on the JT el-ph coupling to estimate the reductio
the kinetic energy and spin stiffness. Although many ch
nels contribute, each of which can be even negative, the
sultant reduction in the kinetic energy gain is roughly p
portional to the density of states at the Fermi energy, and
a peak at aroundn50.6 andn51.4, wheren denotes the
filling of the eg band. Without the Coulomb interaction, w
estimated the reduction of the spin stiffness constant du
JT effect of the order of 3%, which is negligible.

Next we consider the strong correlation limit by emplo
ing the effective Lagrangian which is derived as a project
onto the polarized orbital state.27 In this limit, the magnitude
of the orbital polarization has been saturated. Therefore
might consider that the JT coupling isreducedby the strong
Coulomb interaction. However, there remains the degree
freedom, i.e., the direction of the polarization~which corre-
sponds to the shape of the orbital!, which couples to the JT
phonons. This direction is not determined by the on-site C
lomb interactionU, but by the double exchange interactio
which is of the order of the transfer integralt0. Therefore
even in the strong correlation limitU→`, there occurs the
competition betweent0 and the lattice relaxation energyEL
5g2/MV2 (g, M, andV denote the JT el-ph coupling con
stant, the atomic mass, and the phonon frequency, res
tively!. It is concluded that the kinetic energy correctio
DK;EL , without the small factorV/EF even when the lat-
tice relaxation energyEL is much smaller than the kineti
energy;EF . This DK becomes an appreciable fraction
K. Thus the strong correlationenhancesthe JT effect, in
sharp contrast to the case of breathing mode where the C
lomb interaction reduces the el-ph interaction. This is und
stood rather easily. In the case of the breathing mode,
Coulomb interaction suppresses the charge fluctuation w
the breathing mode induces it, i.e., these two interacti
compete with each other, and the former suppresses the
ter. Furthermore the metallic screening effect also suppre
the charge fluctuation~this situation has been discussed
the context of the vertex correction of the el-ph interaction
the physics of high-Tc cuprates40!. On the other hand, in the
JT mode case, where el-el and el-ph interactions collabo
to induce the orbital pseudospin moment, the former
hances the latter and vice versa. Therefore there is no re
to expect the weakening of the JT el-ph interaction with
doping when the strong el-el interaction keeps the orb
pseudospin moment to saturate even in the ferromagn
metallic state.

The plan of this paper follows. The perturbative analy
of the JT el-ph interaction for the noninteracting electro
with orbital degeneracy is given in Sec. II. The strong cor
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lation limit is studied in Sec. III, and discussion and conc
sions are presented in Sec. IV.

II. NONINTERACTING LIMIT

The JT interaction is given as

HJT5g(
j

@~dja
† dja2djb

† djb!•Qu, j

1~dja
† djb1djb

† dja!•Qv, j #, ~1!

with a coupling constantg. The spinless operator for the ha
metallic ferromagnetic phasedj g

† creates a spin polarizedeg

electron with orbitalg @5a(dx22y2),b(d3z22r 2)# at site j.
Qu and Qv denote the normal coordinates of the displac
ment of the oxygen ionsDa (a5x,y,z): Qu5(2Dz2Dx

2Dy)/A6, Qv5(Dx2Dy)/A2. Let us consider the kinetic
energy correction due to the JT phonon scattering with
two-band model,

H5 (
id,gg8

t i ,i 1d
gg8

•dig
† di 1d,g8

1(
j

F 1

2M
PW j•PW j1

MV2

2
QW j•QW j G1HJT . ~2!

$t i ,i 1d
gg8 % are realistic anisotropic hopping intensities given

Ref. 27.QW j is defined as (Qu, j ,Qv, j )
t. M, V, andPW j denote

the atomic mass, the elastic constant, and the canonical
mentum ofQW j , respectively. For a simplified model withou
orbital indices, the canonical transformation is a stand
method to deal with the electron-phonon interaction, lead
to the kinetic energy reduction by the Debye-Waller facto39

The canonical transformation for the JT phonon has o
diagonal elements with respect to orbital indices, due
which the application of this method becomes complicat
We therefore employ the perturbative calculation of the
netic energyK up to the second order with respect to t
coupling constantg, as

K5K01DK, DK;O~g2!. ~3!

