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Spin dynamics of a tetrahedral cluster magnet

Wolfram Brenig
Institut fir Theoretische Physik, Technische UniveitsBaaunschweig, 38106 Braunschweig, Germany
(Received 23 September 2002; published 6 February)2003

We study the magnetism of a lattice of coupled tetrahedral spin-1/2 clusters which might be of relevance to
the tellurate compounds GTe,05X,, with X=CI, Br. Using the flow equation method we perform a series
expansion in terms of the inter-tetrahedral exchange couplings starting from the quadrumer limit. Results will
be given for the magnetic instabilities of the quadrumer phase and the dispersion of elementary triplet excita-
tions. In limiting cases of our model of one- or two-dimensional character we show our results to be consistent
with findings on previously investigated decoupled tetrahedral chains and the Heisenberg model on the 1/5-
depleted square lattice.
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[. INTRODUCTION an interesting and highly frustrated magnetic system which
deserves to be investigated. Therefore, the aim of this work
Unconventional magnetism of frustrated spin systems hais to shed light onto its excitations and possible magnetic
received considerable interest recently. Prominent exampldsstabilities. In addition, our analysis could be of relevance
are the one-dimensiondllD) frustrated spin-Peierls com- for the CyTe,OsX, system, in particular, if additional spec-
pound CuGe@ (Ref. 1) or the 2D orthogonal spin-dimer troscopic data becomes available. In the remainder of this
system SrCy(BOj3), with frustrating interdimer couplings. paper we first discuss our method of calculation and then
Apart from dimer-based structures, frustrated spin systempresent results on the stability and the triplet dynamics.
involving triangular or tetrahedral units, e.g., tkagome

checkerboard, or the pyrochlore lattices are a focus of current Il. SERIES EXPANSION
research. In the classical limit frustration leads to ground o _ "
states with macroscopic degeneracy in these systérirs. The Hamiltonian, as read off from Fig. 1 can be split into

the quantum case low-lying singlets seem to exist both, o Pare part, and a perturbatioi ,
the kagomeand the checkerboard lattice with no long-range HeH.+H
magnetic order in the formér and a valence-bond-crystal o
(VBC) ground state in the latter ca%é Analysis of the 3D
pyrochlore quantum-magnet remains an open iésue. HO:E To(Su+S3)(Sy+Su),

Recently tellurate compounds £he,05X,, with X=Cl, !
Br have been found to regljze a new class of spin-1/2 sys-
tems where tetrahedra of Cualign in tubes along the(z) _ ; ;
direction and are separated by lone-pair cations in thel_|1 2| [J1(81'83'+SZIS4I)+12(S4|31|+><+ S350+ x
ab(xy) plane® Both, the effective dimensionality of this sys-
tem as well as the relevant magnetic interactions remain a ;
puzzle. Early analysis of thermodynamic ddawas based T SaSuey F SaSay) Tla(SaSany + SaSa-xiy)
on the OD limit of isolated tetrahedral units, i.e., on the ex- ) .
change pattern of Fig. 1 with,  s=0. This resulted in +1a(SaiSutxt S21Sa+y) +15(S2+ Sa) (Spi 2+ Sgiv2)
jo=138.5(43) Kand/jo~1 for the chloringlbromide sys-
tem which has been refined recently irjig~47.66 K and )
j1/jo~0.66 for the bromide system ang/j,<<0.66 for the +162 SiSi+z
chlorine casé! Raman spectroscop§,however, indicates a '
substantial intertetrahedrat axis coupling. This has where the site of each tetrahedral unit is labeled hvyith
prompted studies of 1D tetrahedral spin-ch&ifdas in Fig. S, i=1, ...,4being the spin-1/2 operators corresponding
1with j, 346 0. Yet, LDA calculations have given evidence to each tetrahedron arnd x(y,z) refers to shifts of by one
of an additionak-axis exchange patfy and transverse inter- unit cell along thex, y, or z axis.
chain couplings as shown in Fig(dl of a magnitude which As has been pointed out previouSihe spectrum of de-
cannot be neglectéd.In fact, specific heat data reveals a coupled tetrahedra, i.e., fg5 . =0, is special in as such
transition afT-=18.2(11.4) K in the chlorinébromide sys-  that for j;<j, each tetrahedral ground state is a singlet in-
tem. In the chlorine case the entropy change is consistemolving all four spins, while aj;>j, it is a product of two
with 3D antiferromagneti€éAFM) ordering. S=0 dimers on each of thg, bonds. In turn, aj;=], the

