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Predicted hcp Ag-Al metastable phase diagram, equilibrium ground states,
and precipitate structure
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Formation energies of a number of hcp-based Ag-Al structures are obtained fromab initio electronic-
structure calculations and used within a cluster expansion approach to construct an effective alloy Hamiltonian.
Formation energies are found to be inherently asymmetric versus composition, providing an incipient tendency
for precipitation in Al-rich alloy. Both ground-state search and Monte Carlo simulations based on the cluster
expansion are used to determine the metastable hcp Ag-Al phase diagram. A new equilibrium hcp AgAl ground
state is predicted and zero-energy domain boundary defects are found. From thermodynamic results, we
discuss the precipitate structure and composition in Al-rich Al-Ag alloys and explain recent microscopy data.
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I. INTRODUCTION

Aluminum alloys are lightweight materials of continue
technological importance. Precipitation strengthening
these alloys could be better understood by looking at
relevant stable and metastable phase diagrams. Due to
easy formation of both Guinier-Preston~GP! zones and hex-
agonal closed-packed~hcp! precipitates, the Al-Ag system
continues to be studied, though its phase diagram in Fig.1,2

showing that Al-rich alloy segregates into intermediate h
g-phase and terminal fcc Al phase, was first establis
nearly a century ago.3,4 When quenched in the metastable f
Al-rich miscibility gap, fcc-based GP zones form, where
when quenched from the high-temperature terminal fcc
rich solid solution phase, hcp precipitates form alm
instantly.5,6

The theoretically verified7 ground-state structure of bul
hcp Ag2Al was originally proposed from the measured sho
range order~SRO! within the hcp basal planes,8 which re-
mains frozen-in below 475 K~Refs. 9 and 10! due to a neg-
ligible diffusion rate at low temperatures. Similarly, no ful
long-range ordered~LRO! structure has been determined e
perimentally within the hcp precipitates. The present de
mination of the metastable hcp phase diagram was motiv
by recent experimental6 and theoretical7 indication that the
composition of hcp Ag-Al precipitates in Al-rich alloy is no
Ag2Al, but near Ag-50 at. % Al.

Here we use a cluster expansion technique based on
mation energies obtained fromab initio electronic-structure
calculations to construct the effective alloy Hamiltonian a
perform ground-state search and Monte Carlo simulatio
We determine the hcp ground states and compare the
and fcc-based ground-state energies. We predict a yet u
served hcp stoichiometric Ag-50 at. % Al ground sta
which is 16 meV/atom lower in energy than the pha
segregated known ground states, namely, the fcc Al and
dered hcp Ag2Al. Interestingly, we find that there is a zero
energy structural defect, which inhibits the LRO within th
hcp basal planes in the new AgAl structure.

The metastable hcp Ag-Al phase diagram is construc
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by performing Monte Carlo simulations; in combination wit
the previously published fcc diagram11,12 shown in Fig. 2, it
provides more complete information and better understa
ing of precipitation. In addition, we determine the hcp ra
dom solid solution mixing energies, compare them to tho
of the fcc-based alloy,11 and predict the composition rang
for disordered hcp precipitates. We note that convex mix
energies indicate an incipient tendency for Al-rich alloys
form a miscibility gap and drive precipitation. This convex
ity is already observed for the measured formation entha
in liquid Al-Ag.13 Finally, we discuss the predicted equilib
rium hcp AgAl phase relevant to precipitation in Al-ric
Al-Ag alloys and explain recent microscopy data.6

II. METHODS

To find the hcp Ag-Al ground states and other low-ener
structures relevant to thermodynamics and to determine
metastable phase diagram, we perform Monte Carlo simu
tions based on a cluster-expansion~CE! Hamiltonian.14 This

FIG. 1. The assessed Ag-Al phase diagram~Refs. 1 and 2!. This
figure is reprinted by permission of ASM International.
©2003 The American Physical Society04-1
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Hamiltonian is constructed using the structural invers
method~SIM! ~Refs. 14–18! from a set of structural forma
tion energies obtained fromab initio electronic-structure cal
culations described below.

