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Vacancy concentration in Al from combined first-principles and model potential calculations
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We present a comprehensive study of vacancy formation enthalpies and entropies in aluminum. The calcu-
lations are done in the framework of the local-density and generalized-gradient approximations in the density-
functional formalism. To assess anharmonic contributions to the formation free energies, we use an interatomic
potential with parameters determined from density-functional-theory calculations. We find that the binding
energy for the nearest-neighbor divacancy is negative, i.e., it is energetically unstable. The entropy contribu-
tions slightly stabilize the divacancy but also the binding free energy at the melting temperature is found to be
negative. We show that the anharmonic atomic vibrations explain the non-Arrhenius temperature dependence
of the vacancy concentration in contrast to the commonly accepted interpretation of the experimental data in
terms of the monovacancy-divacancy model.
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I. INTRODUCTION

Vacancies are the simplest lattice defects and play an
portant role for various properties of materials, such as
netic, thermodynamic, electrical, optical, and mechan
properties.1 One example is mass transport in close-pac
structures, where diffusion by vacancies is the most imp
tant mechanism.2 Many of the material properties depen
directly on the concentration of vacancies.

There are a number of methods for measurements of
concentration of vacancies in metals.1,3At high temperatures
accurate values of the absolute vacancy concentratio
equilibrium can be obtained by differential dilatometry.4–6

For intermediate temperatures, vacancies in equilibrium
be probed by positron annihilation techniques.7 By combin-
ing these two methods,4,5 the vacancy concentration has b
come detectable over a large temperature range, about 5
for Al, corresponding to concentrations varying by more th
three orders of magnitude. Another technique, rapid quen
ing from high temperatures and subsequent investiga
of the residual electrical resistance, has also been u
extensively.8

For many metals, the vacancy concentration shows a
vature when the logarithm of the concentration is plot
against the inverse temperature, i.e., an Arrhenius plot. T
curvature is seen in the high-temperature end, when the
is covering an extended temperature range. Similar beha
is obtained for the temperature dependence of self-diffus
The commonly accepted interpretation of the curvature is
terms of the monovacancy-divacancy model9,10 and several
experimental studies have been performed to extract
binding energy for the divacancy.8,11–15However, it has been
proposed that temperature-dependent monovacancy ene
could equally well explain the curvature of the Arrheni
0163-1829/2003/67~5!/054101~9!/$20.00 67 0541
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plot16 and that this effect should be considered for f
metals.17

Calculations independent of experimental data, i.e., fi
principles calculations, can play an important role in impro
ing the understanding of physical phenomena. We have u
this approach to calculate key thermodynamic properties
vacancies and divacancies in Al. The density-functio
theory18,19 ~DFT! is widely used together with the nonem
pirical local-density~LDA ! and generalized-gradient~GGA!
approximations for the exchange-correlation energy. T
theory provides detailed information and can give a be
insight on defect-related materials properties. Previously,
cancies in aluminum have been studied using
pseudopotential20–27 method, the full-potential linearized
augmented plane-wave,28 LMTO ~linear muffin-tin orbital!,29

and KKR ~Korringa-Kohn-Rostoker!30,31 methods, and the
full-charge density32 technique.

Mainly static properties of monovacancies have been
culated with the DFT/LDA. Anab initio calculation of vi-
brational properties for the monovacancy can be found
Ref. 23. Calculations of divacancy properties are rare26,27

and only a few studies employing the GGA have be
reported.27,30,31

The purpose of the present work is to study divacancie
Al at finite temperatures usingab initio based calculationa
methods. We use the DFT together withab initio based ato-
mistic model potentials. In a previous paper,27 we presented
some computational results for vacancies in Al. Here, we
information on the entropy of formation for both monov
cancies and divacancies as well as on the temperature de
dences arising from anharmonicity. We analyze the screen
of the monovacancy and the binding properties of the di
cancy in more detail. We determine from first principles t
Gibbs free energy of formation for the monovacancies a
divacancies and the vacancy concentration as a functio
©2003 The American Physical Society01-1
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temperature. Also, we analyze in detail the relative contri
tions from the enthalpy and entropy of binding to the div
cancy concentration.

