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Magnon exchange mechanism of ferromagnetic superconductivity
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The magnon exchange mechanism of ferromagnetic superconductivity~FM superconductivity! was devel-
oped to explain in a natural way the fact that the superconductivity in UGe2 , ZrZn2, and URhGe is confined
to the ferromagnetic phase. The order parameter is a spin antiparallel component of a spin-1 triplet with zero
spin projection. The transverse spin fluctuations are pair forming and the longitudinal ones are pair breaking.
In the present paper, a superconducting solution, based on the magnon exchange mechanism, is obtained which
closely matches the experiments with ZrZn2 and URhGe. The onset of superconductivity leads to the appear-
ance of complicated Fermi surfaces in the spin-up and spin-down momentum distribution functions. Each of
them consist of two pieces, but they are simple connected and can be made very small by varying the
microscopic parameters. As a result, it is obtained that the specific heat depends on the temperature linearly, at
low temperature, and the coefficientg5C/T is smaller in the superconducting phase than in the ferromagnetic
one. The absence of a quantum transition from ferromagnetism to ferromagnetic superconductivity in a weak
ferromagnets ZrZn2 and URhGe is explained accounting for the contribution of magnon self-interaction to the
spin fluctuations’ parameters. It is shown that in the presence of an external magnetic field the system under-
goes a first-order quantum phase transition.

DOI: 10.1103/PhysRevB.67.054416 PACS number~s!: 74.20.Mn, 75.10.Lp, 75.50.Cc
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I. INTRODUCTION

Very recently ferromagnetic superconductivity~FM super-
conductivity! has been observed in UGe2,1 ZrZn2,2 and
URhGe.3 The superconductivity is confined to the ferroma
netic phase. Ferromagnetism and superconductivity are
lieved to arise due to the same band electrons. The pe
tence of ferromagnetic order within the superconduct
phase has been ascertained by neutron scattering.
specific-heat anomaly associated with the superconduc
transition in these materials appears to be absent.

At ambient pressure UGe2 is an itinerant ferromagnet be
low the Curie temperatureTC552 K, with low-temperature
ordered moment ofms51.4mB /U. With increasing pressure
the system passes through two successive quantum p
transitions, from ferromagnetism to FM superconductivity
P;10 kbar, and at higher pressurePc;16 kbar to
paramagnetism.1,4At the pressure where the superconduct
transition temperature is a maximumTsc50.8 K, the ferro-
magnetic state is still stable withTc532 K, and the system
undergoes a first-order metamagnetic transition between
ferromagnetic phases with different ordered moments.5 The
specific-heat coefficientg5C/T increases steeply near 1
kbar and retains a large and nearly constant value.6

The ferromagnets ZrZn2 and URhGe are superconductin
at ambient pressure with superconducting critical tempe
tures Tsc50.29 K andTsc50.25 K, respectively. ZrZn2 is
ferromagnetic below the Curie temperatureTC528.5 K with
low-temperature ordered moment ofms50.17mB per for-
mula unit, while for URhGeTc59.5 K and ms50.42mB .
The low Curie temperatures and small ordered moments
dicate that compounds are close to a ferromagnetic quan
critical point. A large jump in the specific heat, at the te
perature where the resistivity becomes zero, is observe
URhGe. At low temperature the specific-heat coefficientg is
0163-1829/2003/67~5!/054416~8!/$20.00 67 0544
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twice smaller than in the ferromagnetic phase materials
The most popular theory of FM superconductivity

based on the paramagnon exchange mechanism.7,8 The order
parameters are spin parallel components of the spin trip
The superconductivity in ZrZn2 was predicted, but the theor
meets many difficulties. In order to explain the absence
superconductivity in paramagnetic phase it was accoun
for the magnon paramagnon interaction and proved that
critical temperature is much higher in the ferromagne
phase than in the paramagnetic one.9 To the same purpose
the Ginzburg-Landau mean-field theory was modified w
an exchange-type interaction between the magnetic mom
of triplet-state Cooper pairs and the ferromagnetic magn
zation density.10