A. Electronic-structure calculations

We use the Viennaab initio simulation package
~VASP!19–22 based on electronic density-functional theo
~DFT! to calculate formation energies of a number of fu
relaxed structures. This full-potential package with the ult
soft pseudopotentials suggested by Vanderbilt23 and supplied
by Kresse and Hafner24 computes atomic forces and pressu
tensor to allow a full relaxation of unit cell and atomic p
sitions within any structure. Structures are relaxed until
atomic forces are less then 30 meV/Å, and stress compon
do not exceed 1 kBar. We use special point method for
k-space Brillouin zone~BZ! integration with uniform density
mesh withNk2pts3Natoms'20000 for all structures, wher
Nk2pts is the total number ofk-points in the BZ andNatoms
is the number of atoms per unit cell. The cutoff energy
plane wave basis set is 200 eV. This provides convergenc
calculated formation energies within;1 meV/atom. See
Ref. 7 for further details. The absolute accuracy of VA
energies was also addressed in Ref. 25, where the
principles calculated and experimentally assessed forma
enthalpies of some Al-rich equilibrium compounds we
compared and found to be in excellent agreement.25

B. Structural inversion method

Any Al-Ag atomic configuration may be represented by
set of occupation variables$jp%, with jp51(0) if the site p
is ~is not! occupied by Ag. An effective alloy Hamiltonian i
then constructed via a cluster expansion14 over a truncated
set of interactions:

H5V01 (
n, f ,d

Vf
(n)F f d

(n) . ~1!

FIG. 2. First-principles calculated composition-temperat
phase diagram for a metastable fcc-based Ag-Al alloy from Refs
and 12.
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Here Vf
(n) are n-body effective cluster interactions~ECIs!,

and F f d
(n) are n-site correlation functions defined on a

nth-order cluster of type (f ,d). The sum is over all cluste
types, both symmetry-distinct (n, f ) and symmetry-
equivalent (d51, . . . ,D f

(n)), and thus includes degeneraci
D f

(n) of n-body clusters of symmetry-distinct typesf. For
example, forn52 ~two-body!, f 51 and d51 –6 give six
nearest neighbors within the hcp~0001! basal plane,f 52
( f 53) gives six out-of-plane nearest~next-nearest! neigh-
bors. The correlation functions can be written as

F f d
(n)5

1

Nf d
(n) (

$p% f d
(n)

jp1
jp2

•••jpn
, ~2!

where the sum is over all clusters of a given type andNf d
(n) is

the total number of such clusters.
For any given ordered atomic arrangements5$jp%, the

energy is

Es5V01(
n, f

Vf
(n)D f

(n)^F f
(n)&s ~3!

Here degeneraciesD f
(n) and the configurational averages

the correlation functionŝF f d
(n)&s and

^F f
(n)&s5

1

D f
(n) (

d51

D f
(n)

^F f d
(n)&s

are just geometric constants. Given a set of ECIs, one
predict structural energies from linear equation~3!. In-
versely, from a chosen set of clusters and a given se
structural energies$Es%, one can find the ECIs by solving
the system of linear equations~3!.

Structural inversion can be performed either at fixed co
position, yielding composition-dependent ECIs, as done
Ref. 7, or, as we do below and as is typical, over the wh
composition range, producing composition-independ
ECIs, see Ref. 16–18.

As we use energies of fully relaxed structures, both int
nal and external~sell volume and shape! static relaxations
are indirectly incorporated by the SIM. If needed, large e
ternal relaxations and coherency strain within precipita
could be handled separately using elasticity theory.17,26 For-
tunately, within the Al-Ag alloys the atomic size mismatch
very small and the coherency strain is not important.7

C. Iterative construction of cluster expansion

We note that some structures~e.g., Ag3Al2 structure ‘‘n5’’
at cAl50.4) are only a few meV above the tie line conne
ing the ground states~see Fig. 6!; they might become ficti-
tious ground states after an inaccurate SIM fit. To avoid t
problem, we iteratively construct a converged cluster exp
sion.