Combining Figs. 1a) and Xb) a 3D cluster-spin model decoupled local ground states are doubly degenerate singlets.
arises, about which very little is known. We believe this to beThis leads to quantum criticality in the lattice case and bears

; (€Y
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FIG. 1. (a) xy plane andb) z-axis structure of the 3D tetrahe-
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TABLE I. Energy (E, in units of j,), spin (S), and quantum-
numbergq, of the quadrumer spectrum.

E S a
1 2 3
0 Oelel 2
-1 1 1
-2 0 0

numbers computed from the flow equation methbtf. Ex-

dral cluster lattice. Spin-1/2 moments are located on dotted verticeplicit tabulatiort® of the Tk shows that for the Hamiltonian

SU(2) type of exchange with strengifly  galong the links.

the possibility of low-lying singlet excitatiors:2*® This

in Eq. (1) N=4.
Q conservation oH . leads to a ground state energy of
E,=(0|Heg0). Evaluating this matrix element on clusters

may be relevant for the Bromide system but in the chloringyith periodic boundary conditions, sufficiently large not to

compoundj; seems clearly less than. Therefore in the
remainder of this paper we focus on theadrumer limitof
Eq. (1), defined by settingo=1 andj; . ¢<1.

The spectrum of each quadrumer consists of furidis-
tant levels which can be labeled by sp8and a number of
local energy quantg,, see Table I. The unperturbed Hamil-

tonianHy which consists of the sum of quadrumers displays

an equidistant ladder-spectrum labeled®@y =,q,. The Q
=0 sector is the unperturbed ground stdg of Hy, which

is a VBC of quadrumer singlets. THg=1 sector contains
local S=1 single-particle excitations of the VBC with,
=1, wherel runs over the lattice. AQ=2 the spectrum of
Hg has totalS=0,1, or 2 and is of multiparticle nature. For
S=0 atQ=2 it comprises of one-particle singlets with
=2 and two-particle singlets constructed from triplets with
g;/=0m=1 andl# m. The perturbatiorH, in Eq. (1) can be
written as a sum ofwo-site operatorsT,, , which, for each
coupling constanf,—; . ¢ create(destroy n=0 (n<0)
guanta within the ladder spectrum d;:

N 6
H=Ho+ X > j\Tnk 2
n=—N k=1

It has been shown recentl}f~1°that problems of typ€2)

allow for wrap around at graph-lengthone can obtain series
expansionsSE's) for E4 valid to O(n) in the thermody-
namic limit, i.e., for systems of infinite siz& conservation
also guarantees th€=1 triplets remain genuine one-
particle statesA priori single-particle states from sectors
with Q>1 will not only disperse vidd o, but can decay into
multiparticle states. The dispersion of the single-particle ex-
citations is

E.(k)= % £, me' (o om) (4)

where t, ;= (u,Im|Hegl 1,000~ 8imodEg = are hopping
matrix elements from site (0,0) to site ) for a quadrumer
excitation u inserted into the unperturbed ground state. For
the thermodynamic limit,, |, has to be evaluated on clusters
with open boundary conditions large enough to embed all
linked paths of lengtm connecting sites (0,0) tol (m) at
O(n) of the perturbationEg®“=(0|H¢0) on thet,, oo Clus-
ter.

