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Exact study of lattice dynamics of single-walled carbon nanotubes
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Based on the model of lattice dynamics with force-constant matrix, we have calculated phonon spectrum and
then specific heats of single-walled carbon nanotubes. The results show that with a more complicated phonon
spectrum, a single-walled carbon nanotube has analogous good thermal conductivity to the two-dimensional
graphite. However, the ratio of thermal conductivity to phonon relaxation time is inversely proportional to the
diameter of either zigzag or armchair carbon nanotubes.
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I. INTRODUCTION reveal the essential relationship between the unique structure
and the special thermal properties. A problem is that these
Due to the development of micromanufacture technologyexperimental studies only give an ensemble average over the
accompanying by higher yield, lower cost, and better perfordifferent tubes in a mat sample. The measurement results,
mance, the microelectronic devices have been continuouskowever, are difficult to interpret due to possibly deformed
scaled down. The limits to the further miniaturization of mi- hanotubes and pockets of trapped voids in the mat samples.
croelectronics have led to intense research directed towartP find the mechanism of thermal transport comparative to
the development of nanoelectronicAs a one-dimensional the widely different estimations by the experimental mea-
(1D) nanostructure material, single-walled carbon nanotubesurements and numerical simulations, we develop lattice dy-
(SWCN's) have been studied very well to hold extensive namics theory to study thermal properties of SWCN’s. Some
unique properties, such as controllable band structure, higtiiteresting calculations are obtained.
mechanical strength, high thermal and chemical stability, and
excellent heat conductiérf for nanodevices in recent years. IIl. PRINCIPAL THEORY
Various basic components composed of SWCN’s such as di-
odes,® single-electron transistor$ field-effect transistors:
and primitive logic circuit¥ have been demonstrated re-
cently. However, with the decrease in feature size and in- R(M,j)=r(m)+7(j), 1)
crease in power consumption, new challenges are turned up
for device reliability, because thermal properties play criticalwherer(m)=m;a; + my,a,+ msaz (m;,m,,my are integers
roles in controlling the performance and stability of theseis the lattice vectors ofmth unit cell and#(j)=j.a;+],a
devices'® Addressing these reliability issues requires better+jsa; (0<j4,j»,]o<1) is relative displacement in the unit
understanding of energy dissipation and thermal transport igell. The potential® of lattice vibration can be expanded
these nanotube-based device components. with Taylor series using the displacemeritn,j) of the atom
Fortunately, the unique structure of carbon nanotubes anith the properly unit cell as
stronger chemical bonds promise that an unusually high ther-
mal conductivity of SWCN’s would be expected in carbon

For a three-dimensional crystal with primitive vectors
a;, &, ag, an atomic position is located at

nanotubes*'® The strongsp?™? (0<6<1) bond$?® in q>=q)0+r%y D o(m,])uq(m.j) )
SWCN's give rise to high sound velocity in the range of 9—

21x10° m/s? In addition, scattering of phonons by bound- 1

ary and defects is greatly reduced in a SWCN consisting of + 5 mEm pEkB @ ,s(mp,jK)u(m,jug(p,k)+---, (3

only one seamless and atomically perfect graphitic cylinder,

resulting in long phonon mean free paths. Due to the highn which u,(m,j)(a=1,2,3) is the displacement with re-
sound velocity and long phonon mean free paths, the thermaject tox,y,z direction, respectivelyd,, is the static poten-
conductivity of SWCN's is expected to be extremely high. tia] and @ ,(m,j) is the force of the atom at balanceable
Recent experimental measureméfits® and molecular-  |ocation. The so-called force constaht,g(mp,jk), i.e., the
dynamics simulatior§~** have confirmed these predictions. coupling interaction coefficient between atorm,{) and
The thermal conductivity of isolated SWCN's is suggested toytom (p k), is given by?
be as high as 6600 W/mK at room temperature by nonequi-
librium molecular-dynamics simulatiodig Also, a high ther- 2P
mal conductivity of 1750—-5800 W/mK is reported by experi- D ,p(mp,jk) = - : (4)