In Sec. II, we give the appropriate thermodynamic expr
sions for the defect parameters. The computational meth
ology is presented in Sec. III and the results for the energ
formation, divacancy binding energy, entropy of formatio
and anharmonic contributions are all presented in Sec. IV
Sec. V, the obtained theoretical results are compared
available experimental data and finally, in Sec. VI, we su
marize our conclusions.

II. THERMODYNAMICS OF DEFECT PARAMETERS

In thermal equilibrium, the vacancy concentrationcV is
obtained by minimizing the Gibbs free energy for the defe
containing crystal.33 In the dilute solution approximation, th
total vacancy concentration can be written as a sum of
contribution from monovacancies and divacancies accord
to

cV5c1V12c2V5e2G1V
F /kBT12g2Ve2G2V

F /kBT

5c1V12g2Vc1V
2 eG2V

B /kBT, ~1!

where g2V56 for nearest-neighbor divacancies in the f
lattice. The Gibbs free energy of formation can be deco
posed into the the enthalpy and entropy of formation,

GXV
F ~T,P!5HXV

F ~T,P!2TSXV
F ~T,P!. ~2!

The notationGXV
F is used forG1V

F andG2V
F , and correspond-

ingly for the other thermodynamic quantities. We will restr
our analysis to constant pressure (P50) and the dependenc
on P will be dropped throughout the paper. The enthalpy
then equal to the energy, since at atmospheric pressure
PV term is negligible,H@PV.

In the harmonic approximation, at sufficiently high tem
peratures where quantum effects in the atomic vibratio
motion can be neglected, the enthalpy and entropy of for
tion are given by

HXV
F ~T!5HXV

F ~T50! ~3!

and

SXV
F ~T!5kB(

i
ln~v i

0/v i
XV!, ~4!

wherev i
XV andv i

0 denote the harmonic frequencies for t
crystal with and without vacancies, respectively. The entro
of formation is therefore positive if, on the average, the f
quencies are lowered when creating a vacancy. Notice th
the harmonic approximation, both the enthalpy and entr
of formation are temperature independent. We denote th
quantitiesH1V

F , H2V
F , S1V

F , andS2V
F .

With increasing temperature the vibrational motion b
comes anharmonic. This may introduce a temperature de
dence for the enthalpy of formation

HXV
F ~T![ f XV~T!HXV

F . ~5!
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According to the thermodynamic relation (]H/]T)P
5T(]S/]T)P the entropy of formation is given by

SXV
F ~T!5SXV

F 1HXV
F ETdT1

T1
f XV8 ~T1!. ~6!

In addition to the vibrational part there is also an ele
tronic contribution to the entropy of formation.34 However,
this contribution is very small34 and will be neglected in the
present paper.

III. COMPUTATIONAL METHODOLOGY

Different objectives require different approaches a
methods. We have therefore performed both the fi
principles DFT18,19 calculations and the interatomic mod
potential ~MP! simulations. The DFT is used to calcula
energies and forces for systems of limited size. For la
simulations, we resort to the MP.

In the DFT calculations the exchange-correlation ene
is treated using two different approximations, the LDA a
the GGA by Perdewet al.35 We denote results from thes
two sets of calculations DFT/LDA and DFT/GGA, respe
tively.

The plane-wave, pseudopotential method, as impleme
in the DACAPO36 and VASP37 codes, is used. The formatio
energies are calculated withDACAPO, and the force constant
for the evaluation of the vibrational entropy are calculat
with VASP. The calculated formation energies differ 3% f
the monovacancy and 6% for the divacancy, at most,
tween the two codes. Different pseudopotentials38,39are used
for respective exchange-correlation approximation. The p
odic supercells40 consist of 32–125 lattice sites. The report
numbers are for the 80 lattice-sites cell. The cutoff energy
the plane waves is taken to beEcutoff5130 eV and the Bril-
louin zone is sampled according to the Monkhorst-Pa
method41 with 43434 k points for the supercell with 80
lattice sites. To improve thek point convergence, the Ferm
discontinuity is smoothed using the Gillan scheme20 with the
effective electronic temperature 0.2 eV.

In the MP simulations, we use the interatomic model p
tential for Al developed by Ercolessi and Adams~EA!.42 The
model potential is of the pair-functional form, i.e., it consis
of a pair potential in combination with an embedding fun
tional that includes a part of the many-body interaction.
particular, the energy dependence on the coordination n
berC is roughly proportional toAC,43 making pair function-
als much more realistic in modeling metals than pair pot
tials, which have a linear dependence on coordination.

