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Velocity-dependent interactions and sum rule in bcc He

Nir Gov
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~Received 19 December 2002; published 12 February 2003!

Recent neutron scattering experiments@T. Markovich, E. Polturak, J. Bossy, and E. Farhi, Phys. Rev. Lett.
88, 195301~2002!# on solid 4He, discovered opticlike mode in the bcc phase. This excitation was predicted by
a recently proposed model that describes the correlated atomic zero-point motion in bcc Helium in terms of
dynamic electric dipole moments. Modulations of the relative phase of these dipoles between different atoms
describes the anomalously softT1~110! phonon and two new opticlike modes, one of which was recently found
in the neutron scattering experiments. In this work we show that the correlated dipolar interactions can be
written asvelocity-dependent interactions. This formulation then results in a modified sum rule for theT1~110!
phonon, in good agreement with recent~unpublished! data. This is a striking example ofvelocity-dependent
interactionsappearing on a microscopic level in a simple condensed-matter system.
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The phonons in a quantum solid, such as solid He, sh
various quantum effects arising from the unusually la
zero-point motion of the atoms. The strong quantum press
in solid He lowers the density and introduces large anh
monic terms in the interatomic potential. In bcc He the p
tential even has a double-well feature.1,2 Describing the pho-
non spectra of this highly anharmonic quantum solid in
consistent manner has therefore presented a theoretical
lenge over the years.

The quantum effects appear in the first moment of
dynamic structure factorS(v,k), as measured by neutro
scattering.3 The Debye-Waller factord(k) is unusually small
due to the large spread in the atomic positions. In addit
there have been measurements3 of apparent oscillations o
the Debye-Waller factor as a function of the scattering wa
vector k. These oscillations seemed to be confined to so
modes, while absent in the transverseT1~110! mode. The
explanation of these unusual oscillations was given in te
of interference effects between the single-phonon and m
tiphonon excitations, whereby intensity is transferred
tween them.1 The mixing of the phonon modes is attribute
to the anharmonicity of the interatomic potential. From sy
metry considerations these types of calculations predict
the oscillatory contribution tod(k) vanishes both at the Bril
louin zone center and boundary~zb!.

Recently there has been a neutron scattering experim4

in solid 4He. The main surprise in this experiment was t
discovery of a gapped excitation branch in bcc4He. This
excitation was found at the energy predicted by our rece
proposed model of the dynamic effects of the zero-point m
tion on the phonon spectra.2,5 Usually a bcc lattice is no
expected to support opticlike phonons, so the measurem
of this new excitation branch provides support for the ba
idea of the model, namely, the introduction of an additio
degree of freedom in bcc He. Within the model, this deg
of freedom is the relative phase of a correlated part of
zero-point motion between the atoms. On its own, thou
the recent observation of the new excitation mode4 does not
give direct evidence for the microscopic nature of the ad
tional degree of freedom in bcc He.
0163-1829/2003/67~5!/052301~4!/$20.00 67 0523
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The latest experiment has also provided data which sh
apparent oscillations of the Debye-Waller for the transve
T1~110! mode.6 This new~unpublished! data6 is analyzed in
this paper, in terms of our model. In particular, we rewr
the dipolar interactions that arise in our model from a cor
lated zero-point motion, in terms of avelocity-dependent in-
teraction. Such an interaction leads to a sum rule7 for the
T1~110! phonon. The fundamental significance of the da
presented here, and its analysis within the context of a n
class of interactions~namely, velocity-dependent interac
tions!, is that it provides a more direct experimental eviden
for the dynamic nature of the extra degree of freedom of
bcc He.

Before proceeding let us make a comment concerning
appearance of velocity-dependent interactions in phys
While there are various theoretical studies of veloci
dependent interactions in different fields of physics,8 there
are not many clear experimental examples of such syste9

It is therefore interesting to find a system where such unus
interactions appear and have a measurable effect, as we
scribe here. Since Helium is a simple and clean conden
matter system, the appearance of velocity-dependent inte
tions on a microscopic level could be of fundamen
significance.