o . IU,(M,])dug(p,k)
mental measuremenfs*®and the phonon mean free path is
forecasted to be about 0.5-18n.'® Although these One can easily find thab ,z(mp,jk) =P g,(pm,kj) from
studies®~?*have yield a qualitative understanding of the in- Eq. (4). The dynamics equation for the displacement of the
trinsic thermal properties of SWCN's, it is not sufficient to jth atom in the unit cell can be written®tS
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MU, (m,j)= Z%B(mpjk)uﬁ(pk) (5)

whereM; is the mass of th¢th atom anda represents the 251
displacement in direction of,y,z, respectively. The vibra-
tional wave functions of lattice vibration are often taken as

Un(m,j)=M; Y, (j)elet-arml, (6)

Substituting the wave functiof6) into the dynamics equa-
tion (5), one obtains

o(X10™)s”
&
1

.
e

10 4
wzua(j):kZB Faﬁ(jk,q)uﬁ(k)el[q-T(I)_q-f(k)]' (7)
where *]
Fap(ik,0)=(M;My) V22,0, 4(mp, jk)e! @ I (m=r(e)] 0 _
is the dynamical matrix element. From the dynamical equa- r K r
tion, it is easy to obtain the secular equation of dynamics q
equation as

defF(q)— w?1]=0, (8)

where Fa;. o3 p(@)=F 45(jk,q)e'l4 W =a W Solving
the eigenvalue problem described as Ej, we can get the
phonon dispersion relationd®DR). In general, the vibra-
tional density of state§vDOS) can be written as

Q é
g (1) 3 3 2 2 2’
T enil N w(q)l (213 T (0—wg)?+ 5
€)
wheresé is the adjustable width factor of Lorentzian function.
After the PDR and VDOS are determined, the specific

heatC, at temperaturd is given by the formul® " 5 " 20 i a
o(x10'%s”

DOS(arb.units)

Cu(T)= JOW”’“cqw)g(w)dw, (10

2000 +

fw ) 2 exphwlksT) )

C,(w)=k (— ,

al @) =Ka| j 7 [expfiow/kgT)—1]2

where Cy(w) is the thermal capacity of lattice wave with
wave vectorg and angular frequency. kg and# are the

Boltzmann constant and the Planck constant, respectively
And then the lattice thermal conductivity is defined by

1500
<
=2
<
3

1000
3

500

K= 2 T\qC w)\)v)\q, (12

where\ is a set of quantum numbers specifying a phonon 500 1000 1500 2000
state. 7 is the phonon relaxation time, is the magnitude Temperature(K)
of the phonon group velocity along the direction of the

heat flow. FIG. 1. Phonon dispersion relatidi), vibrational density of

states(b), and specific heaic) of 2D graphite sheet.
Ill. RESULTS AND DISCUSSION .
Ref. 23. In Figs. 1(a) and Xb), the PDR and VDOS curves
As a limited case, we calculate the PDR, VDOS, and theeproduce the experimental points obtained by electron
specific heat of the 2D graphite sheet as shown in Fig. 1. Thenergy-loss spectroscopy very w&lf® As expected, the
primitive parameters of force constant can be obtained fronspecific heats per atom of 2D graphite sheet approach the
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30 generated transverse acoustic modes, a longitudinal acoustic

mode and a torsional acoustic mode. Roughly linear PDR
curves for all these four phonon branches are obtained
aroundI” point. Similar to band structure of SWCNS,the
phonon structures split into many subbands because of the
periodic boundary condition on the circumferential wave
vector as demonstrated in Fig. 2. The VDOS (b9, 10 and

