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Velocity-dependent interactions and sum rule in bcc He
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Recent neutron scattering experimefits Markovich, E. Polturak, J. Bossy, and E. Farhi, Phys. Rev. Lett.
88, 195301(2002] on solid “He, discovered opticlike mode in the bce phase. This excitation was predicted by
a recently proposed model that describes the correlated atomic zero-point motion in becc Helium in terms of
dynamic electric dipole moments. Modulations of the relative phase of these dipoles between different atoms
describes the anomalously s@f(110 phonon and two new opticlike modes, one of which was recently found
in the neutron scattering experiments. In this work we show that the correlated dipolar interactions can be
written asvelocity-dependent interactionghis formulation then results in a modified sum rule for Th€¢110)
phonon, in good agreement with recénhpublished data. This is a striking example oElocity-dependent
interactionsappearing on a microscopic level in a simple condensed-matter system.
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The phonons in a quantum solid, such as solid He, show The latest experiment has also provided data which shows
various quantum effects arising from the unusually largeapparent oscillations of the Debye-Waller for the transverse
zero-point motion of the atoms. The strong quantum pressur€,; (110 mode® This new(unpublishedl dat& is analyzed in
in solid He lowers the density and introduces large anharthis paper, in terms of our model. In particular, we rewrite
monic terms in the interatomic potential. In bcc He the po-the dipolar interactions that arise in our model from a corre-
tential even has a double-well featdréDescribing the pho- lated zero-point motion, in terms of\eelocity-dependent in-
non spectra of this highly anharmonic quantum solid in ateraction Such an interaction leads to a sum fufer the
consistent manner has therefore presented a theoretical chdl(110 phonon. The fundamental significance of the data
lenge over the years. presented here, and its analysis within the context of a new

The quantum effects appear in the first moment of theclass of interactionsnamely, velocity-dependent interac-
dynamic structure factoS(w,k), as measured by neutron tions), is that it provides a more direct experimental evidence
scattering The Debye-Waller factod(k) is unusually small for the dynamic nature of the extra degree of freedom of the

due to the large spread in the atomic positions. In additiorP<¢ He-

there have been measuremént$ apparent oscillations of Before proceeding let us make a comment conceming the

the Debye-Waller factor as a function of the scattering wavedppearance of velocity-dependent interactions in physics.

o : While there are various theoretical studies of velocity-
vectork. These oscillations seemed to be confined to Som‘aependent interactions in different fields of phydidhere
modes, while absent in the transverBg(110) mode. The  5ro ot many clear experimental examples of such systems.

explanation of these unusual oscillations was given in termg g yherefore interesting to find a system where such unusual

of interference effects between the single-phonon and mulyeractions appear and have a measurable effect, as we de-
tiphonon excitations, whereby intensity is transferred bexgyipe here. Since Helium is a simple and clean condensed-

tween thent. The mixing of the phonon modes is attributed matter system, the appearance of velocity-dependent interac-
to the anharmonicity of the interatomic potential. From sym-tions on a microscopic level could be of fundamental
metry considerations these types of calculations predict thajignificance.
the oscillatory contribution ta(k) vanishes both at the Bril- One particular example for velocity-dependent interac-
louin zone center and bounda(zb). tions is superfluid *He.’® In the superfluid a velocity-
Recently there has been a neutron scattering experffimentiependent interaction is introduced into the energy density
in solid “He. The main surprise in this experiment was thefunctional in order to take into account short-range atomic
discovery of a gapped excitation branch in bde. This  motion correlations. These are termed “backflow” and intro-
excitation was found at the energy predicted by our recentlgluce a nonlocal velocity-dependent term to the potential en-
proposed model of the dynamic effects of the zero-point moergy. The result is a modifieidsum rule for the phonon-roton
tion on the phonon spectf&. Usually a bcc lattice is not dispersion in bulk superfluidHe [Eq. (44) in Ref. 10. Al
expected to support opticlike phonons, so the measuremetttis is very similar to our results, only that we do not intro-
of this new excitation branch provides support for the basicluce any unknown fitting parameters, as is done for the su-
idea of the model, namely, the introduction of an additionalperfluid case.
degree of freedom in bcc He. Within the model, this degree In previous papefs we have presented a model to de-
of freedom is the relative phase of a correlated part of thescribe some of the correlations in the atomic zero-point mo-
zero-point motion between the atoms. On its own, thoughtion in bcc Helium. The main point is that there is an anhar-
the recent observation of the new excitation nfodees not monic, low-energy mode of atomic motion along the major
give direct evidence for the microscopic nature of the addi-axes of the bcc lattice, which is not described by the har-
tional degree of freedom in bcc He. monic approximation. In bcc He this mode has enelfgy
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Zone boundary