One particular example for velocity-dependent intera
tions is superfluid 4He.10 In the superfluid a velocity-
dependent interaction is introduced into the energy den
functional in order to take into account short-range atom
motion correlations. These are termed ‘‘backflow’’ and intr
duce a nonlocal velocity-dependent term to the potential
ergy. The result is a modifiedf-sum rule for the phonon-roton
dispersion in bulk superfluid4He @Eq. ~44! in Ref. 10#. All
this is very similar to our results, only that we do not intr
duce any unknown fitting parameters, as is done for the
perfluid case.

In previous papers2,5 we have presented a model to d
scribe some of the correlations in the atomic zero-point m
tion in bcc Helium. The main point is that there is an anh
monic, low-energy mode of atomic motion along the ma
axes of the bcc lattice, which is not described by the h
monic approximation. In bcc He this mode has energyE0
©2003 The American Physical Society01-1
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BRIEF REPORTS PHYSICAL REVIEW B67, 052301 ~2003!
;3210 K,2 and is the only free parameter in our mod
which we take from empirical data. Additionally, the lo
mass of the He atom allows relatively large breaking of
Born-Oppenheimer approximation, which results in motio
induced electric dipoles, due to relative displacement of
nuclei with respect to the electronic cloud.2,11 When these
dipoles are uncorrelated they introduce a negligible addi
to the usual Van-der Waals interaction. By contrast, co
lated and highly directional atomic motion results in dipo
interactions between these dipoles, which is of the orde
the energy of the local atomic motionE0. There can there-
fore arise a state of quantum resonance between these
acting electric dipoles and the atomic motion. A reson
state between the atomic motion and electric dipolar inte
tions lowers the ground-state energy of the system. In
ground state of the bcc phase we found2 that the dipolar
interaction is minimized when the dipoles have the ph
relation shown in Fig. 1.

The dipolar interactions between the motion-correlated
poles is2

Edip5(
iÞ0

m0•m iF3~m̂• r̂ i0!221

ur i0u3 G , ~1!

where the electric dipole moment in bcc He turns out to b2:
m.e30.01 Å, andr i05r02r i and the indexi runs over all
atoms. The resonance condition means thatE0 is the fre-
quency of both the oscillating dipoles and the atomic moti
i.e., Edip[2E0/2 (.23 K in bcc 4He). Note that the di-
pole moments are dynamic, and the expectation value of
dipole moment of the crystal and of each atom is zero,
required by time-reversal symmetry. It is the matrix elem
of correlated dipoleŝm0m i&, which is nonzero, and appea
in Eq. ~1!.

The modulations of the relative phases of the dipoles
different atoms coincide with only one-phonon mode, due
the lower symmetry of the dipolar ground-state compa
with the bcc lattice~Fig. 1!.2 This mode turns out to be th
anomalously softT1~110! phonon, which agrees very we
with the experimental data.2 In addition our model predicts

FIG. 1. The two degenerate ‘‘antiferroelectric’’ dipole arrang
ments in the ground state of the bcc phase. The system is in q
tum resonance between these two configurations with reson
frequencyv05E0 /\. The arrows show the instantaneous directi
of the dipoles along one of the major axes. Similar dipolar arr
exist along the orthogonal major axes.
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two new modes which are gapped~optic-like!.2,5 One of
these modes was recently observed in neutron scatte
experiments.4 Since the dipolar degree of freedom involv
atomic motion, it couples to the atomic density operator
flipping of a dipole with respect to the ground-state config
ration ~Fig. 1! results in a dynamic density fluctuation.
flipping of two adjacent dipoles forms the localized excit
tion of energy 2E0

2 recently found by neutron scattering4

Our model therefore gives a good description of some effe
of the anharmonic potential in bcc He, as they are manifes
in the excitation spectrum.