DK is expressed by diagrams of the self-energy shown
Fig. 1.

FIG. 1. Diagrams of the self-energy due to the JT interacti
Correponding to the doubly degenerate orbitals, there are two k
of vertices and the diagram is composed with four-channeled pro
gator.
3-2
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JAHN-TELLER EFFECT AND ELECTRON CORRELATION . . . PHYSICAL REVIEW B67, 064413 ~2003!
There are two vertices corresponding toQu andQv scat-
terings. The propagator takes 232-matrix form with respect
to the orbital indices. Annihilation and creation operators
the JT phonons are introduced as

Qu,v~ t !5A 1

2MV
•~au,v•e2 iVt1au,v

†
•eiVt!. ~4!

With the momentum representation of the operatorsc
5(a,d),

cj~t!5
1

AbN
(
j ,l

cq~ iv l !•eiqRj 2 iv lt, iv l→z, ~5!

with Matsubara frequencyiv l , the propagators of electron
and phonons are given as

gk
gg8~z!52T^dkg~z!dkg8

†
~z!&0;iv l5z

5@~z1m!dgg82«k
gg8#gg8

21
5

A1;k
gg8

z2Jk
(1)

1
A2;k

gg8

z2Jk
(2)

,

~6!

Dq
u(v)~z!5

1

2NMV
•@T^aq,u(v)~z!aq,u(v)

† ~z!&

1T^a2q,u(v)
† ~z!a2q,u(v)~z!&#

5
1

2NMV
•F 1

z1V
2

1

z2VG5Dq~z!, ~7!

respectively. Theu and v modes have the same mass a
frequency because they belong to the same irreducible
resentation, and then the same phonon propagator. Her
neglected the intercluster coupling of the vibration and he
the wavelength dependence of the phonon frequency. C

ficientsA6;k
gg8 in Eq. ~6! are defined as

A1;k
gg 5

Jk
(1)2jk

ḡ

Jk
(1)2Jk

(2)
, A2;k

gg 52
Jk

(2)2jk
ḡ

Jk
(1)2Jk

(2)
,

A1;k
gḡ 5

2«k
ab

Jk
(1)2Jk

(2)
, A2;k

gḡ 52
2«k

ab

Jk
(1)2Jk

(2)
, ~8!

with dispersion relations of the hybridized bands given a

Jk
(6)5

1

2
@~jk

a1jk
b!6A~jk

a2jk
b!214~«k

ab!2#, jk
g5«k

g2m.

~9!

The orbital indexḡ is used asā5b and b̄5a. «k
aa(5«k

a),
«k

bb(5«k
b), and«k

ab are the cosine dispersions with overla
integrals between the orbitalsua&5ux22y2& and ub&5u3z2

2r 2&. With the propagators, the kinetic energy correcti
DK is given as
06441
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5
1

2 (
l

(
k,gg8

(
g1g2

«k
gg8g

kW
gg1~ iv l !•S

kW
g1g2~ iv l !•g

kW
g2g8

~ iv l !,

~10!

S
kW
g1g2~ iv l !52

g2

b (
q

R
c

dz

2p i
• f ~z!@g

kW2qW
g1g2~z!

1g
kW2qW
ḡ1ḡ2~z!#•Dq~ iv l2z!, ~11!

where the contourc surrounds the poles of the Fermi distr

bution functionf (z). In Eq. ~11!, g
kW2qW
g1g2(z) andg

kW2qW
ḡ1ḡ2(z) cor-

respond to the scattering byu and v vertex, respectively.
These contributions are represented by diagrams show
Fig. 2.

Introducing a notation,

I
(g2g

28 ;g3g
38)

(g1g18)
~k!5(

l
S

kW
g1g18~ iv l !•g

kW
g2g28~ iv l !gkW

g3g38~ iv l !,

~12!