Previous applications of this method to spin systems were
focused on obtaining high-order SE’s for one and two param-
eter dimet® and quadrumérmodels in 1D or 2D. In the

allow for perturbative analysis using a continuous unitarypresent case, computational constraints related to the large
transformation generated by the flow equation method ohumber of coupling constants and the 3D nature of the model

Wegnert’ The unitarily rotated effective Hamiltoniahl o4
read$*16

)

n

Her=Ho+ X 2 (M)W Wi, - Wey,
Mo

wherem=(mj- - -m,) with [m|=n is ann-tuple of integers,
each in a range ofm;e{0,x1,...,£#N} and W,
= EE: 1JkTnk- In contrast taH of Eq. (1), Hey conserveshe

M(m)==",m;=0. The amplitudesC(m) are rational

confine the expansion to fourth-order. Moreover, explicit dis-
play of analytic expressions for the elementary triplet disper-
sion has to be limited to second ord&r.

lIl. TRIPLET EXCITATIONS AND MAGNETIC
INSTABILITIES

In this section we analyze the triplet dispersBf(k) and
the stability of the quadrumer phase against magnetic order-

for which we find
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FIG. 2. Comparing the triplet dispersion along high-symmetry
directions of a 2D Brillouin zone as obtained from a sixth-order
plaquette expansion for the 1/5-depleted square latfief. 21
(dashed with error barsvith the fourth-order quadrumer expansion
for the tetrahedral spin-cluster modgblid) at j;=1vy, jo=\7v, ja
=N\, andj356=0, withA=1 andy=0.1, 0.3, and 0.5 from top to
bottom. (Upper and lower edges of error bars refer to fourth- and

fifth-order plaquette expansion.
.
Er(k)=1+ 3(ja—2j2)[codk,) +cogky)]
Is
+ §[cos( Kyt Ky)+cogke—Ky)]

4
+§(j6_j5)C05(kz)- 5
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(a)
FIG. 4. (a) Top (bottom panel: reai(front) view of the stability

surface of the quadrumer phase at fourth ordler.Top (bottom)
panel: wave vectors of instability fgg<<(>)0. Labels refer td:

+=(0,0,7), O=(m,m0), A=(w0m), V=(m0,0), O
=(0,0,0), andX =(m,m,m). Selected pointsn(p), . s refer to
Fig. 5

this model yielding a triplet dispersion &(k)={1+2(j,
—2j,)/3[cosk,)+cosk,)]¥? in the quadrumer phasé.To
1st order this is obviously identical t() with the same
setting of parameters. Similarly, fp5 3 4 &= 0 the quadrumer
limit of Fig. 1 maps onto the “dimerized spin-1 chain sec-

|nteresting|y’ this expression depends on three, effective e)z_or“ of the tetrahedral-chain model of the tellurates studied

change coupling constants only, i.ea=(j,—2j,)/3, b
=]4l3, andc=4(js—j5)/3. MoreoverE, is independent of
j1- In fact we find the dispersion to depend pnstarting

in Ref. 12,13. BOT has been applied also to that model,
leading toE(k) =[1—8js/3 cosk,)]"2. Again, the latter is
identical to first order with Eq(5) with the same choice of

only at third order. Due to the competition of the exchangeParameters. While this serves as a consistency check for the

interactions in Eq.(1) the effective triplet hopping ampli-
tudesa andb in Eg. (5) can be of either sign, even for purely
AFM jo456

It is instructive to link Eq.(5) to other analytic results
known from related models. In particular, setting=j, and
i356=0, the tetrahedral cluster system of Fig. 1 is identica
to a stack of Heisenberg models on the 1/5-depleted squa
latticeX® Bond operator theoryBOT) has been applied to

FIG. 3. Left(right) panel: rearfront) view of the stability sur-
face of the quadrumer phase at first order. Faces are labeled by t
wave vectorkc of the instabilities anda=(j,—2j,)/3, b=]/3,
andc=4(js—js)/3.

series expansion we note that BOT, which is approximate
only, differs from the exact series already at second order.
Additional details on this can be found in the appendix.