Given a set of structural energies, a CE Hamiltonian
constructed via structural inversion and used to estimate
ergies of a large number of atomic configurations, and
search for all ground-state candidates. Energies of predi
low-energy structures are then obtained from the fir

e
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principles electronic-structure calculations. If the calcula
ab initio energies differ significantly from the estimated C
ones, they are added to the set to be fitted and another i
tion is performed. This iterative procedure is especially u
ful for systems with competing long-period structures or d
generate ground states. We note that only a converged cl
expansion, with energies of ground states and low-ene
structures reproduced within a few meV, is reliable for a
dressing the thermodynamics.

D. Monte Carlo simulations

We use both canonical~fixed compositionc) and grand
canonical~both fixed chemical potentialm and fixed tem-
peratureT) Monte Carlo simulations to construct the pha
diagram. The simulation box includes from 1231238 to
24324315 hcp unit cells with 2 atoms/cell~i.e., 2304–
17280 atoms! with periodic boundary conditions impose
The temperature step varies from 1 to 0.05 meV~at fixedm;
smaller near the transition temperatureTc).Them step varies
from 10 to 1 meV. The number of equilibration and sampli
steps is 100–1000 and 4000–40 000, respectively~more near
Tc and at lowT). See Ref. 7 for further details.

The phase boundaries defining theT-c phase diagram are
determined using Monte Carlo simulations by heating~cool-
ing! from ~dis!ordered phases at fixedc and at fixedm, and
by varyingm at fixedT starting from each intermediate o
dered phase and from terminal Ag and Al solid solutions

III. RESULTS

Below we calculatedab initio formation energies of 49
hcp structures~see Table I!, and used them in SIM to con
struct a cluster expansion for hcp Ag-Al; see Table II a
Fig. 3. Using the CE Hamiltonian@Eq. ~1! and ~2!#, we per-
formed ground-state search and Monte Carlo simulation
determine the metastable hcp Ag-Al phase diagram. We
calculated formation energies of pertinent fcc-based Ag
configurations~determined in Ref. 11! and estimated the hcp
and fcc-based solid solution mixing energies needed for
cussion of precipitation.

A. Structures

As a starting point for our studies, we use a set of 49 h
Ag-Al structures of various compositions. The unit cells
structures 1–32 are shown in Fig. 2 of Ref. 27. The str
tures~1!–~11! of stoichiometry Ag2Al are described in Ref.
7. The hcp ground states and remaining structures~with la-
bels in quotes! are shown in Fig. 4 and described below.

Structure 24 in Fig. 4 was suggested by Neumann8 as the
Ag2Al ground state; structure 25 was proposed by Ho
et al.5 for hcp Ag2Al precipitates; the AgAl hybrid structure
‘‘ nh, ’’ based on off-stoichiometric Neumann and How
structures, was introduced in Ref. 7. Structures ‘‘n3’’
(AgAl3) and ‘‘m3’’ and ‘‘ m6’’ ~both Ag5Al3 and Ag3Al5)
are modified from 3 and 6 by exchange of Ag and Al ato
to produce different stoichiometries. Structure ‘‘9a’’ is modi-
fied from 9. Structures ‘‘n5’’ and ‘‘n7’’ appeared as a produ
of the iterative procedure described in Sec. II C.
06410
d

ra-
-
-
ter
y

-

to
so
l

s-

p
f
-

e

s

TABLE I. The DFT-calculated and SIM-fitted formation ene
gies ~in meV/atom! of fully relaxed hcp structures relative to th
metastable hcp Al and Ag. The energies of the fcc-based Al and
are 234.0 and26.3 meV/atom, respectively. Structures 1–32 a
shown in Fig. 2 of Ref. 27; the Ag2Al structures~1! through~11!
are described in Ref. 7; the rest are described in Fig. 4 and in
III A.