Eq. ~10! is expanded as

DK5
1

2 (
k

@«k
aa
•I (aa;aa)

(aa) 1«k
aa
•I (ab;ab)

(aa) 12«k
ab
•I (ab;aa)

(aa) #

1
1

2 (
k

@«k
bb
•I (bb;bb)

(bb) 1«k
bb
•I (ab;ab)

(bb) 12«k
ab
•I (ab;bb)

(aa) #

1(
k

@«k
aa
•I (ab;aa)

(ab) 1«k
bb
•I (ab;bb)

(ab)

1«k
ab
•~ I (ab;ab)

(ab) 1I (aa;bb)
(ab) !#. ~13!

Three terms correspond to the contribution fromSk
aa ,

Sk
bb(5Sk

aa), and Sk
ab , respectively. Note that the uppe

~lower! suffix gngn8 of I
(g2g

28 ;g3g
38)

(g1g18)
means that the correp

sonding contribution comes from a diagram composed o

propagatorg
k2q

gngn8 (g
k

gngn8) for the stateuk2q& (uk&) @when
one finds (ab) in the upper~lower! suffix, that contribution
contains the hybridization during the propagation with t
wave vectoruk2q& (uk&)]. In Appendix A are given con-

crete forms ofI
(g2g

28 ;g3g
38)

(g1g18)
.

Numerical results are shown in Fig. 3 with paramete
t050.72 eV,27 andV50.05 eV.42 The kinetic reductionDK
is calculated as a function of the fillingn.
Panel~a! shows the total result@Eq. ~13!# and partial contri-
butions due to theu and v vertices. The particle-hole sym

FIG. 2. Corresponding diagrams of the terms in Eq.~11!.
3-3
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FIG. 3. Kinetic energy reduc-
tion as a function of the filling
n for noninteracting electrons.~a!
Total result and partial contribu
tions from u and v vertices in a
realistic two-band model witheg

anisotropy. ~b! Result for one-
and three-dimensional singl
band cases with breathing-typ
phonons.~c! Density of states at
the Fermi energy for givenn
~lower n axis! in the system used
for ~a!.
o
-

,

in
n

e

t
o

to
is

n-

f

tes,
metry with respect to the axisn51.0 is seen. The positive
definite result is obtained for the whole range ofn. In order
to understand the origin of then dependence in plot~a!, we
also calculate the simpler case with breathing-type phon
and single band electrons@Eq. ~A8!# in one and three dimen
sions, as shown in panel~b!. In this caseDK/EL roughly
scales to the density of states at the fermi levelN(«F) for
given n ~see Appendix B!. According with this expectation
the result has the minimum~maximum! at n50.5 for the
one-~three-! dimensional case. The positive definite result
plot ~b! is consistent with the consequence from the cano
cal transformation method.39 Though the expression for th
realistic doubly degenerateeg case@Eq. ~13! and panel~a!# is
much more complicated, the result also seems to scale to
density of states. For comparison, the plot of the density
states in this case is shown in panel~c!. Values ofn giving
the peak and the dip in panels~a! and ~c! actually coincide
with each other. As discussed in Appendix B, thek ~wave
vector! points near the Fermi level contribute dominantly
DK. Unless then dependence of each contributing value
so sensitive,DK simply scales to the population of the co
tributing k points and henceN@«F(n)# for given n. This
gives a rough explanation for the correlation betweenDK(n)
06441
ns

i-

he
f

andN(«F). More intuitively,DK scales to the population o
electrons around the Fermi surface@}N(«F)# which is sub-
ject to the phonon scattering.