Since the dipolar interactions arise from correlated atom
motion, they can be naturally written as a velocity-depend
potential. Such a term will modify the Nozieres-Pinesf-sum
rule, which results from a Hamiltonian, where the mome
tum operator appears only in the kinetic-energy term7 ~i.e.,
no velocity-dependent interactions!. In this paper we calcu-
late the f-sum rule for theT1~110! phonon, which we de-
scribe as a phase modulation of the correlated dipolar arr2

The dipolar interaction matrix elementX(k) in the pres-
ence of a phase modulation@i.e., aT1~110! phonon#, is the
Fourier transform of Eq.~1!2

X~k!5(
iÞ0

m0•m iF3~m̂• r̂ i0!221

ur i0u3
Gexp@2p ik•r i0# ~2!

shown in Fig. 2.
By analogy with an oscillating electromagnetic field inte

acting with an atom,12 we can write the electric dipole mo
ment in term of a local momentum operator

m̃5eX̃→ P̃•
e

mv0
, ~3!

wherev05E0 /\ is the resonance frequency of atomic a
dipolar vibration, and thẽ symbol is used for operators.

n-
ce

s

FIG. 2. The dipolar interaction matrix elementX(k) @Eq. ~2!# in
the bcc phase of4He, along the~110! direction.
1-2
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The space representation of the dipolar interaction ene
~1! between the zero-point dipoles in the ground state
now be written in terms of the local momentum operator

X5 (
i , j ,iÞ j

m̃ j•m̃ iF3~m̂• r̂ i j !
221

ur i j u3
G

5S e

mv0
D 2

(
i , j ,iÞ j

F3~m̂• r̂ i j !
221

ur i j u3
G P̃i P̃j , ~4!

where r i j 5r j2r i . Note that similar to the treatment10 of
superfluid 4He, we find a nonlocal kinetic term.

The contribution of an interactionX ~4! to the f-sum rule
is found by performing the usual double commutator w
the density operator7 ~in k-space!

^@@rk ,Xk#,r2k#&5
\2k2

m

e2

mv0
2 (

i , j ,iÞ j
P̂j•P̂iF3~m̂• r̂ i j !

221

ur i j u3
G

3exp@2p ik•r i j #5N
\2k2

m

uX~k!u
E0

, ~5!

whererk5( ie
2 ik•r i is the standard density operator andP̂ is

a unit vector of the local momentum, so that we keep track
the phase relation between the correlated motion of diffe
atoms. Commutator~5! is performed at equal times.13 When
calculating the summation in Eq.~5! we have to specify the
phase relation between the dipoles on different sites. If th
is no correlation between the dipoles, the interactionX(k) is
zero, and the correlation function of the atomic displa
ments described by these dipoles, i.e.,S(v,k), is equally
zero. In the bcc phase we have the dipoles correlated in
ground state as shown in Fig. 1, with resulting nonzero
polar interactions~Fig. 2!. The momentum operators in Eq
~4! replace the usual kinetic-energy term for the part of
atomic motion which is described by the dipolar degree
freedom.

Using this double commutator~5! in the usual definition
of the dynamic structure-factorS(v,k),7,14 we get that the
sum rule for theT1~110! phonon is

M15E
0

`

dvvS~v,k!5N
\2k2

2m S 2uX~k!u
E0

Dd~k!2, ~6!

where just as for usual phonons, the single-phonon contr
tion to thef-sum rule is modified by the Debye-Waller fact
d(k)5exp(2^u2&k2) ~ACB sum rule!,1,15 with ^u2& being the
isotropic zero-point spread of the atomic wave function.
assumed here that the dynamic structure-factorS(v,k), i.e.,
the correlations in atomic displacements, for theT1~110!
phonon are completely described by the dipolar degree
freedom alone. This is justified by the excellent agreem
between our calculation of theT1~110! spectrum and the
experimental data.2

The sum rule we find for theT1~110! phonon, Eq.~6!, is
essentially the usualf-sum rule multiplied by the function
2uX(k)u/E0. We find that atk→0, we recover the usua
f-sum rule, sinceuX(k→0)u→E0/2. While the usualf-sum
rule follows from particle conservation, the number of e
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cited dipoles out of the correlated ground state is not stric
conserved. In particular, when the functionX(k) goes to zero
at the Brillouin zb, the commutator~5! vanishes. The vanish
ing of M1(k) can be understood as a vanishing of both
restoring force of the dipolar interactions and therefore
dipole-induced correlations between the atomic motion
different sites. Exciting a dipole does not affect the others
this particular momentum, and the neutron cannot tran
any energy to this degree of freedom. Note thatM1
<N\2k2/2m since 2uX(k)u<E0, so that the energy con
straint that specifies that the maximum energy transferred
the neutron to the atom is given by the recoil energy,
satisfied.