] (10, O SWCN's are shown in Figs.(8 and 3b), respec-

10+ tively. One can find that the profile of VDOS curves for
SWCN’s is very similar to that of 2D graphite sheet. How-
5 ever, the VDOS curves for nanotubes is characterized with
some bustling peaks in contrast to a constant and smooth
, , : , , , curve for 2D graphite sheet at low frequencw<(10

0 1 2 3 05 10 15 x 103 s71). Meaningly, the VDOS of SWCN's is propor-

q tional to the energy while a limited constant value for 2D
graphite sheet at very low frequency. The corresponding
VDOS of graphite sheet is greater in magnitudeatO than
that of a SWCN, because a graphite sheet is weak to bend-

. . _ . ing, whereas a tube is markedly stiffer. At higher frequency
universal classical value of k3 in the high-temperature (10X 103 s = w=17.5¢ 103 s 1Y), the VDOS spectra of

limit. However, a lineafT dependence dt,, can be obtained SWCN's extend and split. And it is apparently greater in

at low temperature as shown in Fig(cL It is believed to 5 qnitde than that of 2D graphite sheet. In addition, one
hold in our case, referring to the fact that a cqnsg(rw) al  can find that the VDOS of SWCN’s is different from each
low frequency in a 2D system as shown in Figb)lwould other in Fig. 3. The spectrum of VDOS 6£0, O SWCN is
result in a lineaiT dependence aBy .***' For a flat graphite 0o sharp and narrow than that @0, 10 SWCN. How-

sheet, its hexagonal symmetry leads to a quadratically dissyer the profiles of VDOS of SWCN's and 2D graphite sheet
persed acoustic-phonon brarfsiee Fig. 1a)], corresponding  5a similar to each other although there exist many van Hove
to the out-of-plane vibration mode of the sheet. This branc@ingularities at high frequencyw=17.5x 108 s71).

contributes to a constant term gfw) at low frequency. Figure 4 is connected with the specific he@gs(T) for

After then, we apply the above dynamical theory to vari- 10, 10 and(10, 0 SWCN which are calculated from VDOS
ous types of SWCN’s. The force-constant parameters wer: pectra according to E10). For comparison, the specific

rescaled because of curvature effect of nanotdbessigs. 2 heat of 2D graphite is also shown. At very low temperature,

and 3, W.eh show PDR anthDQS Iflc(ﬂo,l() andf(lho,@ Cy(T) curves of SWCN's show the same character but lie
SWCN with 40 atoms in each unit cell. Because of the modg,q|| pelow the graphite one because the tube has no low-

degeneracies, there are only 66 distinct phonon branches, 8f1ergy out-of-plane vibration modes. From the inset image

which 12 modes are nondegenerate and 54 are doubly degefy Fig. 4@, one finds that the specific hea,(T) of

erate, The numper Of. distin(;t phonon modgs could be obgyycnys increases monotonically with increasinglowly at
tained by analysis of irreducible representation from spacey, temperature. The linearly dependenceTdbr Cy(T) is
group theory? The first four modes of PDR arourd point

o . S consistent with analysis within Debye approximation for
in Fig. 2 are acoustic modes, which include the doubly deq o jimensional model. It may be reasonable that the ther-

mal properties of SWCN show quasi-one-dimensional char-

a acters as the large ratio of length to diameter of SWCN’s.
The specific hea€y/(T) increases dramatically above 30 K
and arrives the universal classical value about 2077kg J/
K) until about 1000 K. But for a 2D graphite she€t,(T)
increases more rapidly dsincreases. Such phenomenon at-
tributes to the PDR(Fig. 2 and the VDOS(Fig. 3 of
SWCN. At very low temperature, all the phonon modes of
b SWCN'’s except for the acoustic phonon are frozen out.
Hence the specific heat increases slowly with increasing tem-
perature. And when the temperature arrives at 30 K, the pho-
non in the first optical subbar{the subband edge is at about
2.7 meV, or 30 K (Ref. 16 is activated. It contributes to
specific heat. Similar results can be obtained from other arm-
5 0 x @ chair nanotubes and zigzag nanotubes. But due to the first
4 optical subband edge different from tube to tube, the turning
points are diverse resulting in crossover@jf(T) curves as