In order to see how each scattering process contribu
we re-divideDK into several contributions as

DK5
1

2 (
k

@«k
aa
•I (aa;aa)

(aa) 1«k
bb
•I (bb;bb)

(bb) #

1
1

2 (
k

@«k
aa
•I (ab;ab)

(aa) 1«k
bb
•I (ab;ab)

(bb) #

1(
k

@«k
ab
•~ I (ab;aa)

(aa) 1I (ab;bb)
(aa) !#1(

k
@«k

aa
•I (ab;aa)

(ab)

1«k
bb
•I (ab;bb)

(ab) #1(
k

@«k
ab
•~ I (ab;ab)

(ab) 1I (aa;bb)
(ab) !#,

~14!

and plotted each contribution separately in Fig. 4.
The first, second, and third terms are coming fromSk

gg ,

whereas the fourth and fifth fromSk
gḡ . The latter contribu-
FIG. 4. Filling ~n! dependence
of each contribution defined in
Eq. ~14!.
3-4
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tion is small compared with the former. The first term, whi
is diagonal with respect to the suffices ofI, just corresponds
to the superposition of two breathing-type diagrams withu
and v vertices, respectively.~Remember the suffix rule o

I
(g2g

28 ;g3g
38)

(g1g18)
mentioned before.! The other terms arise due t

the multiband structure and the JT interaction, which
sorted further into two classes. One class~the second and
fourth terms! corresponds to twice the inversion of the o
bital state~correspondingly the off-diagonal orbital suffixab
appears twice! to come back to the original orbital state~like
a→b→a). Consequently this class picks up the diago
dispersion«k

gg as its weight. The other class~the third and
the fifth terms! with odd number the orbital indexab thus
picks up the off-diagonal weight«k

ab ~like a→a→b). Be-
cause«k

ab roughly corresponds to the energy scale of
stabilization due to the band hybridization, it gives basica
the negative contribution~stabilization of the energy! as
shown by the behavior of the third term in Fig. 4. This s
bilization aroundn51 is mainly attributed to the dip with
negative values of the ‘‘3rd term’’ seen in Fig. 4~a!. This
behavior is understood as follows. The third term}«k

ab re-
flects the stabilization of the lower band due to the repuls
with the upper band~its magnitude ist i ,i 1d

ab ). Such a stabili-
zation is most remarkable at the region where the hybridiz
two bands cross with each other. For the half filled casen
51, the fermi level is located at the middle of the ban
width, where the band crossing occurs, leading to the m
effective stabilization. That is why the stabilization of th
third term is most remarkable aroundn51.

III. STRONG CORRELATION LIMIT

Strong on-site repulsions ineg orbitals can be written as27

Hon-site52b̃(
j

TW j•TW j , TW j5
1

2 (
gg8

dj g
† sW gg8dj g8 ,

~15!

with spinless operators.TW j is the isospin operator represen
ing the orbital degrees of freedom with 232 Pauli matrices
sW gg85(sgg8

x ,sgg8
y ,sgg8

z ). b̃ is a parameter of the electron
electron interaction of the order of the Hubbard repulsiveU.
This interaction induces the finite orbital polarization, whi
can be represented by the Stratonovich-Hubbard field~orbital
fluctuation field! wW T as27

Hel5(
j ,g

dj g
† ~]t2m!dj g1 (

id,gg8
t i ,i 1d
gg8 dig

† di 1d,g8

1(
j

F 1

2M
PW j•PW j1

MV2

2
QW j•QW j1b̃wW T

2G
2(

j
TW j•~2b̃wW T2gQW j !. ~16!

It is seen that the orbital fluctuation fieldwW T as well as the JT
phononQW is coupled to the isospinTW in the form of linear
06441
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combination 2b̃cW 52b̃wW T2gQW j .9 After integrating out pho-
non coordinates, the effective action in terms of the fieldc is
obtained as

Seff5E
0

b

dtF(j ,g dj g
† ~]t2m!dj g1 (

id,gg8
t i ,i 1d
gg8 dig

† di 1d,g8G
1b̃(

j ,n

2b̃M ~vn
21V2!

2b̃M ~vn
21V2!1g2

•cW j ,n* c j ,n

22b̃(
j ,n

TW j ,n•cW j ,n , ~17!

where vn52pn/b is the Matsubara frequency for th
bosons. The phonon dynamics induces the retardation e
for the fieldc, which is represented by thevn dependence of
the second term in the above equation. Now let us ass
that the electron correlation is much larger than the JT c
pling, namelyb̃@EL . It is noted here that we do not assum
EL!t0, namely the weak-coupling limit. Then we can e
pand in the JT couplingg in Eq. ~17! as

Seff5E dtF(j ,g dj g
† ~]t2m!dj g1 (

id,gg8
t i ,i 1d
gg8 dig

† di 1d,g8G
1b̃(

j ,n
F12

g2

2b̃M ~vn
21V2!