Structure DFT SIM

Ag 1 0.0 1.4
Ag7Al ‘‘ n7’’ 264.7 262.4
Ag5Al 30 285.0 286.5
Ag3Al 22 2115.0 2115.7

21 2108.9 2109.1
23 295.5 2102.3

Ag2Al 24 ~1! 2136.1 2135.1
~2! 2132.6 2132.9

27 ~5! 2126.3 2125.1
25 ~6! 2117.6 2117.7

~7! 2105.2 2116.2
~8! 292.0 295.2

28 ~9! 294.8 293.1
~10! 295.5 2100.6
~11! 289.5 281.0

Ag5Al3 ‘‘ m3’’ 2131.3 2125.0
‘‘ m6’’ 2118.4 2113.5

Ag3Al2 ‘‘ n5’’ 2131.9 2131.3
AgAl 3 2126.5 2127.6

6 2125.9 2124.6
9 2109.9 2105.4
4 298.0 292.6
16 297.5 292.9
20 296.6 292.7
5 296.5 294.5

‘‘ nh’’ 296.5 292.8
‘‘3 a’’ 296.3 296.3

14 295.3 296.9
15 293.3 293.9

‘‘9 a’’ 292.3 284.0
13 291.6 2100.0
8 291.2 282.9
2 290.3 290.3

‘‘ n4’’ 282.6 282.8
12 276.3 271.4
10 274.4 277.4
11 257.3 264.8

‘‘ z4’’ 256.2 254.9
Ag3Al5 ‘‘ m3’’ 218.3 227.5

‘‘ m6’’ 245.3 255.6
AgAl2 27 210.1 219.0

25 22.8 24.0
24 6.8 20.2

AgAl3 ‘‘ n3’’ 16.2 22.0
22 45.7 61.1
21 55.8 49.6

AgAl5 ‘‘ z5’’ 214.0 216.4
AgAl7 ‘‘ z7’’ 212.2 211.9
Al 1 0.0 1.5
4-3
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The remaining AgAl structures ‘‘3a,’’ ‘‘n4,’’ and ‘‘z4’’
have the periodicity 2c along thec-direction. Structure ‘‘3a’’
~modified from 3! consists of two unit cells of structure 3~or
structure 2! stacked in thec direction, with all Al and Ag
atoms swapped in one of the cells; its energy is expecte
be between the energies of structures 2 and 3. The A
structure ‘‘n4’’ ~modified from 24! consists of two unit cells
of Ag2Al structure 24~see Fig. 4! stacked in thec direction,
but with Al atoms only in one of the hcp~0001! planes~an Al
plane!. Stacking along thec-direction alternating~0001!
planes of Ag and Al produces AgAl structure 4. Structu
‘‘ z4’’ is composed of two Ag~0001! planes followed by two
Al ~0001! planes. Structures ‘‘z5’’ (AgAl 5) and ‘‘z7’’
(AgAl7) are composed of five and seven Al~0001! planes,
respectively, followed by one Ag~0001! plane stacked in the
c direction. The unit cells of AgAl structures 3 and 6 a
compared in Fig. 5, which shows a domain boundary as
be discussed in Sec. III C.

TABLE II. Effective cluster interactions for the clusters show
in Fig. 3. V051.5 meV; V15483.3 meV. Numbers refer to Fig.
and roughly indicate the range of ECI.

Two-body Three-body Four-body
1 2328.6 276.6 7.6
2 2487.0 197.5 270.8
3 250.2 69.8 270.7
4 2166.9 137.2 239.1
5 212.6 65.1 227.2
6 38.7 41.0 223.3
7 14.3 26.2 11.9
8 8.9

FIG. 3. The two-body~pair!, three-body, and four-body cluster
used in SIM in the~0001! hcp projection. Concentric circles repre
sent two sites, one above the other, separated by a distancec. A
cross represents a site in the next basal plane.
06410
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B. Cluster Expansion for hcp Ag-Al

Theab initio calculated and SIM-fitted formation energie
~relative to the hcp Ag and Al! of 49 fully relaxed hcp struc-
tures are listed in Table I and plotted in Fig. 6. The stand
deviation for this SIM fit isDE54.3 meV. The energies o
low-energy structures, which are more important for therm
dynamics, are reproduced significantly better~the ground-
state energies are within 1.5 meV!.