FIG. 1. The two degenerate “antiferroelectric” dipole arrange-
ments in the ground state of the bcc phase. The system is in qua
tum resonance between these two configurations with resonancs
frequencywy=E/%. The arrows show the instantaneous direction 4 . . . . L . . . .
of the dipoles along one of the major axes. Similar dipolar arrays 0 02 04 06 08 1 12 14 16 18 2
exist along the orthogonal major axes. Momentum k (A)

Dipolar interaction matrix X(k) (K)

FIG. 2. The dipolar interaction matrix elemexgk) [Eqg. (2)] in

2 . .
~3—-10 K,” and is the only free parameter in our model, e pee phase ofHe, along the(110) direction.

which we take from empirical data. Additionally, the low

mass of the He atom allows relatively large breaking of thetWO new modes which are gappedptic-like).2® One of
Born-Oppenheimer approximation, which results in rnot'on'these modes was recently observed in nelutron scattering

L?L?CL;;ESVE:]G%ZC gé??[fsth3u;;gtrrgrl]?élvcﬁo%:glp\l/?/%ee?Ei[?]teg; theexperimentﬁ.Since the dipolar degree of freedom involves
P ) atomic motion, it couples to the atomic density operator. A

dipoles are uncorrelated they introduce a negligible addition: — . . . i L
to the usual Van-der Waals interaction. By contrast, correl?IIppIng of a dipole with respect to the ground-state configu

lated and highly directional atomic motion results in di olarration (Fig. 1) results in a dynamic density fluctuation. A

interactions gé)eilween these dipoles, which is of the orzer Ogipping of two adjacent dipoles forms the localized excita-
1 H 2 .

the energy of the local atomic motidf,. There can there- ion of energy Eq° recently found by neutron scatteriflg.

: . Our model therefore gives a good description of some effects
fore arise a state of quantum resonance between these |nt%

acting electric dipoles and the atomic motion. A resonan‘rfthe anharmonic potential in bcc He, as they are manifested

state between the atomic motion and electric dipolar interac-' the excitation spectrum.
P Since the dipolar interactions arise from correlated atomic

tions lowers the ground-state energy gf the system. In thﬁwotion, they can be naturally written as a velocity-dependent
.ground_stat.e Of. t_he_ bee phase we fo ftbat the dipolar otential. Such a term will modify the Nozieres-Pirfesum
interaction is minimized when the dipoles have the phas ule. which results from a Hamiitonian. where the momen-

relation ghown' in Fig..l. . _tum operator appears only in the kinetic-energy fefire.,
IThe_§d|polar interactions between the motion-correlated dl-no velocity-dependent interactionsn this paper we calcu-
poles late thef-sum rule for theT,(110 phonon, which we de-
scribe as a phase modulation of the correlated dipolar array.
(1) The dipolar interaction matrix elemeMt(k) in the pres-
ence of a phase modulatigne., aT;(110 phonor, is the

Fourier transform of Eq(1)?
where the electric dipole moment in bcc He turns out th be

u=ex0.01 A, andr;;=r,—r; and the index runs over all
atoms. The resonance condition means tBgtis the fre- X(k)=2 Lo i
guency of both the oscillating dipoles and the atomic motion, 70
i.e., Egip=—Eo/2 (=—3 K in bcc *He). Note that the di-
pole moments are dynamic, and the expectation value of thehown in Fig. 2.
dipole moment of the crystal and of each atom is zero, as By analogy with an oscillating electromagnetic field inter-
required by time-reversal symmetry. It is the matrix elementacting with an atont? we can write the electric dipole mo-
of corr(el;’;lted dipoleguoui), which is nonzero, and appears ment in term of a local momentum operator
in Eq. (D).