The Fay and Appel~FA! theory predicts that spin-up an
spin-down fermions form Cooper pairs, and hence the s
cific heat decreases exponentially at low temperature.
phenomenological theories11 circumvent the problem assum
ing that only majority spin fermions form pairs, and hen
the minority spin fermions contribute the asymptotic of t
specific heat. The coefficientg5C/T is twice smaller in the
superconducting phase, which closely matches the exp
ments with URhGe,3 but does not resemble the experimen
results for UGe2 and ZrZn2. The assumption seems to b
doubtful for systems with very small ordered moment.

The superconducting critical temperature in~FA! theory
increases when the magnetization decreases and very clo
the quantum critical point falls down rapidly. It has recen
been the subject of controversial debate. It is obtained in R
12, by means of a more complete Eliashberg treatment,
the transition temperature is nonzero at the critical point.
Ref. 13, however, the authors have shown that the reduc
of quasiparticle coherence and lifetime due to spin fluct
tions is the pair breaking process which leads to a ra
©2003 The American Physical Society16-1
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reduction of the superconducting critical temperature n
the quantum critical point.

Recent studies of polycrystalline samples of UGe2 show
that the T2P phase diagram is very similar to those
single-crystal specimens of UGe2.14 These findings sugges
that the superconductivity in UGe2 is relatively insensitive to
the presence of impurities and defects which excludes
spin parallel pairing.

Despite the efforts, the improved theory of paramagn
induced superconductivity cannot cover the whole variety
properties of FM superconductivity. Magnon exchan
mechanism of superconductivity has been proposed15 to ex-
plain in a natural way the fact that the superconductivity
UGe2, ZrZn2, and URhGe is confined to the ferromagne
phase. The order parameter is a spin antiparallel compo
↑↓1↓↑ of a spin-1 triplet (↑↑,↑↓1↓↑,↓↓) with zero spin
projection. The transverse spin fluctuations are pair form
and the longitudinal ones are pair breaking. The competi
between magnons and paramagnons explains the existen
the two successive quantum phase transitions in UGe2.

An itinerant system is considered in which the spin-1
2 fer-

mions responsible for the ferromagnetism are the same
siparticles which form the Cooper pairs. Hence one has
consider the equation for the gap as well as the equation
the magnetization. Then the system of equations for the
and for the magnetization determines the phase where
superconductivity and the ferromagnetism coexist.

In the present paper, a superconducting solution, base
the magnon exchange mechanism, is obtained which clo
matches the experiments with ZrZn2 and URhGe. The pro-
posed superconducting solution differs from the superc
ducting solution discussed in Ref. 15 in two ways. First,
quantum phase transition from ferromagnetism to FM sup
conductivity is smooth second-order phase transition, wh
resembles the experimental results for UGe2. In the present
paper, the system passes trough a first-order quantum p
transition. Second, to form a Cooper pair an electron tra
fers from one Fermi surface to the other. As a result,
onset of superconductivity in Ref. 15 leads to the appeara
of two Fermi surfaces in each of the spin-up and spin-do
momentum distribution functions. The existence of the t
Fermi surfaces explains the linear dependence of the spe
heat at low temperatures as opposed to the exponentia
crease of the specific heat in the BCS theory. In the fe
magnetic phase the specific-heat constantg is smaller than in
the superconducting one, which closely matches the exp
ments with UGe2.6 The onset of superconductivity, in th
preset paper, leads to the appearance of complicated F
surfaces in the spin-up and spin-down momentum distri
tion functions. Each of them consist of two pieces, but th
are simple connected and can be made very small by var
the microscopic parameters. As a result,g5C/T can be
made smaller in the FM-superconducting phase in agreem
with URhGe experiments.3

The existence of two Fermi surfaces in each of
spin-up and spin-down momentum distribution functions i
generic property of a FM superconductivity with spin an
parallel pairing. An important example is the coexistence
ferromagnetism and s superconductivity induced by
05441
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phonons.16 The spin fluctuations are pair breaking if the o
der parameter is spin singlet,17 and superconductivity and
ferromagnetism coexist if the spin fluctuations are we
while the magnon-induced superconductivity coexists w
ferromagnetism close to the quantum critical point where
spin fluctuations are very strong. The present paper and
16 describe different physical realities which lead to coex
ence of ferromagnetism and superconductivity.