To test the quality of our perturbative expansion at fourth
order we compare to the plaquette series expansion of Gel-

ffand and collaborators for the 1/5-depleted square |atttice.

fdhis is achieved by restricting the parameters in 8g.to
those of Ref. 21, i.ej;=7, =Ny, j4=\, andj35=0.

The plaquette series isane parameter expansion for a 2D
model, which allows for expansion &-(k) up to sixth or-

der with respect ton, where the unperturbed Hamiltonian
incorporatesy exactly. In Fig. 2 we contrast the fourth order
results from oursix parameter expansion for the 3D tetrahe-
dral spin system with the plaquette expansion by considering
the triplet dispersion. Despite small deviations which set in
upon increasingy the overall agreement is satisfying. Since
v is treated exactly within the plaquette expansion, our
fourth-order quadrumer series does not coincide with one of
the edges of the error bars in Fig. 2 which refer to the fourth-
and fifth-order plaquette series.

he Next we analyze the stability of the quadrumer phase
against magnetic ordering by identifying the surface in pa-
rameter space, closest o =0 which allows for triplet
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find that the additional critical wave-vector types with appear
along the “edge-regions,”i.e., ah, s andp, s occur within a
parameter-range of poor convergence of the perturbation
theory. Therefore, these may be subject to change at higher
orders.

Finally we consider the triplet dispersion at critical cou-
pling strengths. In Fig. 5 we shof&(k) for wave vectork
along high-symmetry directions of the Brillouin zone. The
exchange parameters have been selected from the points
..... 5 on the instability surface of Fig.(H).

The figure demonstrates a rich variety lofdependencies
possible. Since GIe,05Cl, seems to order magnetically,
inelastic neutron scattering data on the tellurates would be
interesting in order to choose among these dispersions for a
set of exchange constants relevant to the chlorine system. To
check for the convergence of the series expansion Fig. 5
contains both, third- and fourth-order results. On those faces
of the instability surface which appear as continuous defor-
mations of the first order surface of Fig. 3, i.e., fifm) ;3

FIG. 5. Left (right) panel: elementary triplet dispersion in the the perturbative result is well converged. However, within
quadrumt_er phase f0|j5>(<)Q at onset _of instabili_ty. Sc_)lid the aforementioned edge regions, i.e., fgm), s the con-
(dashedl line refers to fourth(third) order series expansior.axis vergence is insufficient. In particular the critical wave-

denotes path in Brillouin zone. Subplot labefp), .. s indicate vectors of the instabilities deduced from the fourth-order re-

location of exchange parameters on instability surface as in Fig. . . . . . .

A(b). Insets refer to exchange parametersép);, . sult_v_wthl_n this region may be an artifact. This remains to be
v clarified in future analysis.

To summarize, we have performed a quadrumer series-
expansion for a three-dimensional tetrahedral cluster spin-
softening, i.e., the occurrence of a wave veckgr with system using the flow-equation method. We have have
E1(kc)=0. We emphasize that apart from such instabilities,shown our results to incorporate and interpolate between
the tetrahedral spin system may exhibit other transitionsfindings known from previously studied either one- or
as e.g., those related to the first-order, local quadrumetivo-dimensional quantum spin systems which are found
to dimer-product transition on each of the tetrahedra. Her¢o be limiting subsets of our model. We have analyzed
we focus on the triplet softening only. To begin, in Fig. 3 the dispersion of the elementary triplet excitations and the
we depict the instability surface at first order as obtainedstapility of the quadrumer phase against magnetic ordering.
from Eq. (5) along with the critical wave vectors at which Fygyre studies will have to contrast this type of ordering
softening occurs. Due to the competing interactions severalgainst other transitions possible in this cluster system in
ordering patterns are possible, even for AFM couplingSyger to add more information towards a complete quantum