The parameters in the EA potential are optimized by co
paring the results with an extensive set of geometries, e
monovacancy and high-temperature geometries, from
first-principles DFT calculations within the LDA.42 There is
no experimental information included in the fitting datas
the potential, thus, being constructed independently of
perimental data. We denote results using the Ercole
Adams model potential, the MP/EA. The molecula
dynamics simulations using the EA model potential are do
for systems with 500 lattice sites. Constant temperature
1-2
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~zero! pressure conditions are achieved using the Hoover
Parrinello-Rahman algorithms.44 A typical simulation covers
about 20–40 ns.

IV. THEORETICAL RESULTS

A. Energy of formation

A vacancy introduces two effects: a region with low ele
tron density and relaxation of the atomic positions. T
former effect dominates the vacancy formation energy, wh
relaxation contributes with a minor, but not negligible, part45

The energy of formation in a supercell geometry is

HXV
F 5E~N2X,VX!2

N2X

N
E~N,V!, ~7!

whereX is the number of vacancies andE(N,V) the total
energy forN atoms at volumeV. In the defect calculations
we allow for both atom and volume relaxation. This corr
sponds to the boundary condition of constant pressureP
50). One can also perform the calculations at constant
ume. The results from both methods converge to the cor
defect energy, when the size of the supercell is increase46

The periodic cell must be large enough to make the inte
tion between defects negligible. A straightforward conv
gence test usingN532, 64, 108, and 125 shows that th
energy of formation is converged to 0.01 eV forN580.47

Resulting formation energies are given in Table I. T
GGA values are lower than the energies in the LDA for bo
monovacancies and divacancies. The differences are sig
cant compared to other energies, showing that the choic
exchange-correlation functional is important in the calcu
tion. The difference is the same for the unrelaxed and rela
cases, implying that the effect has electronic origin and
independent of the structural relaxation.

The local reduction of the electron density is substan
in the vacancy.27 It is reduced from its bulk valuen̄
50.18 Å23, becoming close to zero, 0.02 Å23, at the va-
cancy center. This rapid and large decrease of the elec
density is very similar to the behavior at a surface,27 suggest-
ing that we can regard the vacancy as an internal surface
the generic electron surface, the jellium surface, it is kno
that the LDA and the GGA both underestimate the magnit
of the surface energy, with GGA showing the large
discrepancy.48 The difference between the LDA and the GG
in describing the exchange-correlation energy for the jelli

TABLE I. The enthalpy of formation for the monovacanc
(H1V

F ) and the divacancy (H2V
F ), and the binding energy (H2V

B

[2H1V
F 2H2V

F ) for the divacancy from the DFT calculations wit
the LDA and the GGA, and from the EA model potential.

H1V
F ~eV! H2V

F ~eV! H2V
B ~eV!

Unrelax Relax Unrelax Relax Unrelax Rela

LDA 0.78 0.70 1.62 1.48 -0.07 -0.07
GGA 0.63 0.55 1.33 1.19 -0.07 -0.08
EA 0.69 1.38 0.01
Expt., Ref. 53 0.6760.03 0.2560.05
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surface is consistent with the differences in Table I. Based
the error in the jellium surface energy one can formulat
correction to the vacancy formation energy,27,45 which is of
the order of 0.15 eV~0.06 eV! for GGA ~LDA !.27

A comparison with previously reported results for th
monovacancy formation energy show that, for LDA, pseud
potential calculations24–26 give a formation energy of 0.66
eV, while full-potential calculations30–32 give an energy in
the range from 0.62 eV to 0.73 eV. Previously reported
sults for the GGA are scarce and range from 0.53 eV to 0
eV.30,31For both the LDA and the GGA our results are with
the range of previously reported results.