The paper is organized as follows. In Sec. II an effect
Hamiltonian is obtained. In Sec. III, the magnon-induced
perconductivity is discussed. The superconducting solu
known from Ref. 15 is reported to complete the investig
tion. Section IV is devoted to the concluding remarks.

II. EFFECTIVE HAMILTONIAN

An itinerant system is considered in which the spin-1
2 fer-

mions responsible for the ferromagnetism are the same
siparticles which form the Cooper pairs. The effective int
action of quasiparticlescs(xW )@cs

1(xW )# with spin fluctuations
has the form

Hs2f 5JE d3xc1~xW !
tW

2
c~xW !•MW ~xW !, ~1!

where the transverse spin fluctuations are described by m
nons

M1~xW !1 iM 2~xW !5A2Ma~xW !,

M1~xW !2 iM 2~xW !5A2Ma1~xW !, ~2!

and the longitudinal spin fluctuations by paramagnons

M3~xW !2M5w~xW !. ~3!

M is the zero temperature dimensionless magnetization
the system per lattice site.

The partition function can be written as a path integ
over the complex functions of the Matsubara tim
t, a(t,xW ),a1(t,xW ),w(t,xW ), and Grassmann function
cs(t,xW ),cs

1(t,xW ),18

Z~b!5E Dm~a1,a,w,cs
1 ,cs!e2S. ~4!

The action is a sum of free actionS0 and part which de-
scribes the spin-fermion interactionSint ,

S05E
0

b

dtE d3k

~2p!3
@a1~t,kW !ȧ~t,kW !1v~kW !a1~t,kW !a~t,kW !

1w~t,kW !Dpm
21~t,kW !w~t,2kW !1cs

1~t,kW !ċs~t,kW !

1es~kW !cs
1~t,kW !cs~t,kW !#, ~5!

whereb is the inverse temperature. The magnon’s dispers
is

v~kW !5rkW2, ~6!
6-2
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where the spin stiffness constant is proportional toM (r
5Mr0). The paramagnon propagator in Matsubara rep
sentation is

Dpm~t,kW !5E dv

~2p!

eivt

r 1
uvu

ukW u
1bkW2

. ~7!

The parameterr is the inverse static longitudinal magnet
susceptibility, which measures the deviation from the qu
tum critical point. The constantsJ,r0, andb are phenomeno
logical ones subject to some relations. Finally, the spin
and spin-down fermions have the following dispersion re
tions:

e↑~kW !5
kW2

2m
2m2

JM

2
, e↓~kW !5

kW2

2m
2m1

JM

2
. ~8!

Accounting for Eqs.~2! and ~3! one obtains the following
expression for the interacting part of the action:

Sint5
J

2E0

b

dtE d3x$A2Mc↑
1~t,xW !c↓~t,xW !a~t,xW !

1A2Mc↓
1~t,xW !c↑~t,xW !a1~t,xW !

1@c↑
1~t,xW !c↑~t,xW !2c↓

1~t,xW !c↓~t,xW !#w~t,xW !%. ~9!

The integral Eq.~4! over the Bose fields (a,a1,w) is
Gaussian. Integrating them out, using the formula for
Gaussian integral,18 one obtains a representation for the p
tition function in terms of path integral over the Grassma
fields,

Z~b!5E Dm~c1,c!e2Se f f. ~10!