We have used 24 ECIs listed in Table II~clusters are
shown in Fig. 3!, including constantV0 ~zero-body!, point
V1 ~one-body!, eight pairs~two-body!, seven triplets~three-
body! and seven quadruplets~four-body! cluster. We have
checked that additional clusters~up to eight two-body, 15
three-body, 15 four-body, three five-body, and one six-bo
cluster! do not change results significantly. The magnitude
ECIs drops with increase of their spatial extend due to e
tronic screening in metals, as can be seen in Table II.
note for completeness that the largest pair cluster 8 and
angular cluster 7~and the most compact four-body cluster!
are not of crucial importance and could be removed with
significant loss of accuracy of the SIM fit. Using this clust
expansion, we compute the hcp random solid-solution m
ing energies, verify the hcp ground states, and construct
metastable hcp Ag-Al phase diagram.

FIG. 4. The hcp ground state and other structures in hcp~0001!
projection. Large~small! circles represent atoms in theA ~B! planes
in the hcp ABAB stacking, with periodicity of 1c along the
c-direction. For Ag-rich structures filled~empty! circles are Al~Ag!
atoms. Except for the monoclinic~‘‘9 a’’ !, all structures are ortho-
rhombic ~30 and ‘‘n7’’ are hexagonal!.

FIG. 5. ~a! The unit cell of structure 6~solid line!, composed of
two differently oriented unit cells of structure 3~dashed line!. ~b!
The domain boundary~dash-dotted line! of two orientations of
structure 3.
4-4
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C. Ag-Al ground states

The Ag-Al equilibrium ground states suggested from e
periment are fcc-based Ag, complex cubicbMn-based
Ag3Al, hcp Ag2Al, and fcc-based Al. The Al-rich Al-Ag
alloy segregates into the fcc Al-rich terminal solid solutio
and the hcp intermediateg phase~see Fig. 1!. No phases
other than hcp and fcc are known1,2 in the composition range
between Ag2Al and Al. The fcc-based Ag-Al alloy was ad
dressed in Ref. 11; the only fcc ground states found in t
range are the equilibrium terminal fcc Al and metastable
Ag2Al in MoPt2 structure, which is 49 meV/atom higher i
energy than the equilibrium hcp Ag2Al ground-state struc-
ture 24.

The calculated fcc and hcp ground-state hulls are sho
in Fig. 6 ~filled symbols!. Terminal Ag and Al solid phases
are fcc based, while intermediate hcp Ag-Al ground sta
are lower in energy than the fcc-based ones. Structural
rameters of lowest-energy hcp structures are given
Table III.

FIG. 6. Formation energies of the hcp structures listed in Ta
I ~relative to the metastable hcp Ag and Al!, DFT calculated
~circles! and SIM fitted ~crosses!. Squares are theab initio DFT
energies of fcc structures. Filled symbols represent ground st
~GS!. The hcp and fcc SIM random solid solution mixing energi
are plotted as the thick solid and large-dashed black lines, res
tively.
06410
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The average atomic volumes of hcp Ag-Al and elemen
fcc Al given in Table III differ by less than 3%. The effect
of atomic size mismatch and coherency stress in precipita
alloy were addresses in Ref. 7 and shown to be small.
static relaxations~both internal and external! are effectively
incorporated in our SIM fit.

The hcp AgAl structures 3 and 6 have lower energy~see
Fig. 6! than the phase segregated fcc Al—hcp Ag2Al struc-
ture 24. Thus we predict an equilibrium ground state at co
position 50 at. % Al not present in the assessed Ag-Al ph
diagram1,2 shown in Fig. 1.

We note that the AgAl structures 3 and 6 have an ind
tinguishable energy within our electronic-structure calcu
tions. Interestingly, structure 6 can be viewed as a~periodi-
cally repeated! domain boundary within structure 3~see Fig.
5! that costs no energy. Thus the AgAl ground state is deg
erate due to zero-energy domain boundaries. In other wo
there are innumberable AgAl ground-state configuratio
composed of domains of structure 3 oriented along
equivalent hcp (100), (010), and (110) directions within t
basal plane.