The EA model potential is fitted to forces and energies
the LDA. Therefore, the agreement in energy in Table I b
tween the EA and the LDA is expected. In particular, vario
geometries including the monovacancy are included in
fitting process,42 resulting in the close agreement for th
monovacancy formation energy. Geometries including di
cancies arenot included in the fitting process. The divacanc
formation energy is, thus, an assessment of how transfer
the MP is. With the EA value forH2V

F being 7% lower than
that of the LDA, we conclude that the EA potential describ
the divacancy quite well, in terms of the formation energ

B. Divacancy binding energy

Using the results for the formation energies, we can a
lyze the binding properties of the divacancy. The divacan
binding energy is defined as

H2V
B [2H1V

F 2H2V
F , ~8!

whereH1V
F is the monovacancy andH2V

F the divacancy for-
mation energy. If the binding energy is positive, it is ene
getically favorable to form a divacancy from two monov
cancies.

From a simple bond model the divacancy binding ene
is 1/6 of the monovacancy formation energy due to the f
that fewer bonds are broken when forming the divacan
compared with two monovacancies.49 Taking into account
that, in a metal, the energy per bond decreases with incr
ing coordination number, the divacancy binding ener
should be somewhat less than 1/6 of the monovacancy
mation energy. This is also what is found for Cu, Ni, Ag, a
Pd.49,50

Here, we find a negative binding energy, both using
LDA and the GGA~see Table I!. The energy needed to re
move an atom, that is, a nearest neighbor to a monovaca
is larger than the energy needed to remove a bulk atom. T
is somewhat surprising since there are fewer bonds to b
in the former case. However, it is compatible with the DF
LDA results for the variation of the energy dependence
the coordination number for various Al structures found
Ref. 43. The result is more or less the same for both
DFT/LDA and the DFT/GGA, which is consistent with ou
conjecture that the error in the formation energy is prop
tional to the internal surface area. Also, the result is indep
dent of relaxation of the atomic positions.

To gain more insight, we have investigated the effect
the electron density from the vacancy formation. In Fig.
1-3



en
le
n
th
e
r
le
he
ly
-

xed
y a

re

nter
on.
the

ent

es

,

n-
en-
ider-
Å
d

s
ei-
in-
e
e
the
is

e
ter
he

en-
too

xe

b

s
n

1.
ig.
ig.
us.
cy

KARIN M. CARLING et al. PHYSICAL REVIEW B 67, 054101 ~2003!
we show the induced increase of the electron density wh
single monovacancy has been formed. The difference in e
tron density between the perfect bulk and the monovaca
systems is more or less negligible for the regions beyond
first shell. The vacancy is efficiently screened, as has b
found previously.21,29 Each atom in the first shell has fou
in-shell nearest neighbors. The increase in the induced e
tron density is concentrated to the regions between in-s
nearest neighbors, the ‘‘triangles’’ in Fig. 2. This is clear
seen in Figs. 1~c! and 1~d!, where the induced electron den

FIG. 1. The charge-density difference between the unrela
vacancy and bulk~left!, and relaxed vacancy and bulk~right!. In all
figures the cut is parallel to the@111# plane. In~a! and~b! the cut is
through the vacancy~vacancy plane!, and the line indicates the
direction of the density plot in Fig. 3. In~c! and ~d! the cut is the
plane half-way between the atom planes~half-way plane!. Solid
lines show charge-density increase contours. The difference
tween two consecutive contour-lines is 0.002 eV/Å3. Dashed line
show the20.002 eV/Å3 contour.

FIG. 2. The geometry of the atoms being nearest neighbor
the vacancy~first-shell atoms, nine of twelve atoms are show!.
Each atom has four in-shell nearest neighbors. These atoms
geometrically connected though triangles~four of eight of these
triangles are shown, in gray!.
05410
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sity is shown in a plane half-way between the@111# planes.
The increase is present for both the unrelaxed and rela
systems. However, it is larger for the relaxed system, b
factor of 3. A similar effect was found for the Al~110!
surface.51 We also show the total densities in Fig. 3. They a
shown along the line indicated in Figs. 1~a! and 1~b!. The
inward shift in the charge density towards the vacancy ce
for the relaxed system is mainly due to the atomic relaxati
The atoms in the first shell are displaced 0.05 Å towards
vacancy center.