The effective fermion actionSe f f is a sum of free part and
resulting four-fermion interactionSf 4,

Sf 452
J2

8 E d4x1d4x2@c↑
1~x1!c↑~x1!2c↓

1~x1!c↓~x1!#

3Dpm~x12x2!@c↑
1~x2!c↑~x2!2c↓

1~x2!c↓~x2!#

2
MJ2

2 E d4x1d4x2c↓
1~x1!c↑~x1!

3Dm~x12x2!c↑
1~x2!c↓~x2!, ~11!

wherex5(t,xW ), Dpm is the paramagnon propagator Eq.~7!,
andDm is the magnon Green function,

Dm~x!5E dv

2p

d3k

~2p!3

e2 ivt1 ikWxW

iv1rkW2
. ~12!

For the purpose of doing analytical calculations it is co
venient to approximate the four-fermion interaction with t
static one. To this end I replace the magnon and paramag
propagators Eqs.~12! and ~7! by static potentials
05441
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2MDm~v,kW !→Vm~kW !5
2M

rkW2
,

Dpm~v,kW !→Vpm~kW !5
1

r 1bkW2
. ~13!

The next step is to represent the spin antiparallel comp
ite field c↑c↓ as a sum of symmetric and antisymmetric par
After some algebra one obtains an effective four-ferm
theory which can be written as a sum of four terms. Three
them describe the interaction of the components of spi
composite fields (↑↑,↑↓1↓↑,↓↓) which have a projection
of spin 1, 0, and21, respectively. The fourth term describe
the interaction of the spin singlet composite fields↑↓2↓↑.
The Hamiltonians of interactions are

H↑↑52
J2

8 E )
i

d3ki

~2p!3
@c↑

1~kW1!c↑
1~kW2!

3c↑~kW22kW3!c↑~kW11kW3!#Vpm~kW3!, ~14!

H↓↓52
J2

8 E )
i

d3ki

~2p!3
@c↓

1~kW1!c↓
1~kW2!

3c↓~kW22kW3!c↓~kW11kW3!#Vpm~kW3!, ~15!

Hp52
J2

8 E )
i

d3ki

~2p!3
@c↑

1~kW1!c↓
1~kW2!1c↓

1~kW1!c↑
1~kW2!#

3@c↑~kW22kW3!c↓~kW11kW3!

1c↓~kW22kW3!c↑~kW11kW3!#V2~kW3!, ~16!

Hs5
J2

16E )
i

d3ki

~2p!3
@c↑

1~kW1!c↓
1~kW2!2c↓

1~kW1!c↑
1~kW2!#

3@c↑~kW22kW3!c↓~kW11kW3!2c↓~kW22kW3!c↑~kW1

1kW3!#V1~kW3!, ~17!

where

V2~kW !5
2M

rkW2
2

1

r 1bkW2
, V1~kW !5

2M

rkW2
1

1

r 1bkW2
. ~18!

The spin singlet fields’ interaction Eq.~17! is repulsive
and does not contribute to the superconductivity.17 The spin
parallel fields’ interactions Eqs.~14! and ~15! are due to the
exchange of paramagnons and do not contribute to
magnon-mediated superconductivity. The relevant inter
tion is that of the↑↓1↓↑ fields Eq.~16!. It has an attracting
part due to exchange of magnons and a repulsive part du
exchange of paramagnons.

The effective Hamiltonian of the system is

He f f5H01Hp , ~19!
6-3
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whereH0 is the Hamiltonian of the free spin-up and spi
down fermions with dispersions Eq.~8!.

III. MAGNON-INDUCED SUPERCONDUCTIVITY

By means of the Hubbard-Stratanovich transformat
one introduces↑↓1↓↑ composite field and then the ferm
ons can be integrated out. The obtained free energy is a f
tion of the composite field and the integral over the comp
ite field can be performed approximately by means of
steepest descend method. To this end one sets the firs
rivative of the free energy with respect to composite fie
equal to zero; this is the gap equation. To ensure that
fermions which form Cooper pairs are the same as th
responsible for spontaneous magnetization, one has to
sider the equation for the magnetization as well,

M5
1

2
^c↑

1c↑2c↓
1c↓&. ~20!