The modulations of the relative phases of the dipoles on
different atoms coincide with only one-phonon mode, due to ﬁ:e’j(_ﬁ._,
the lower symmetry of the dipolar ground-state compared Mawg
with the bcc lattice(Fig. 1).? This mode turns out to be the . )
anomalously sofff (110 phonon, which agrees very well Wherewo=Eq/% is the resonance frequency of atomic and
with the experimental dataln addition our model predicts dipolar vibration, and the symbol is used for operators.
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The space representation of the dipolar interaction energy
(1) between the zero-point dipoles in the ground state carg 1+

now be written in terms of the local momentum operators ‘&
35
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wherer;;=r;—r;. Note that similar to the treatméfitof & Y /
H . . . = ’
superfluid*He, we find a nonlocal kinetic term. g— ' J *
Ay //

The contribution of an interactioK (4) to thef-sum rule
is found by performing the usual double commutator with

the density operatdr(in k-spacé
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FIG. 3. The ratioM(k)/[[k-e(k)]2d(k)?] given by Eq.(6)

(Lo Xidip-id) =~ — P 3
Mg 1117 |rij| (dashed ling compared with the experimental data for fhg110)
_ h2k? |X(k)| phonon: crossefRef. 3 and starqRef. 6. The usual form for a
xexg2mik-rj]= NT E, (5) harmonic phonon is illustrated here by the horizontal dotted line.

cited dipoles out of the correlated ground state is not strictly

wherep,=3;e~ " is the standard density operator a@nés _ _
a unit vector of the local momentum, so that we keep track ofonserved. In particular, when the functi¥(k) goes to zero

the phase relation between the correlated motion of differerfit the Brillouin zb, the commutatd§) vanishes. The vanish-
atoms. Commutato(5) is performed at equal timédWhen N9 of M4(k) can be understood as a vanishing of both the
calculating the summation in E¢5) we have to specify the restoring force of the dipolar interactions and therefore the

phase relation between the dipoles on different sites. If therélipole-induced correlations between the atomic motion on
is no correlation between the dipoles, the interachgk) is different sites. Exciting a dipole does not affect the others at
zero, and the correlation function of the atomic displace!nis particular momentum, and the neutron cannot transfer
ments described by these dipoles, i8(w,k), is equally any energy to this degree of freedom. Note thdy

zero. In the bce phase we have the dipoles correlated in thig N ?k’/2m since 2X(K)|<E,, so that the energy con-
ground state as shown in Fig. 1, with resulting nonzero diStraint that specifies that the maximum energy transferred by

polar interactiongFig. 2. The momentum operators in Eq. the neutron to the atom is given by the recoil energy, is
(4) replace the usual kinetic-energy term for the part of thesatisfied. _ . _
Before comparing to the experimental data we note that in

atomic motion which is described by the dipolar degree of ) Tt !
the experiments the neutron scattering is usually done in the

freedom.
Using this double commutatdb) in the usual definition

of the dynamic structure-fact@®(w,k), 4 we get that the
sum rule for theT (110 phonon is