only. phase diagram. We hope that our results may prompt further

Smpe the tetrahedral clystgr-mpdel contains six exchangl'ﬁvestigations of the tellurate compounds,T&0OsX,, in
coupling parameters we will simplify the stability analysis at o iyjar inelastic neutron scattering studies in order

f_ourt_h order by selecting a subset of them only. This _SE|eCfo clarify the relation of the cluster spin model to these
tion is based on the effective exchange constants at first OFaterials

der, i.e., we will focus on the stability as a functionafb,
andc settingj, 46=0. Figure 4a) shows the corresponding
instability surface. It has been obtained from a numerical
search for zeros of the gap of the fourth-order triplet-
dispersion using a mesh of U1 points inab space. For , i
this purpose we have used the bare series with n6 Bpde _ !tiS apleasure to thank C. Gros, P. Lemmens, F. Mila, and
proximations applied. The surface is not closed at its exR- Valenti for comments and helpful discussions. This re-
tremal extensions in theb plane, rather the stability analysis S€&rch has been supported by the Deutsche Forschungsge-
has been confined to the range of parameters shown in thfg€inschaft in the SPP 1073 under Grant No. BR 1084/1-2.

figure in order to comply with the finite range of conver-

gence of the perturbative result. Only commensurate insta-

bility wave vectors have been found within the range of pa- APPENDIX

rameters investigated. The type of these wave vectors is

shown in Fig. 4b). While its shape is deformed with a re-  To further clarify and connect to other existing analytic
duced volume, the main features of the fourth-order instabilapproaches, in this appendix we also list the result to second
ity surface are still consistent with those at first order. Weorder inj, 4 for the triplet dispersion for which we find

~ a=-0.05
i\ b=-0.05
¢ =-0.500

(0,0,0)

4
A
B
<
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E(k):1+1454§_3113_1871214 3114+815 52jsi 1013 (@ UE Loiiae
T 432 864 432 864 27 27 ' 108 '\ '3 '3 g'\eTl4
2 i 2
X cogky)cogk,)+ —]—2+(—£+5J3 (2jo—j )+ﬁ[cos(k)+cos(k)]+ijzcos(2k )cog 2k,)
X y 9 3 2772 Y72 X y/1 7 54’3 X y

.2 .2 ..
I2 13 J2la
+(_2_7_E+ >7 108)[005{2k +cos{2ky)]+27j3(212 3j4)[cog 2k,)cogky)

2j3 ~ie) s
+eol,)coq2k, ]+ |~ 5~ 0P B cogie) + 2 a(is—s)costk, ok, ok
4 4
~ 5(2i2- i) (is~ )l cosk,) +cosky) Jcosk,) — g (i5—js)? cos 2k,). (A1)

In contrast to the first-order result, a dependence on conthis shows the BOT dispersion, cited after E§), to be
bined effective exchange constants only, i.ej22j4) and  correct only to first order. Analogous, for the “dimerized
(j5—j6), is absent. For the case of the 1/5-depleted squargpin-1 chain sector” of the tetrahedral chain studied in Refs.
lattice, i.e., forj;=]j, andj;=j5=]s=0, and rewriting Eq. 12,13, i.e., forj, 3460, we may rewrite Eq(Al) into

(A1) in a form which allows for direct comparison with the

BOT of Ref. 20 we get

5913 7324 47i: iz [4is 2j:
Er(0=1%924" "Ta2 ~ Bea ET(k):HW_(TJ“3)00%2)_9]500%2)2
. A3
A EA 4 ")
+ §(14—212)—§+— [cogky) +cogky)]

. Again, the BOT dispersion is correct to first order only. In
TRy 2 Ref. 13, perturbation theory up to second order has been

18(J4 212) " cogk) +codky)] performed using a very different method than presented here.

4 4l 2i2 Therefore it is satisfying to realize, that H@A3) is exactly
+(%_ 1227J4+ ﬁ)[cos(kx)2+cos(ky)2] (A2) |f|3ent|cal to the corresponding E(Q) in Sec. 11 B 2. of Ref.
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