We have also investigated the changes in the differ
components of the force-constant matrixf i , j

a,b[mDi , j
a,b ,

where the dynamical matrixDi , j
a,b is defined in Eq.~9! andm

is the mass of the Al atoms. In bulk Al, all three eigenvalu
of the diagonal elements of the force-constant matrixf i ,i

a,b

are equal to 4.42 eV/Å2. When the monovacancy is formed
the diagonal elements become 4.96 eV/Å2, 4.74 eV/Å2, and
3.42 eV/Å2 for the atoms in the first shell. The lowest eige
value corresponds to the direction towards the vacancy c
ter. For atoms in the second shell, the changes are cons
ably smaller and the eigenvalues are equal to 4.50 eV/2,
4.49 eV/Å2, and 4.33 eV/Å2. In addition, we have analyze
the matrix elementsf i , j

a,b that couple nearest-neighbor atom
i and j in the first shell around the vacancy. The largest
genvalue, corresponding to the coupling along the line jo
ing the two atoms, is increased from its bulk valu
1.15 eV/Å2 to 1.45 eV/Å2, i.e., an increase by 25%. Thes
results show that many-body effects are present and
bonding is modified substantially when the vacancy
formed.

It is interesting to compare the DFT/LDA values with th
result using the interatomic model potential. In the lat
case, the binding energy is found to be slightly positive. T
model potential gives a good account of the formation
ergy of the monovacancy but the divacancy energy is

d

e-

to

are

FIG. 3. The total densities along the lines shown in Fig.
Dashed line with circles: density for the unrelaxed vacancy, F
1~a!. Solid line with diamonds: density for the relaxed vacancy, F
1~c!. Dotted line: bulk density outside pseudopotential cutoff radi
The density is equal to the bulk density 2.6 Å from the vacan
center.
1-4
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small. This is not surprising. Configurations with monov
cancies were included in the fitting procedure and the dif
ence in energy for the divacancy is within the accuracy t
is expected for pair-functional models for Al.43 It demon-
strates the difficulty in modeling the details of the inte
atomic interaction, in particular, if the coordination is chan
ing and the electron density is redistributed.

C. Entropy of formation

The entropy of formation is obtained in the harmonic a
proximation by evaluating the dynamical matrix

Di , j
a,b5

1

m

]2E

]ui
a]uj

b
, ~9!

for both perfect and defect containing systems.E is the total
energy of the system, andui

a and uj
b the displacements o

atomsi and j in directionsa andb from their relaxed equi-
librium positions.

The calculations are performed for a supercell with
boundary condition of constant pressure (P50). The dy-
namical matrix is determined by displacing the ato
60.05 Å in all three different directions. The distance 0.
Å is sufficient to get accuracy in evaluating the derivativ
numerically and small enough to be in the harmonic regi

The dynamical matrix is diagonalized and the eigenf
quenciesv i are determined. The entropy is then evalua
from the expression

SXV
F 52kBF (

i 51

3(N212X)

lnv i
XV2

N212X

N21 (
i 51

3(N21)

lnv i
0G ,

~10!

where we have taken into account that three eigenvalue
the dynamical matrix are zero due to the translational inv
ance of the system.

The DFT calculations of the dynamical matrix for a re
sonably large system are very demanding, and we have
stead performed MP calculations for system sizes of sev
hundred atoms. We find a system size of 500 lattice point
be sufficient to get well-converged values. For the mono
cancies and divacancies, we getS1V

F 51.31kB and S2V
F

51.97kB , respectively.
To assess the accuracy of the entropy calculations,

have also performed the DFT calculations for two differe
smaller systems. These two systems give an upper~‘‘ u’’ ! and
lower~‘‘ l ’’ ! limit, respectively, for the entropy of formation

In the first case, we have considered an embedded-clu
calculation.34,46 Only the atoms in the first shell around th
vacancy are considered as dynamic, and only their vibrat
are taken into account in the calculation of the entropy. T
corresponds to 13, 12, and 18 dynamic atoms for the per
bulk, monovacancy and divacancy calculations, respectiv
The size of the supercell is in all cases 80 atoms. We de
this case with an ‘‘u. ’’ The corresponding entropy is large
compared with the correct value. In the limit of relative
05410
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small embedded clusters, or relatively large supercells,
entropy converges to the defect core entropy, which is lar
than the correct value.46

In the second case, we consider the same embedded
ter geometry. However, we do not include all elements in
dynamical matrix, only the diagonal termsDi ,i

a,b . This corre-
sponds to the Einstein approximation, or the local harmo
approximation. It gives a lower value compared with t
correct value.46 We denote it with an ‘‘l . ’’