" _Fd . _thkz 2|X(K)]
1= ) dooSlel)=N5 7,

)d(k)z, (6)

where just as for usual phonons, the single-phonon contrib
tion to thef-sum rule is modified by the Debye-Waller factor
d(k) = exp(—(u?)k?) (ACB sum rulg,"*>with (u?) being the

second or higher Brillouin zone, so the periodic behavior of
X(k) (Fig. 2) has to be taken into account. The experimental
setup is described elsewhéréand both sets of data are for
bce “He. Our calculation is equally applicable for béide !
for which there is at present no neutron scattering data.
The calculatedV1(k) (6) is shown in Fig. 3 compared
to the neutron scattering d&td.For d(k) we use the value
Uu?)=0.17 A, taken from the measurtDebye temp-
erature of ~27 K. By plotting the ratio M4(k)/
[[k-e(k)]%d(k)?] we can easily see deviations from the

isotropic zero-point spread of the atomic wave function. Weusualf-sum rule, which gives a constant valpg(k) being

assumed here that the dynamic structure-fastas,k), i.e.,
the correlations in atomic displacements, for thg(110
phonon are completely described by the dipolar degree
freedom alone. This is justified by the excellent agreeme
between our calculation of th&;(110 spectrum and the
experimental data.

The sum rule we find for th& (110 phonon, Eq(6), is
essentially the usudtsum rule multiplied by the function
2|X(K)|/Eo. We find that atk—0, we recover the usual
f-sum rule, sincgdX(k—0)|—Ey/2. While the usuaf-sum

the phonon polarizatigt The data in Fig. 3 is plotted
against the full scattering momentum of thg(100) phonon
ois measured in the most recent experiméftsp both the
nolder datd and the calculation are mapped accordingly.

We find that our calculation is in good agreement with the
experimental data. The calculated oscillation in the intensity
is observed, in contrast with the usdadum rule result. The
observed periodicity is different from that calculated previ-
ously for interference termiswhich gives a correction that
vanishes both at the zb and the zone center. Additionally, the

rule follows from particle conservation, the number of ex- multiphonon interference calculation does not predict the
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complete vanishing of the intensity at any momentum, unlike Combined with the recent observation of a new excitation
the result of the model presented here. Note that both ounode? the sum rule data presented here provides crucial
model and previous calculations attribute the oscillations irsupport for the proposed model of correlated zero-point elec-
the scattered intensity to anharmonic effects. tric dipoles in the ground state of bcc B@The bee Helium
The prediction that the intensity should vanish at the Bril-therefore presents a rich new phase of matter, a coherent
louin zb is not observedFig. 3), only a marked reduction in - quantum solid®. Note that even if the electric nature of these
the scattering intensity. This can arise from the finite resolugipoles is not directly observed, this work indicates that the
tion of the experimeritallowing in stray scattering from correlated zero-point dynamics of the crystal can be cast in
other phonons with similar enerdat the zb theT1(110  (oymg of such interacting dipoles. The fact that this dipolar
branch meets other phononitirandheﬁgt the zb with the  gegcription gives a good agreement with experiments is an
smaller momentumk=1.85 A™%) there is higher scattering  jmportant observation for future treatment of the large anhar-
intensity then at the higher momentum #<2.85 A1), as monicity of solid He.
expected for stray scattering from other phonons. Future pyriher predictions of the model, such as the existence of
high-res_olution Qata at the zone boundaries is needed t0 rgwrm; quasi particledremain to be checked by experiment.
solve this question. Similar to the superfluid phases, this solid could serve as a

In this work we presented a modifigesum rule for the  ;4ndensed-matter analog for investigating various cosmo-
anomalously sofff;(110 phonon mode of bcc He. We find logical model$?

an apparently oscillating Debye-Waller factor and a complete

vanishing of the first moment at the Brillioun zone boundary. | thank Emil Polturak, Tuvy Markovitch, and Emmanuel
Thef-sum rule we derived is qualitatively different from the Farhi for numerous discussions and access to their data. |
standard response of a harmonic phonon. This unusual resultso wish to thank Gordon Baym and Tony Leggett for many
is due to correlations in the atomic zero-point motion, whichuseful discussions and suggestions. This work was supported
can be written in terms of &elocity-dependent interaction by the Louis L. and Anita M. Perlman Postdoctoral founda-
The calculated sum rule is then compared with recent neuion. Support was also provided by NSF Grant No. DMR-99-
tron scattering data, which does show some of the predicte86199 and NSF Grant No. PHY-98-00978 while in the Uni-
features. versity of Illinois at Urbana-Champaign.
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