We have calculated energies of all low-energy atom
configurations, as outlined in Sec. II C, and found no grou
states of compositions 0.33,cAl,1 ~i.e., between 33 and
100 at. % Al! other than Ag2Al and AgAl. The hcp Ag3Al2
structure ‘‘n5’’ is near the tie line~within 1 meV!, but does
not become a ground state in ourab initio DFT calculations
and SIM fit.

As can be seen in Fig. 4, hcp ground-state structures
(Ag5Al) and 24 (Ag2Al) have the same six-atom unit cell
and differ only by Al↔Ag exchange at one site per ce
Ground-state structures 22 (Ag3Al) and 6 ~AgAl ! have the
same eight-atom unit cells with different stoichiometries. W
then find that the hcp Ag-Al ground states have stoichio

TABLE III. Structural parameters of the hcp Ag-Al lowes

energy structures.ā is an average interatomic nearest neighbor d
tance~Å! within the hcp~0001! basal plane~or within the fcc~111!

plane for the fcc Ag and Al, i.e.,ā5alat
f cc/A2). c is the distance

between adjacent hcp~0001! planes; (c/ā) ideal5A8/351.633.Dxy

is the ratio of scales along vertical and horizontal directions in F
4; except for structure 3,Dxy is the orthorombic distortion within
the hcp basal plane. The orthorombic axes of structure 3 in Fi
are rotated by p/3 and the orthorombic distortion is
A(32Dxy

2 )/(3Dxy
2 21)50.937. v̄ is the calculated average volum

per atom (Å3).

Structure ā(Å) c/ā Dxy v̄(Å3)
fcc Ag 2.844 16.27
hcp Ag 1 2.838 1.644 1 16.29
Ag5Al 30 2.824 1.638 1 15.98
Ag3Al 22 2.834 1.635 1.016 15.87
Ag2Al 24 2.827 1.608 0.970 15.74
Ag3Al2 ‘‘ n5’’ 2.801 1.658 0.965 15.77
AgAl 3 2.790 1.682 1.033 15.80
AgAl 6 2.766 1.722 1.036 15.76
hcp Al 1 2.809 1.656 1 15.90
fcc Al 2.814 15.75
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etries AgnAl, wheren53k21 or n52k21 (k is a positive
integer!, i.e.,n51,2,3,5,7, . . . . Asn increases, their energie
approach the hcp solid-solution mixing energy. However,
hcp AgnAl ground states withn>7 are irrelevant, becaus
they all are higher in energy than the phase segregated
Ag–hcp Ag5Al ~structure 30!. Taking into account complex
cubic bMn-based Ag3Al and fcc-based Ag and Al, we con
clude that the only relevant equilibrium hcp ground states
Ag2Al and AgAl.

D. Metastable hcp Ag-Al phase diagram

Given the ground states and effective Hamiltonian,
perform Monte Carlo simulations to construct the metasta
hcp Ag-Al phase diagram. The calculated phase diagr
~Fig. 7! shows the new ordered hcp AgAl phase atcAl
50.50. The miscibility line above 650 K has a~maximum!
critical point atcAl50.86 andT51640 K, i.e., it extends far
above the experimental melting temperatureT51000 K for
disordered hcpg phase andT5840 K ~the top of our dia-
gram in Fig. 7! for the phase segregated disordered hcpg
phase and fcc Al. We note that the computed boundary of
Ag-rich disordered hcp phase atcAl'0.4 andT5473 K ap-
proximately coincides with the corresponding boundary
the disordered hcpg phase in the experimental assess
Ag-Al phase diagram in Fig. 1.1,2

The hcp AgAl phase at 50 at. % Al is stable below t
peritectoid temperatureT5650 K and has a very narrow
compositional width ('1 at. % at 260 K!. This phase is per-
tinent to the equilibrium Ag-Al phase diagram.