The system of equations for the gap and for the magnet
tion determines the phase where the superconductivity
the ferromagnetism coexist.

The system can be written in terms of Bogoliubov ex
tations, which have the following dispersions relations:

E1~kW !52
JM

2
2Ae2~kW !1uD~kW !u2,

E2~kW !5
JM

2
2Ae2~kW !1uD~kW !u2, ~21!

whereD(kW ) is the gap, ande(kW )5kW2/2m2m. At zero tem-
perature the equations take the form

M5
1

2E d3k

~2p!3
$12Q@2E2~kW !#%, ~22!

D~pW !5
J2

8
E d3k

~2p!3

V~p2W kW !Q@2E2~kW !#

Ae2~kW !1uD~kW !u2
D~kW !. ~23!

The gap is an antisymmetric functionD(2kW )52D(kW ),
so that the expansion in terms of spherical harmon
Ylm(VkW) contains only terms with oddl. I assume that the
component withl 51 and m50 is nonzero and the othe
ones are zero,

D~kW !5D10~k!A 3

4p
cosu. ~24!

Expanding the potentialV2(k) in terms of Legendre poly-
nomial Pl one obtains that only the component withl 51
contributes the gap equation. The potentialV1(p,k) has the
form

V1~p,k!5
3M

r F p21k2

4p2k2
lnS p1k

p2kD 2

2
1

pkG
2

3M

r
bF p21k2

4p2k2
ln

r 81~p1k!2

r 81~p2k!2
2

1

pkG , ~25!
05441
n

c-
-
e
de-

e
e
n-

a-
nd

-

s

where 3M /r53/r0 , b5r/2Mb5r0/2b.1 and r 85r /b
!1. A straightforward analysis shows that for a fixedp, the
potential is positive whenk runs an interval aroundp (p
2L,p1L), whereL is approximately independent onp. In
order to allow for an explicit analytic solution, I introduc
further simplifying assumptions by neglecting the depe
dence ofD10(k) on k @D10(k)5D10(pf)5D# and setting
V1(pf ,k) equal to a constantV1 within interval (pf2L,pf
1L) and zero elsewhere. The system of Eqs.~22! and ~23!
is then reduced to the system

M5
1

8p2E0

`

dkk2E
21

1

dt$12Q@2E2~k,t !#%, ~26!

D5
J2V1

32p2
E

pf2L

pf1L

dkk2E
21

1

dtt2
Q@2E2~k,t !#

Ae2~k!1
3

4p
t2D2

D,

~27!

wheret5cosu.

A. Solution which satisfiesA3
p

DËJM

The equation of magnetization~26! shows that it is con-
venient to represent the gap in the formD
5Ap/3k(M )JM, wherek(M ),1. Then the equation

E2~k,t !50 ~28!

defines the Fermi surfaces,

pf
65Apf

26mAJ2M22
3

p
t2D2, pf5A2mm. ~29!

The domain between the Fermi surfaces contributes to
magnetizationM in Eq. ~26!, but it is cut out from the do-
main of integration in the gap equation~27!. When the mag-
netization increases, the domain of integration in the g
equation decreases. Near the quantum critical point the
of the gap is small, and hence the linearized gap equation
be considered. Then it is easy to obtain the critical value
the magnetizationMSC.15

When the magnetization approaches zero, the domain
tween the Fermi surfaces decreases. One can approxi
the equation for magnetization Eq.~26! substitutingpf

6 from
Eq. ~29! in the difference (pf

1)22(pf
2)2 and settingpf

6

5pf elsewhere. Then, in this approximation, the magneti
tion is linear inD, namely

D5Ap/3JkM , ~30!

wherek runs the interval (0,1), and satisfies the equatio

kA12k21arcsink5
8p2

mpfJ
. ~31!
6-4
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Equation~31! has a solution ifmpfJ.16p. SubstitutingM
from Eq. ~30! in Eq. ~27!, one arrives at an equation for th
gap. This equation can be solved in a standard way and
solution is

D5A16p

3

Lpfk

m
expF2

3

2
I ~k!2

24p2

J2V1mpf
G ,

I ~k!5E
21

1

dtt2ln~11A12k2t2!. ~32!