Before comparing to the experimental data we note tha
the experiments the neutron scattering is usually done in
second or higher Brillouin zone, so the periodic behavior
X(k) ~Fig. 2! has to be taken into account. The experimen
setup is described elsewhere,4,3 and both sets of data are fo
bcc 4He. Our calculation is equally applicable for bcc3He,11

for which there is at present no neutron scattering data.
The calculatedM1(k) ~6! is shown in Fig. 3 compared

to the neutron scattering data.6,3 For d(k) we use the value
^u2&50.17 Å2, taken from the measured16 Debye temp-
erature of ;27 K. By plotting the ratio M1(k)/
†@k•e(k)#2d(k)2

‡ we can easily see deviations from th
usual f-sum rule, which gives a constant value@e(k) being
the phonon polarization#.1 The data in Fig. 3 is plotted
against the full scattering momentum of theT1~100! phonon
as measured in the most recent experiments,4,6 so both the
older data3 and the calculation are mapped accordingly.

We find that our calculation is in good agreement with t
experimental data. The calculated oscillation in the intens
is observed, in contrast with the usualf-sum rule result. The
observed periodicity is different from that calculated pre
ously for interference terms,1 which gives a correction tha
vanishes both at the zb and the zone center. Additionally,
multiphonon interference calculation does not predict

FIG. 3. The ratioM1(k)/†@k•e(k)#2d(k)2
‡ given by Eq. ~6!

~dashed line!, compared with the experimental data for theT1~110!
phonon: crosses~Ref. 3! and stars~Ref. 6!. The usual form for a
harmonic phonon is illustrated here by the horizontal dotted lin
1-3
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complete vanishing of the intensity at any momentum, unl
the result of the model presented here. Note that both
model and previous calculations attribute the oscillations
the scattered intensity to anharmonic effects.

The prediction that the intensity should vanish at the B
louin zb is not observed~Fig. 3!, only a marked reduction in
the scattering intensity. This can arise from the finite reso
tion of the experiment4 allowing in stray scattering from
other phonons with similar energy@at the zb theT1~110!
branch meets other phonon branches#. At the zb with the
smaller momentum (k.1.85 Å21) there is higher scattering
intensity then at the higher momentum zb (k.2.85 Å21), as
expected for stray scattering from other phonons. Fut
high-resolution data at the zone boundaries is needed to
solve this question.

In this work we presented a modifiedf-sum rule for the
anomalously softT1~110! phonon mode of bcc He. We fin
an apparently oscillating Debye-Waller factor and a comp
vanishing of the first moment at the Brillioun zone bounda
The f-sum rule we derived is qualitatively different from th
standard response of a harmonic phonon. This unusual r
is due to correlations in the atomic zero-point motion, wh
can be written in terms of avelocity-dependent interaction.
The calculated sum rule is then compared with recent n
tron scattering data, which does show some of the predi
features.
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Combined with the recent observation of a new excitat
mode,4 the sum rule data presented here provides cru
support for the proposed model of correlated zero-point e
tric dipoles in the ground state of bcc He.2,5 The bcc Helium
therefore presents a rich new phase of matter, a cohe
quantum solid.5 Note that even if the electric nature of the
dipoles is not directly observed, this work indicates that
correlated zero-point dynamics of the crystal can be cas
terms of such interacting dipoles. The fact that this dipo
description gives a good agreement with experiments is
important observation for future treatment of the large anh
monicity of solid He.

Further predictions of the model, such as the existenc
Fermi quasi particles,5 remain to be checked by experimen
Similar to the superfluid phases, this solid could serve a
condensed-matter analog for investigating various cos
logical models.8,17
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