We have also performed the MP calculations for the sa
two simplified systems~but with a supercell of 500 lattice
points!. In Table II, we give our results. Indeed, we find fro
the MP calculations that the two simplified models give
lower and an upper bound for the correct entropy of form
tion. We can therefore get a better approximation from
DFT calculations by taking a weighted average of the DF
and DFT-u numbers. We obtain the valuesS1V

F 50.9kB ,
S2V

F 52.1kB , andS1V
F 50.8kB , S2V

F 51.8kB , for the LDA and
the GGA, respectively. In the same table, we also give
binding entropies52

S2V
B [2S1V

F 2S2V
F . ~11!

The difference in the entropy of formation between t
LDA and the GGA is small, both for the monovacancies a
divacancies. We expect the weighted averaged values t
rather good approximations for the true DFT numbers. T
binding entropies are slightly negative, which implies th
the divacancy is stabilized by the entropy contribution. Ho
ever, the effect is small. At 500 K the addition is only 0.0
eV to the divacancy binding free energy, considerably l
than the~negative! enthalpy contribution.

The EA number for the monovacancy deviates from
DFT numbers, despite the fact that the EA model has b
fitted to the DFT/LDA values. The difference becomes a
parent for the binding entropy. Again, it illustrates the lim
tation of a pair-functional model potential to capture the d
tails of the interatomic interaction close to a vacancy in A

TABLE II. The entropy of formation for the monovacanc
(S1V

F ) and the divacancy (S2V
F ), together with the result for the

binding entropyS2V
B [2S1V

F 2S2V
F . Results from two different smal

systems are indicated by ‘‘2 l ’’ and ‘‘ 2u, ’’ and they give lower~l!
and upper~u! limits for the entropy of formation. The EA result i
for a large system while the LDA and GGA results are based on
result for the two smaller systems. For more details see Sec. IV

Method S1V
F (kB) S2V

F (kB) S2V
B (kB)

EA-l 1.19 1.34 1.04
EA-u 1.44 2.45 0.43
LDA-l 0.76 1.66 -0.13
LDA-u 1.03 2.45 -0.39
GGA-l 0.65 1.40 -0.10
GGA-u 0.94 2.18 -0.31
EA 1.31 1.97 0.64
LDA 0.9 2.1 -0.3
GGA 0.8 1.8 -0.2
Expt., Ref. 53 0.7
1-5
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D. Anharmonic contributions

When the temperature is increased, anharmonic contr
tions to the lattice vibrations become important. One par
this effect can be described by the quasiharmonic appr
mation but at high temperatures, close to the melting te
perature, the explicit anharmonicity due to the increased
brational amplitudes has to be taken into account. A la
number of configurations contribute and the DFT calcu
tions become very expensive. We have therefore used
simulations to determine the anharmonic effect. Note t
high-temperature geometries are included in the fitting p
cess of the EA potential, ensuring that the anharmonic
havior is a part of this potential.

The temperature dependence in Eq.~5! can be obtained by
comparing the energy of the perfect bulk system with tha
a defect containing system as a function of temperature.
have performed molecular-dynamics simulations at cons
temperature and constant~zero! pressure. At each tempera
ture the production part of the simulation run covers of
order of 20–40 ns, but up to 80 ns trajectories were used
all cases, we use a system with 500 lattice points.

For the monovacancy calculations, we remove one at
The system is allowed to evolve in time and the mono
cancy samples different configurations. It can also diffuse
is possible that new defects are formed in the simulati
such as an interstitial-vacancy pair. We have monitored
atomic positions and no such events have been detected

In the divacancy case, we remove two nearest-neigh
atoms. Different configurations are sampled and only th
that can be characterized as a nearest-neighbor divacanc
included. The divacancy may diffuse. After the diffusiv
event it can still be a nearest-neighbor divacancy but it
also split into two monovacancies~a second nearest-neighb
divacancy!. To avoid the latter event, we have monitor
continuously the reaction coordinatesj i5@Ri21/4( j 51