Equations~30!–~32! are the solution of the system Eqs.~26!
and ~27! near the quantum transition to paramagnetism.

One can write the momentum distribution functio
n↑(p,t) andn↓(p,t) of the spin-up and spin-down quasipa
ticles in terms of the distribution functions of the Bogoliubo
fermions,

n↑~p,t !5u2~p,t !n1~p,t !1v2~p,t !n2~p,t !,

n↓~p,t!5u2~p,t !@12n1~p,t !#1v2~p,t !@12n2~p,t !#, ~33!

FIG. 1. The zero-temperature momentum distributionn, for
spin-up fermions, as a function ofq5p/pf and t5cosu.

FIG. 2. The zero-temperature momentum distributionn, for
spin-down fermions, as a function ofq5p/pf and t5cosu.
05441
he

whereu(p,t) andv(p,t) are the coefficients in the Bogoliu
bov transformation. At zero temperaturen1(p,t)51,
n2(p,t)5Q@2E2(p,t)#, and the Fermi surfaces Eq.~29!
manifest themselves both in the spin-up and spin-down m
mentum distribution functions. The functions are depicted
Figs. 1 and 2.

The two Fermi surfaces explain the mechanism of Coo
pairing. In the ferromagnetic phasen↑ andn↓ have different
~majority and minority! Fermi surfaces~see Figs. 3 and 4,t
50 graphs!. The spin-up electrons contribute the majori
Fermi surface, and spin-down electrons contribute the min
ity Fermi surface. When the value of the momentum of t
emitted or absorbed magnon lies within interval (pf2L,pf
1L) the effective potential between spin-up and spin-do
electrons is attracting. Hence if the Fermi momentapf

↑ and
pf

↓ lie within interval (pf2L,pf1L) the interaction be-
tween spin-up electrons, which contribute the majority Fer
surface, and spin-down electrons, which contribute the
nority Fermi surface, is attracting. As a result, spin-up el
trons from majority Fermi surface transfer to the minor
Fermi surface and form spin antiparallel Cooper pairs, wh
spin-down electrons from minority Fermi surface transfer
the majority one and form spin antiparallel Cooper pairs t
As a result, the onset of superconductivity is accompanied
the appearance of a second Fermi surface in each of

FIG. 3. The zero-temperature momentum distributionn, for
spin-up fermions, as a function ofq5p/pf for t50 ~the gap is
zero! and t561 ~the gap is maximal!.

FIG. 4. The zero-temperature momentum distributionn, for
spin-down fermions, as a function ofq5p/pf for t50 ~the gap is
zero! and t561 ~the gap is maximal!.
6-5
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spin-up and spin-down momentum distribution functio
~see Figs. 3 and 4,t51 graphs!.

The existence of the two Fermi surfaces explains the
ear dependence of the specific heat at low temperatures

C

T
5

2p2

3
@N1~0!1N2~0!#. ~34!

HereN6(0) are the density of states on the Fermi surfac
One can rewrite theg5C/T constant in terms of elliptic
integral of the second kindE(a,x),

g5
mpf

3k F ~11s!1/2ES 1

2
arcsink,

2s

s11D
1~12s!1/2ES 1

2
arcsink,

2s

s21D G , ~35!

wheres5JMm/pf
2,1 andk5A3/p(D/JM). Equation~35!

shows that in the ferromagnetic phase (D50) the specific-
heat constantg is smaller than in the superconducting on
which closely matches the experiments with UGe2.

B. Solution which satisfiesA3ÕpDÌJM

In the present subsection one looks for a solution of
system which satisfies

A3

p
D.JM. ~36!