G•cW j ,n* cW j ,n

22b̃(
j ,n

TW j ,n•cW j ,n . ~18!

Because we are now interested in the strong correlation li
b̃@t0, the magnitude of the orbital polarization is fully de
veloped. This corresponds to the fixeducW u5wT51/2, and we
consider its direction only within thexz plane because the J
coupling prefers the real orbital states.27 Then cW is param-
etrized as

cW j5c• t~sinu j ,0,cosu j !, ~19!

with the phase angleu j being the only relevant degrees o
freedom. Correspondingly, the isospin is forced to be para
to cW , and hence the Grassman variablesdj g

† ,dj g are replaced
by

dj g5@ f jcos~u j /2!, f jsin~u j /2!#,

dj g
† 5 t@ f j

†cos~u j /2!, f j
†sin~u j /2!#, ~20!

with the spin/orbital-less fermion variablef †, f . Putting this
expression into Eq.~18!, the kinetic energy term can be writ
ten as

(
i ,d

t i ,i 1d~u i ,u i 1d!• f i
†f i 1d , ~21!

with the u-dependent transfer integral,
3-5
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t i ,i 1d~u i ,u i 1d!5t i ,i 1d
11 cos~u i /2!cos~u i 1d/2!

1t i ,i 1d
22 sin~u i /2!sin~u i 1d/2!

1t i ,i 1d
12 cos~u i /2!sin~u i 1d/2!

1t i ,i 1d
21 sin~u i /2!cos~u i 1d/2!. ~22!

This gives the coupling ofu field to the fermion. On the
other hand, the dynamics of theu field is generated through
this coupling by integrating over the fermionsf †, f ,

Seff
0 5 (

q,vn

P~qW ,vn!•u~qW ,vn!u~2qW ,2vn!, ~23!

where u is measured from the mean-field value, a
P(qW ,vn) is the orbital correlation function of the fermion
Although the quantitative results depend on the details of
model and the orbital ordering to start with, the orbital flu
tuation has characteristic energy scale of the order ofEF ,
i.e., the Fermi energy of the fermion which is roughly giv
by t0•x2/3 with x being the carrier concentration. Furthe
more, there occurs no singular contribution from the lo
energy region in three dimensions. Therefore the charac
istic frequencyvn and wave vectorqW for P(qW ,vn) are
;EF , andp•x1/3/a (a: lattice constant!, respectively. It is
noted that these statements above and the following est
tion remain valid even if the orbital ordering is melted a
the orbital liquid state is realized.8

The Hamiltonian consists only of the kinetic energy b
sides the JT coupling term, and its expectation value is gi
by

^H0&5(
i ,d

t i ,i 1d~u i50,u i 1d50!^ f i
†f i 1d&mean field

1 lim
b→`

1

2b (
qW ,v

ln P~qW ,v!. ~24!

Now let us analyze the correction term due to the JT in
action

dSeff52(
j ,n

g2

2M ~vn
21V2!

•cW j ,n* cW j ,n

5(
j ,n

A~ ivn!•cW j ,n* cW j ,n . ~25!

The differential operatorA( ivn) on cW j ,n leads to the dynam
ics of the phase angle]tu j through the component

~]tcW j !* •~]tcW j !5c j
2
•~]tu j !

2. ~26!

Hence the contribution to the dynamics ofu field due to JT
coupling is given by
06441
e
-

-
r-

a-

-
n

r-

dSeff5(
j ,n

A~ ivn!•cW j ,n* cW j ,n

→c2
•(

j ,n
@A~ ivn!2A~0!#•u j ,nu j ,2n . ~27!