4 Rj #
•ei , whereRi denotes the position of the atom in questi
andRj the four atoms that constitute the ‘‘bottle neck’’ of th
jump into the vacant site. The vectorei is a unit vector in the
direction Ri . When anyj i exceeded zero, it was reflecte
back by applying a harmonic restoring force. The barrier
divacancy splitting was calculated to be 0.675 eV for the
potential, i.e., slightly higher than the vacancy migrati
barrier.47 Taking for the prefactor the value for vacancy m
gration, one finds that, atT5900 K, ‘‘attempts to split’’ will
occur with an average interval of 20 ps, In the actual sim
lation an interval of 10 ps was found. Since the procedure
reflecting unwanted jumps takes about 20 fs, the effect on
calculated value ofH2V

F (T) is negligible.
In Fig. 4, we present our results for the temperature

pendences of enthalpy of formation for the monovacanc
and divacancies. We have fitted the result to a polynom
The entropy of formation can then be obtained according
Eq. ~6! and the Gibbs free energy from Eq.~2!. Using the
LDA ~GGA! numbers H1V

F 50.70(0.55) eV, H2V
F

51.48(1.19) eV andS1V
F 50.9(0.8)kB , S2V

F 52.1(1.8)kB ,
we get the data in Table III at the melting temperatureTm
5933 K.
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We find that the binding free energy for the divacancy
equal toG2V

B (Tm)520.13(20.13) eV for LDA~GGA!. The
anharmonicity makes the divacancy even more unstable.
glecting the anharmonic contribution, we getG2V

B 520.06
(20.07) eV at the melting temperature.

V. COMPARISON WITH EXPERIMENTAL DATA

Monovacancies have been studied extensively in the
and an excellent compilation of experimental data can
found in Landolt-Bo¨rnstein.53 Our calculated DFT/LDA
value is consistent with the experimental results (H1V

F

50.6760.03 eV, see Table I!, while the DFT/GGA value is
too low. As already stated, a likely reason for the low DF
GGA numbers is the inability of the GGA to treat the~jel-
lium! surface accurately. The low DFT/GGA numbers for t
energy of formation are reported for other elements for b
full-potential31 and pseudopotential45 calculations. We argue
that both the DFT/GGA and the DFT/LDA numbers shou
be corrected, but the correction is smaller for t
DFT/LDA.27

The recommended53 experimental number for the entrop
of formation is S1V

F 50.7kB . Our calculated DFT number
are surprisingly close to the experimental value~see Table

FIG. 4. The temperature dependence of the monovacancy
divacancy enthalpy of formation. The molecular-dynamics simu
tion results forf (T), see Sec. II, are the circles~monovacancy! and
the diamonds~divacancy!. The lines show the polynomial fit that i
used when calculating the vacancy concentration with anharmo
ity included.

TABLE III. The enthalpy, entropy, and Gibbs free energy
formation at the melting temperatureTm5933 K. The temperature
dependence has been determined from the EA model potentia

H1V
F S1V

F H2V
F S2V

F G1V
F G2V

F

~eV! (kB) ~eV! (kB) ~eV! ~eV!

LDA 0.78 1.6 1.74 3.8 0.65 1.43
GGA 0.61 1.3 1.40 3.1 0.51 1.15
1-6
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II !. Both the DFT/LDA and the DFT/GGA numbers agre
with experiments within experimental uncertainties.

For the divacancy, the binding energy from calculations
inconsistent with the experimental number, if th
monovacancy-divacancy model is used in analyzing the
periments. We find a repulsive binding energy, in mark
contrast to the commonly accepted experimental result o
attractive binding energy~Table I!. The calculated value o
the divacancy binding entropy gives a positive contribut
to the free energy, but considerably smaller when compa
with the magnitude of the divacancy binding energy.

The monovacancy-divacancy interpretation of experim
tal data assumes temperature-independent formation en
pies. If we relax this assumption we find that our calcula
temperature dependence for the formation enthalpies can
plain the curvature at the high-temperature end of the exp
mental data. This is illustrated in Fig. 5. In that figure, w
compare our results with the experimental results from R
5. We have then used the DFT/LDA numbers from Tabl
and Table II, but adjusted the value forH1V

F to fit the experi-
mental data. The temperature dependence is taken from
data in Fig. 4. The calculated result agrees equally well w
experimental data, with or without including the contributio
from divacancies.