FIG. 3. Vibrational density of states of SWCNg) for (10, 10  shown in Fig. 4a). Although C\(T) curve of (10, 10
SWCN’s and(b) for (10, 0 SWCN’s). SWCN has same uptrend as that(@b, 0 SWCN at low

254

20+

o(x10"%s™)
&
1

FIG. 2. Phonon dispersion relation of SWCN's in direction of
tube axis.(a) For (10, 10 SWCN and(b) for (10,  SWCN's.

VDOS(arb.units)
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FIG. 4. (a) Temperature dependence of specific heats of .
SWCN's and 2D graphite sheetb) Specific heats of r{,n) 8 H 0 12 14 1 18 20 2
SWCN'’s (line with triangle and (,0) SWCN’s (line with quad- A

rangle at 300 K.

. . . FIG. 5. (a) Temperature dependences of the ratio of thermal
temperature, it is greater in magnitude than thati@i, 0 conductivity to phonon relaxation time of(n) SWCN's. (b) The

S,WCN because of the fatter VDOS Gf0, 10 SWCN at ratio of thermal conductivity to phonon relaxation time of, i)
higher temperature. But at abotlit=700 K, we have same SWCN's at 1500 K. The inset pattern shows the ratio of thermal

value of specific heaCy(T) for (10, 10 SWCN, (10, O  ¢onductivity to phonon relaxation time is inverse proportion of the
SWCN, and 2D graphite sheet. More detail calcuIatlonsj,ameter of SWCN's.

show that the specific heats of the same type SWCN’s, i.e.,

zigzag tubes or armchair tubes, have similar character al-

though their diameters are different from each other. Because k= 2 NS E C\,(w)vfq . (13
the thermal properties like specific heat are integrated quan-

tities over a wide frequency range and would be rather |n1n Flgs Ha) and Ga), the temperature dependence of the
sensitive to the local spiky structures in VDOS. As shown in ratio % (per volume for armchair SWCN's and zigzag

Fig. 4(b), the specific heats for zigzag tubes and armchai WCN's are shown, respectively. From the figures, one can

tubes increase as the diameter increase in exponential decl%y that th tude af i lent at low t
way at T=300 K. Fitting the data as functio€,=CY arn that the magnitude af is equivalent at very low tem-

+Ae "0, we get parametersC®=688.71 J/(kg K), A perature. However, the ratio for the same type of SWCN’s
=—70. 21 J(kg K), ro=15.73 A f\(/)r armchair tubes, and decreases as the diameter increase at high temperature. In

C9=685.88 J/(kg K), A= —144.61 J/(kg K),r,=10.39 A  addition, the magnitude ok for zigzag (,0) tubes is

for zigzag tubes. Interestingly, the specific heats of zigzaglightly greater relative to that for armchain,) tubes. The

tubes is smaller than that of armchair tubes all along in splt@:urves in Figs. &) and @b) also illuminate that ratiosc

of their diameters. increase rapidly with increasing temperature at low tempera-
For convenience of calculations, we substitute the ratio ture. But the increasing speeds of the ratio vary from tube to

of the thermal conductivity to phonon relaxation tfhéor ~ tube. At high temperature, the speeds are depressed and the

conductivity « to descibe the thermal properties defined by curves become aclinic. And the ratiowill approach a maxi-
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FIG. 7. The frequency dependence of the square of the phonon
1.2 - B ¥ group velocity of zigzag nanotube along the tubule axis.

square of the group velocity decreases as the diameters of
SWCN’s increase. Consequently, the mean value of the
group velocity is so small that they have no prominent effect
on the heat conduction in SWCN'’s.

As nanodevice often works at room temperature, we pay
our attention to the thermal properties for SWCN'’s at 300 K.