Now the dymanics of the orbital is determined by the prop
gatorD(qW ,vn) defined by

@D~qW ,vn!#215P~qW ,vn!1
c2

2
•EL

vn
2

vn
21V2 . ~28!

Here we consier the weak-coupling case, i.e.,EF@EL ,
which is reasonable in the metallic hole concentration reg
x.0.12 in manganites. In this case, the dynamics of
orbital is determined byP(qW ,vn) and the characteristic en
ergy is of the order ofEF . Therefore we can replacevn in
Eq. ~28! by ;EF@V, and the correction of the propagator
of the order ofEL /EF

2 . More explicitly the reduction of the
kinetic energy gainDK due to JT coupling is estimated b
replacing lnP in Eq. ~24! by 2 ln D in Eq. ~28! as

DK;E dv•

EL•v2/~v21V2!

P~qW ,v!
;

EL•vc
2

vc
21V2 , ~29!

wherevc is the characteristic frequency of the orbital flu
tuation andvc;EF . This energy correction quadraticall
grows up with increasingvc /V!1 and then saturates int
the lattice relaxation energyEL5g2/MV2 with vc /V@1.
Considering thatvc;EF@V, we conclude thatDK;EL .
As increasingEL(;EF), we expect the saturation effect a
DK;ELEF /(EF1EL) as is evident from Eq.~29!.

The above weak-coupling analysis will break down
small x, whereEF,EL . In this case, the small polaron for
mation should be taken into account from the starting, a
the derivation of the effective action as in Eq.~23! is not
justified. This case is relevant to the insulating region
smallx in manganites, but is beyond the scope of the pres
study.

IV. DISCUSSION

We now compare the results for the noninteracting a
strongly interacting limits. The order estimation ofDKU50
for the noninteracting limit is as follows. A rather compl
cated form of the noninteracting result, Eqs.~13!, ~A3!, ~A6!,
and ~A7!, roughly takes theV dependence as

DKU50;t0•S g

AMV
D 2

•

1

~ t01V!2
.

5t0•
g2

MV
•

1

~ t01V!2

5EL•
V/t0

~11V/t0!2 . ~30!

The dependence is hence a kind of perturbative forms w
the intermediate energy denominator 1/(t01V)2 and the ver-
3-6
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tex g/AMV. The small factorV/t0 comes from the fact tha
only the states with the energy window;V near the Fermi
energy is influenced by the el-ph interaction. More explicit

DK

K0
5

DK/EL

K0 /EL
5

~value picked up from Fig. 4!

K0 /EL
. ~31!

EL can be evaluated as;0.6 eV from the literature.19 With
K0;2.16 eV in our caluculation, and the value;0.1 in Fig.
4, we getDK/K0;3% as a lower bound.

On the other hand, in the strong correlation limit, the
fect of Fermi degeneracy and the small factorV/t0 are miss-
ing andDK;EL even if the Fermi energyEF is larger than
EL . This means that the strong correlation enhances the
effect. It is reported that the observed spin stiffness is w
reproduced even semiquantitatively by mean-field estim
tions without considering the el-ph interaction discuss
here.37,38 This means that there is no small polaron form
tion, which gives an order of magnitude suppression of
spin stiffness. However, one should not take this agreem
as the evidence that el-ph can be neglected. Our conclu
is that the strong Coulomb correlation enhances JT coupl
and even though the small polaronic effect is absent, th
should be an appreciable reduction of the kinatic energy
spin stiffness due to the JT coupling.

In summary, we have studied JT el-ph effect in three
mensions with and without the electron correlations. With
the Coulomb correlation, the reduction is calculated in ter
of the second-order perturbation theory in the el-ph coupli
In this case, the doping dependence is mainly dominated
the density of states at the Fermi energy. It is shown that
kinetic energy is always reduced by the JT el-ph interact
even if the off-diagonal processes in orbital indices are ta
into account. The reductionDK of the kinetic energyK is
estimated asDK/K;ELV/t0>3% in this noninteracting
case, which is a negligible effect. In the strong correlat
limit, we have derived an effective action to study the el-
interaction. The small factorV/EF is missing even if the
bandwidth remainsEF@V, and el-ph interaction is en
06441
,