Finally, we make a comparison, in Fig. 6, without maki
any adjustments of the calculated results. The DFT numb
are taken from Table I and Table II and the temperature
pendence is evaluated from the data given in Fig. 4. We h
included both monovacancy and divacancy data in the ev
ation of the vacancy concentration, even though the d
cancy contribution is four orders of magnitude smaller th

FIG. 5. The vacancy concentrationcV(T) as function of the
inverse temperature (Tm5933 K). The experimental positron ann
hilation ~open circles! and differential dilatometry~filled circles!
data are taken from Ref. 5. The dashed line shows the result
temperature-independent enthalpies of formation. The DFT/L
numbers are used but the value forH1V

F is adjusted toH1V
F

50.66 eV to fit the experimental data. The solid line shows
result with temperature-dependent enthalpies of formation and
H1V

F 50.66 eV. The calculated temperature dependence of the
mation enthalpies explains the curvature at the high temperatu
05410
s
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the monovacancy contribution at the melting point. The c
culated results agree with experiments within a factor of 3
the melting temperature.

VI. CONCLUSIONS

The Gibbs free energy of formation of monovacanc
and divacancies in Al has been determined as a function
temperature by combining the DFT calculations with ato
istic simulations. The DFT calculations are performed bo
using the LDA and the GGA by Perdewet al.35 The inter-
atomic potential, used in the atomistic simulations, has b
determined by fitting to first-principles DFT data42 making
our modeling independent of experimental results. A deta
comparison with available measurements5 of the absolute va-
cancy concentration is performed.

We find that the largest uncertainty in the free energy
formation comes from the approximation of the exchan
correlation functional in the DFT. The LDA and the GGA b
Perdewet al.35 give results that differ by about 25% for th
enthalpy of formation at low temperatures. We argue that
due to the surface effects that are not treated properly. Ba
on the error in the jellium surface energy, we expect both
LDA and, in particular, the GGA number for the vacan
formation energy to be too low. Improved approximatio
for the exchange-correlation functional are required in ac
rate calculations of the vacancy formation energies in met

The binding energy for the divacancy is found to be ne
tive, i.e., it is energetically favorable to form two monov
cancies from a divacancy. This is in contrast to what h
been found from the DFT calculations for Cu, Ni, Ag, an
Pd,49,50 but compatible with the DFT/LDA results43 for the
variation of the energy dependence on the coordination n

ith
A

e
th
r-
.

FIG. 6. The vacancy concentrationcV(T) as function of the
inverse temperature (Tm5933 K). The experimental positron ann
hilation ~open circles! and differential dilatometry~filled circles!
data are taken from Ref. 5. The solid and dashed lines show
result from the DFT/LDA and the DFT/GGA, respectively, witho
making any adjustments of the calculated results. The deviat
from the experimental data are caused by the LDA overestima
and GGA underestimating the value forH1V

F ~cf. Fig. 5!.
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ber for various Al structures. The result is more or less eq
for both the DFT/LDA and the DFT/GGA, which is consis
tent with our conjecture that the error in the formation ene
is proportional to the internal surface area.

The harmonic contribution to the entropy of formation
found to agree with experimental data, and both the LDA a
the GGA give very similar results. It gives a small positi
contribution to the binding free energy of the divacancy a
makes it slightly less unstable.

Furthermore, we show that our calculated temperature
pendence for the formation energies is sufficient to exp
the curvature at the high-temperature end of the experime
data. Divacancies are not required in order to understand
experimental result for Al. The predictability of the atomist
simulations is not as high as that of the direct DFT calcu
tions, but the conclusion, that the temperature depende
has to be included in a detailed analysis of experimental d
is well founded. The anharmonicity is shown to give a ne
tive contribution to the binding free energy and makes
divacancy somewhat more unstable.

In conclusion, we have found that the nearest-neigh
ic
h-

el

,
ieh

e
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divacancy binding energy in Al is negative~repulsive inter-
action!, and we show that the temperature dependence of
enthalpy of formation, caused by anharmonicity of the latt
vibrations, explains the curvature at the high-temperat
end of the experimental data for Al. This is in contrast
recent analysis of experimental data,8,15 where temperature
independent formation energies are assumed and a pos
binding energy~attractive interaction! for the divacancy is
deduced.
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