The equilibrium ordered Ag2Al phase is prolongated in
composition fromcAl50.345 atT5260 K to cAl50.25 at
T5174 K; its~maximum! congruent point is atcAl51/3 and
T5350 K. Long- and short-range orderings in Ag2Al, as
well as coherency stress and compositional effects within
hcp Ag2Al precipitates, were addressed in Ref. 7, whe
agreement with the x-ray experiment8 was demonstrated.

The ordered hcp Ag3Al phase atcAl51/4 is ~meta!stable
below T5174 K. The ordered Ag5Al phase atcAl51/6 is

FIG. 7. First-principles calculated composition-temperatu
phase diagram for a metastable hcp Ag-Al alloy.
06410
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~meta!stable belowT5116 K. Its fcc-based Ag5Al analog is
found11,28 to influence the short-range order in the f
a-phase Ag-rich solid solution of the same composition.

We note for completeness that there are other hcp ord
phases and ground states between hcp Ag and Ag5Al of com-
position AgnAl ( n57, 11, 15, etc.!, which, as we already
noted in Sec. III C, are higher in energy than the phase s
regated fcc Ag—hcp Ag5Al; these AgnAl phases~omitted
for clarity for n>7) form a staircase under the boundary
~metastable! hcp Ag-rich terminal solid solution phase show
in Fig. 7. We also note that order-disorder transition tempe
tures in Fig. 7 are proportional to the energy differences
tween disordered solid-solution and ordered phases foun
Fig. 6.

As we mentioned in Sec. III C, the equilibrium Ag-ric
and Al-rich terminal solid solutions are fcc-based. Also, d
to the existence of the intermediate equilibrium low
temperature Ag3Al m phase~extending from 21.2 to 24.3
at. % Al at 573 K and reported from experiment29 to have
complex cubicbMn structure, which may order below 62
K! and the high-temperature bcc Ag3Al b phase, the hcp
phase is not stable at compositionscAl,0.23. Thus only the
intermediate hcp ordered Ag2Al and AgAl phases are rel-
evant to the equilibrium Ag-Al phase diagram.

IV. DISCUSSION

The calculated formation energies of the ground sta
and solid solutions in Fig. 6 and the phase diagram in Fig
are useful not only for prediction of equilibrium phases b
also for understanding precipitation and for explaining e
perimental data. Below we compare the hcp and fcc so
solution mixing energies, predict the composition range
disordered hcp precipitates, and explain the experiment
observed hcp precipitate composition range. Then we disc
structure and ordering tendencies relevant to precipitates
the new bulk AgAl phase.

A. Solid solution mixing energies and precipitate compositions

The hcp homogeneously random solid solution mixi
energy curve~see Fig. 6! has a minimum around Ag2Al, and
is asymmetric in composition. This asymmetry is expec
from the fact, that Al-rich structures 24 (AgAl2) and 22
(AgAl3) have energies above the phase segregated hcp
Ag, while the corresponding Ag-rich structures are the h
ground states. Such an asymmetry makes the convergen
the cluster expansion slow, requiring a large number of str
tural energies and effective clusters.

The fcc-based homogeneously random solid solution m
ing energies were reported in Ref. 11 and rescaled in Fi
using theab initio formation energies of fcc structures. Th
present calculations were full-potential, whereas the previ
ones using the linear muffin-tin orbital method were mo
approximate.11

Both hcp- and fcc-based mixing energy curves are con
for Al-rich Al-Ag. This convexity indicates an incipient ten
dency for Al-rich alloys to form a miscibility gap and driv
precipitation. Similar asymmetry and convexity of the e

e
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perimentally measured at 1273 K formation enthalpy~heat!
DH versus composition are observed in liquid Al-Ag allo
~see page 21 of Ref. 13!.