-

JT
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hanced by the strong correlation. Even though the small
laron formation is incompatible with the experimental r
sults, the reduction of the spin stiffness is an apprecia
fraction in manganites, where the strong Coulomb corre
tion is present.
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APPENDIX A: EVALUATION OF EQ. „12…

With sk(z,jk2q) defined by the breathing-typ
self-energy expression39 as

SkW
0
~z!5

g2

2NbMv(
q

F f ~jk2q!1N~v!

z2jk2q
2v

2
f ~jk2q!1N~2v!

z2jk2q
1v G

[(
q

sk~z,jk2q!, ~A1!

the JT type self-energy Eq.~11! can be written as

SkW
gg8~z!5(

q
@~A1;k2q

gg8 1A1;k2q
ḡḡ8 !•sk~z,Jk2q

(1) !

1~A2;k2q
gg8 1A2;k2q

ḡḡ8 !•sk~z,Jk2q
(2) !#, ~A2!

with coefficientsA6;k
gg8 defined in Eq.~8!. N(v) represents

the Bose distribution function. The notationjk
(6;V) is defined

as jk
(6;V)5jk

(6)1V. Substituting Eq.~A2! into Eq. ~12!
leads to
I
(g2g

28 ;g3g
38)

(g1g18)

g2/2NMv
5E

k2q

g1g18(1)
A

1;k
g2g28A

1;k
g3g38

•C~Jk
(1) ,Jk

(1) ,Jk2q
(1) !1E

k2q

g1g18(1)
A

2;k
g2g28A

2;k
g3g38

•C~Jk
(2) ,Jk

(2) ,Jk2q
(1) !

1~E
k2q

g1g18(1)
A

1;k
g2g28A

2;k
g3g381E

k2q

g1g18(1)
A

2;k
g2g28A

1;k
g3g38!•C~Jk

(1) ,Jk
(2) ,Jk2q

(1) !

1E
k2q

g1g18(2)
A

1;k
g2g28A

1;k
g3g38

•C~Jk
(1) ,Jk

(1) ,Jk2q
(2) !1E

k2q

g1g18(2)
A

2;k
g2g28A

2;k
g3g38

•C~Jk
(2) ,Jk

(2) ,Jk2q
(2) !

1~E
k2q

g1g18(2)
A

1;k
g2g28A

2;k
g3g381E

k2q

g1g18(2)
A

2;k
g2g28A

1;k
g3g38!•C~Jk

(1),Jk
(2),Jk2q

(2) !, ~A3!

where we defined

E
k2q

g1g18(6)
5A

6;k2q

g1g18 1A
6;k2q

ḡ1ḡ18 , ~A4!

@the first~second! term corresponds to the scattering byu- ~v-! phonon, respectively, as in Fig. 2#. FunctionC is defined as the
integral
3-7
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C~jk
(1) ,jk

(2) ,jk2q
(3) !5 R

c

dz

2p i
• f ~z!•

sk~z,jk2q
(3) !

~z2jk
(1)!~z2jk

(2)!
,

~A5!

corresponding to a diagram shown in Fig. 5.
Depending on the degree of the pole, it is evaluated as
n
n

06441
FIG. 5. Diagram corresponding toC(jk
(1) ,jk

(2) ,jk2q
(3) ).
C~jk
(1) ,jk

(2) ,jk2q
(3) !5 f ~jk2q

(3) !•F f ~jk
(1)!

~jk
(1)2jk2q

(3;2v)!~jk
(1)2jk

(2)!
1

f ~jk
(2)!

~jk
(2)2jk

(1)!~jk
(2)2jk2q

(3;2v)!

1
f ~jk2q

(3;2v)!

~jk2q
(3;2v)2jk

(1)!~jk2q
(3;2v)2jk

(2)!
G1 f̄ ~jk2q

(3) !•F f ~jk
(1)!

~jk
(1)2jk2q

(3;1v)!~jk
(1)2jk

(2)!

1
f ~jk

(2)!