The inequality Eq.~36! shows that the gap cannot be arb
trarily small when the magnetization is finite. Hence the s
tem undergoes the quantum phase transition from ferrom
netism to FM superconductivity with a jump. Approachin
the quantum critical point from the ferromagnetic side, o
sets the gap equal to zero in the equation for the magne
tion ~26! and considers the gap equation~27! with magneti-
zation as a parameter. It is more convenient to consider
free energy as a function of the gap for the different values
the parameterM. To this purpose I introduce the dimensio
less ‘‘gap’’ x and the parameterss,l, andg,

x5A3

p

m

pf
2
D, s5

m

pf
2

JM, l5
L

pf
, g5

J2V1mpf

8p2
.

~37!

Then the free energy is a function ofx and depends on th
parameterss,l, andg,

F~x!5
6m2

ppf
4 @F~x!2F~0!#

5x21gE
12l

11l

dqq2E
21

1

dt@~s2A~q221!21t2x2!

3Q~A~q221!21t2x22s!2~s2A~q221!2!

3Q~A~q221!22s!#. ~38!

The dimensionless free energyF(x) is depicted in Fig. 5 for
05441
-

s.

,

e

-
g-

e
a-

he
f

l50.08,g520, and three values of the parameters, s
50.8,s50.69, andscr50.595. As the graph shows, for som
values of the microscopic parametersl andg, and decreas-
ing the parameters ~the magnetization!, the system passe
trough a first-order quantum phase transition. The criti
valuesscr and xcr satisfy xcr /scr5A3/p(Dcr /JMcr).1 in
agreement with Eq.~36!.

Varying the microscopic parameters beyond the criti
values, one has to solve the system of Eqs.~26! and ~27!.
One represents again the gap in the form

D5Ap

3
k~M !JM, ~39!

but now k(M ).1. Then the equationE2(k,t)50, which
defines the Fermi surface, has no solution if21,t,
21/k(M ) and 1/k(M ),t,1, and has two solutions,

pf
65Apf

26mAJ2M22
3

p
t2D2, ~40!

when21/k(M ),t,1/k(M ).
The solutions~40! determine the two pieces of the Ferm

surface. They stick together att561/k(M ), so that the
Fermi surface is simple connected. The domain betw
pieces contributes to the magnetizationM in Eq. ~26!, but it
is cut out from the domain of integration in the gap equat
~27!. The Fermi surface manifests itself both in the spin-
and spin-down momentum distribution functions. The fun
tions are depicted in Figs. 6 and 7.

When the magnetization approaches zero, one can
proximate the equation for magnetization Eq.~26! substitut-
ing pf

6 from Eq. ~40! in the difference (pf
1)22(pf

2)2 and
settingpf

65pf elsewhere. Then, in this approximation, th
magnetization is linear inD, namely

D5Ap/3JkM , ~41!

where k5mpfJ/16p is the small magnetization limit o
k(M ). Equation~41! is a solution ifmpfJ.16p @see Eq.
~36!#. SubstitutingM from Eq.~41! in Eq. ~27!, one arrives at

FIG. 5. The dimensionless free energyF(x) as a function of
dimensionless gapx. l50.08,g520, s150.8 ~upper line!, s2

50.69 ~middle line!, andscr50.595~lower line!.
6-6
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an equation for the gap. This equation can be solved
standard way and the solution is

D5A16p

3

pfL

m
expF2

24p2

mpfJ
2V1

2
p

4k3
1

1

3G . ~42!

Equations~41! and ~42! are the solution of the system ne
the quantum transition to paramagnetism. The second de
tive of the free energy Eq.~38! with respect to the gap is
positive when mpfJ/16p.(21p/16)1/3, hence the state
where the superconductivity and the ferromagnetism coe
is stable.

The existence of the Fermi surface explains the lin
dependence of the specific heat at low temperature:

C

T
5

2p2

3
N~0!. ~43!

HereN(0) is the density of states on the Fermi surface. O
can rewrite theg5C/T constant in terms of elliptic integra
of the second kindE(a,x),

FIG. 6. The zero-temperature momentum distributionn, for
spin-up fermions, as a function ofq5p/pf and t5cosu.