The hcp and fcc mixing energies intersect atcAl'0.58;
thus the formation of disordered hcp precipitates of com
sitionscAl,0.58 is energetically favorable. We note that t
temperature of a homogeneously random~i.e., fully disor-
dered! solid solution is formally infinite. At finite tempera
ture short-range ordering results in lowering of mixing en
gies, which is more significant for the hcp phase; this furt
shifts compositions of just-formed hcp precipitates towa
Al-rich compositions. The composition of well-equilibrate
disordered hcpg precipitates is determined by the tange
line drawn through the fcc Al and touching the hcp Al-A
mixing energy curve atcAl'0.4; the same composition i
given by the assessed Ag-Al equilibrium diagram1,2 in Fig. 1.

The first-principles predicted composition ran
0.40,cAl,0.58 for disordered hcp precipitates is in agre
ment with experiment.6 In the experiment,6 an Al-Ag alloy
was annealed for 1 h at 823 K,immediately aged for 2–12
min at 673 K, cold-water quenched, and then annealed fo
h at 433 K. The dispersive x-ray spectroscopy measurem
showed an average composition of immediately formed p
cipitates approximately 58 at. % Al, significantly higher th
41 at. % Al given by the equilibrium Al-Ag phase diagram1,2

in Fig. 1 or 33 at. % Al suggested in the previo
experiment.5

B. AgAl phase and precipitate structure

The ground states in Fig. 6 and the phase diagram in
7 indicate that Al-rich Al-Ag alloys segregate into an order
hcp AgAl phase and a terminal fcc Al phase at low tempe
tures (T,650 K). However, the predicted equilibrium full
ordered hcp Ag2Al and AgAl phases are not experimental
observed.

The Ag2Al ground-state structure has been inferred fro
the measured SRO within the disordered hcpg phase.8 In
Ref. 7, this Ag2Al structure was verified as the ground sta
short- and long-range ordering in Ag2Al was calculated and
compared to experiment; a remarkable quantitative ag
ment was found with the x-ray data8,30 for bulk Ag2Al. Also
the coherency stress within the hcp precipitates w
estimated.7 As the atomic size in Table III is very similar in
Ag, Al, and Ag-Al alloys, the coherency stress is small.

The predicted ordered hcp AgAl phase is difficult to o
serve experimentally. While the formation kinetics of a h
precipitate is fast due to the large thermochemical driv
force, the kinetics of forming long-range order within th
precipitate is slow due to low temperatures and to the lac
vacancies that provide vacancy-assisted diffusion and or

*Electronic address: zarkevic@uiuc.edu
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ing. An exact time scale for ordering kinetics depends c
cially on saddle-point energies for vacancy-assisted di
sion. Because diffusion rate drops dramatically w
decreasing temperature, as does the vacancy concentrat
long annealing time at low temperatures is needed for ord
ing. In addition, the unavoidable zero-energy domain bou
ary defects make the AgAl ground state degenerate and
hibit reaching a fully ordered state within a sing
precipitate. The ‘‘ordered’’ hcp AgAl phase should conta
multiple domains, and therefore have no obvious LR
within the hcp basal planes.

Thus we propose an experiment on a Ag–50-at. %
sample, rapidly quenched to provide excess vacan
needed for ordering and long-annealed below 650 K. A
other possibility includes preparation of a sample in the p
dicted AgAl phase by a controlled-growth experiment, e
molecular beam epitaxy. High-resolution transmission el
tron microscopy should distinguish large ordered doma
We look forward to experimental verification of the predict
hcp AgAl phase.

V. CONCLUSION

We combinedab initio electronic-structure calculation
with Monte Carlo simulation via SIM using the cluster e
pansion, and investigated the hcp Ag-Al ground states
constructed the metastable hcp Ag-Al phase diagram.
verified the previously reported equilibrium ordered h
Ag2Al phase7 and found a new equilibrium hcp AgAl phase
The AgAl ground state is predicted to be degenerate du
zero-energy domain boundaries, and is expected to be
evant to precipitation.

We also compared hcp- and fcc-based solid-solution m
ing energies and explained the experimentally observed c
position range of the hcpg precipitates.6 The calculated mix-
ing energies are found to be highly asymmetric vers
composition, indicating an incipient tendency to precipita
This is in agreement with the asymmetry of the experim
tally measured enthalpy in the liquid phase.13
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