~jk
(2)2jk

(1)!~jk
(2)2jk2q

(3;1v)!
1

f ~jk2q
(3;1v)!

~jk2q
(3;1v)2jk

(1)!~jk2q
(3;1v)2jk

(2)!
G , ~A6!

for jk
(1)Þjk

(2) and

C~jk ,jk ,jk2q!5 f ~jk2q!
f 8~jk!~jk2jk2q

1v !2 f ~jk!1 f ~jk2q
1v !

~jk2jk2q
1v !2

1 f̄ ~jk2q!
f 8~jk!~jk2jk2q

2v !2 f ~jk!1 f ~jk2q
2v !

~jk2jk2q
2v !2

52 f ~jk!H f ~jk2q! f̄ ~jk2q
2v !•PF 1

~jk2jk2q
2v !2G1 f̄ ~jk2q! f̄ ~jk2q

1v !•PF 1

~jk2jk2q
1v !2G J

1 f̄ ~jk!H f ~jk2q! f ~jk2q
2v !•PF 1

~jk2jk2q
2v !2G1 f̄ ~jk2q!~jk2q

1v !•PF 1

~jk2jk2q
1v !2G J

[2~Ck,q
(1,2)1Ck,q

(3,4)!, ~A7!
nd
where f̄ (jk)512 f (jk). With notations here, the expressio
for the simple breathing-type case with the single ba
system41 is expressed as

DKsingle5
g2

4NMv (
kq

@2«k•C~jk ,jk ,jk2q!#. ~A8!
d

APPENDIX B:
PROPERTY OF THE FUNCTION C IN EQ. „A7…

For the simplest case with single band electrons a
breathing-type phonons, Eq.~A8!, the filling dependence is
determined by(kq@2«k•C(jk ,jk ,jk2q)#. Each term of the
function C(jk ,jk ,jk2q) in Eq. ~A7! contributes when the
statesujk&, ujk2q& and ujk2q6v& are in such configurations
FIG. 6. Configurations ofujk&,
ujk2q& and ujk2q6v& under
which each term of Eq.~A7! con-
tributes.
3-8
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FIG. 7. Behavior of each con
tribution of terms in Eq.~A7! as a
function of jk2q for fixed k.
n

e

nd

tes

nite
ns
s
t the
as shown in Fig. 6~a!. For given and fixedk, the contribution
due to each term behaves as shown in Fig. 7 as a functio
jk2q . Notice that the first and the second terms (Ck,q

(1,2)) are
exclusive to the third and fourth terms (Ck,q

(3,4)). Introducing

a notationk̄[k22kF @see Fig. 6~b!#, Eq. ~A8! is evaluated
as

DKsingle;(
kq

«k•Ck,q
(1,2)1(

kq
«k•Ck,q

(3,4)

5 (
kPoccupied

S «k•(
q

Ck,q
(1,2)1« k̄•(

q
C k̄,q

(3.4)D
5 (

kPoccupied
~«k•Sk

(1,2)1« k̄•Sk̄
(3,4)

!, ~B1!

where Sk
(1,2).0 and Sk

(3,4),0 are the quadratures of th
shaded areas with signs depicted in Figs. 7~a! and ~b!, re-
spectively.
pl.

m

.

d

sh

A.
S.

06441
of
It can be written asSk̄

(3,4)
52Sk

(1,2)1dSk with a small de-
viation dSk which reflects the difference between the ba
curvature atuk& and uk̄& shown in Fig. 6~b!. dSk vanishes
when the system is half filled where the Fermi level loca
at the middle of the band. Equation~B1! is then evaluated as

DKsingle; (
kPoccupied

@~m1jk!Sk
(1,2)1~m2jk!

3~2Sk
(1,2)1dSk!#

52 (
kPoccupied

jkSk
(1,2)1dK, ~B2!

with a smalldK compared with the first term. Becausejk
<0 for occupied states the result has therefore a defi
sign. From Fig. 7, it is understood that the contributio
mainly come from the vicinity of the Fermi level. It thu
means that the result scales to the density of states a
Fermi level.
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