FIG. 7. The zero-temperature momentum distributionn, for
spin-down fermions, as a function ofq5p/pf and t5cosu.
05441
a

a-

st

r

e

g5
mpf

3k~M ! F ~11s!1/2ES p

4
,

2s

s11D
1~12s!1/2ES p

4
,

2s

s21D G , ~44!

wheres,1 @see Eq.~37!#.
Equation ~44! shows that fork(M ) just above one the

specific-heat constantg is smaller in ferromagnetic phase
while for k(M )@1 it is smaller in FM-superconducting
phase. The result closely matches the experiments w
ZrZn2 and URhGe, respectively.

The solutions Eqs.~30! and~41! show that magnetization
and superconductivity disappear simultaneously. It res
from the equation of magnetization, which in turn is added
ensure that the fermions which form Cooper pairs are
same as those responsible for spontaneous magnetiza
Hence the fundamental assumption that superconduct
and ferromagnetism are caused by the same electrons
to the experimentally observable fact that the quantum ph
transition is a transition to paramagnetic phase without
perconductivity.

An important experimental fact is that ZrZn2 and URhGe
are superconductors at ambient pressure as opposed t
existence of a quantum phase transition in UGe2. To com-
prehend this difference one considers the potential~25!. The
quantum phase transition results from the existence of a
mentum cutoffL, above which the potential is repulsive. I
turn, the cutoff existence follows from the relationb
5r/2Mb.1, which is true when the spin-wave approxim
tion expression for the spin stiffness constantr5Mr0 is
used. The spin-wave approximation correctly describes s
tems with a large magnetization, for example UGe2. But in
order to study systems with small magnetization, one ha
account for the magnon-magnon interaction which chan
the small magnetization asymptotic ofr, r5M11ar0,
wherea.0. Then for a smallM b,1, and the potential is
attractive for all momenta. Hence for systems which, at a
bient pressure, are close to quantum critical point, as Zr2
and URhGe, the magnon self-interaction renormalizes
spin-fluctuations parameters so that the magnons domi
the pair formation and quantum phase transition cannot
observed. But if one applies an external magnetic field,
magnon opens a gap proportional to the magnetic field.
creasing the magnetic field the paramagnon domination le
to first-order quantum phase transition.

IV. CONCLUSIONS

The proposed model of ferromagnetic superconductiv
differs from the models discussed in Refs. 7–10 in ma
aspects. First, the superconductivity is due to the exchang
magnons, and the model describes in an unified way
superconductivity in UGe2, ZrZn2 and URhGe. Second, th
paramagnons have pair breaking effect. So, the underst
ing of the mechanism of paramagnon suppression is cru
in the search for the ferromagnetic superconductivity w
higher critical temperature. For example, one can build s
a bilayer compound that the spins in the two layers are
6-7



ag
e
o
e
ir

en
he
e
o
w
ra

.
ti
in

x-
ich
f
fore
ra-
e

le

im
G

u-

et

th

R

v.

n-

v.

s

NAOUM KARCHEV PHYSICAL REVIEW B 67, 054416 ~2003!
ented in two noncollinear directions, and the net ferrom
netic moment is nonzero. The paramagnon in this phas
totally suppressed and the low-lying excitations consist
magnons and additional spin-wave modes with linear disp
sione(k);k.19 If the new spin waves are pair breaking, the
effect is weaker than those of the paramagnons, and h
the superconducting critical temperature should be hig
Third, the order parameter is a spin antiparallel compon
of a spin triplet with zero spin projection. The existence
two Fermi surfaces in each of the spin-up and spin-do
momentum distribution functions leads to a linear tempe
ture dependence of the specific heat at low temperature

The proposed model of magnon-induced superconduc
ity does not contain the relativistic effects, namely sp
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