L] As shown in Fig. 8, the ratia at 300 K increases linearly as
" diameters of SCWN'’s decrease. Using linear fitting tech-
ey, niqgue, we can obtairk=A/n with parametersA=3.11
= +0.06 W/Kcmps for armchair tubes andA=3.84
+0.08 W/K cm ps for zigzag tubes. The results indicate that
' ' ' ' ' ' ' the thermal conductivity ofr{,n) SWCN'’s is slightly smaller
than that of 6,0) SWCN's. This prediction is consistent with
results by molecular-dynamics simulaticisSupposing that
FIG. 6. (a) Temperature dependences of the ratio of thermal€ Phonon relaxation time is energy |ndepenb‘bm Eq.
conductivity to phonon relaxation time oh0) SWCN's (a—(f)  (12), we can evaluate the mean free path using the estimated
correspond ta6, 0) SWCN's<(11, O SWCN's, respectively(p) ~ Magnitude of the thermal conductivity. A room-temperature
The ratio of thermal conductivity to phonon relaxation timewfqy ~ thermal conductivity of 1756 6600 W/mK (Refs. 16 and
SWCN’s at 1500 K. The inset pattern shows the ratio of thermall9) implies that phonon mean free path 0.44—1.55um,
conductivity to phonon relaxation time is inverse proportion of thewhich is in agreement with experimental measuremgnt.
diameter of SWCN’s.
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mum at temperature about 750 K although the maximal
value of the ratio is different from tube to tube. The rafios 61 —e&—(n,0) SWCNs °
at 1500 K, corresponding with the maximum, of the armchair 1 ——(n,n) SWCNs
nanotubes and zigzag nanotubes are given in Figs.dhd = 51 o .
6(b). The inset pattern in Figs.(® and &b) shows that the ;— | / /
ratio x of thermal conductivity to phonon relaxation time is NER /e/'
inversely proportional to the diameter of SWCN's. Such phe- = | /°/0
nomena might attribute to the phonon group velocity in @ 3. e/°/‘
SWCN. We show in Fig. 7 the frequency dependency of the % /ei,/’
square of the group velocity along the nanotube axis, definec ] e/eji/‘
by 21 ,e’i:‘/’
] 332‘
1 1 T T T T T T T T T T T T T
<vz(w)>: a 2 Sw— wk)qu(w), (14) 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18
\ 1/n

wherev, 4(w)=dw, /dq, J(x) is delta function and is FIG. 8. The ratio of thermal conductivity to phonon relaxation

volume of a SWCN. From Fig. 7, one can find that thetime of (n,0) SWCN's and f,n) SWCN’s at 300 K.
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IV. CONCLUSIONS velocity of phonon makes a very significant contribution to
Based on the model of lattice dynamics with force- thermal conductivity in SWCN's. In addition, we estimated

constant matrix, we have calculated the PDR, VDOS, and th'([ehe phonon meam free path of 0.44—1/6 for SWCN's at

specific heats of SWCN'’s and estimated their contributiong 0" temperature. More interestingly, the possibility of

; L T uantized thermal conductance at low temperature is sug-
to the lattice thermal conductivity in direction of the tube d .
axis. The results shows that theyspecific heats of SWCN’ges’ted according to our calculated curves of frequency de-
decrease linearly with decreasing the temperature at low tenp_endency of the square of the group velocity.
perature. This implies that thermal properties of SWCN’s is

dominated at all temperatures by phonons rather than by

electrons. Moreover, the temperature-dependence katib
the thermal conductivity to phonon relaxation time decreases This work was supported by National 973 Major Project
as the diameter of SWCN's increases and is inversely proNanomaterials and Nanostructuré@Srant No. 1999-0645-
portional to the diameter of SWCN's at high temperature. We4500 and partly by the Science & Technology Foundation
found that the reduction of the group velocity yields the re-for Younger of Hunan ProvincgNos. 00JJY2002 and
duction in thermal conductivity. This implies that the group 00JZY2138.
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