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Exact study of lattice dynamics of single-walled carbon nanotubes
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Based on the model of lattice dynamics with force-constant matrix, we have calculated phonon spectrum and
then specific heats of single-walled carbon nanotubes. The results show that with a more complicated phonon
spectrum, a single-walled carbon nanotube has analogous good thermal conductivity to the two-dimensional
graphite. However, the ratio of thermal conductivity to phonon relaxation time is inversely proportional to the
diameter of either zigzag or armchair carbon nanotubes.
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I. INTRODUCTION

Due to the development of micromanufacture technolo
accompanying by higher yield, lower cost, and better per
mance, the microelectronic devices have been continuo
scaled down. The limits to the further miniaturization of m
croelectronics have led to intense research directed tow
the development of nanoelectronics.1 As a one-dimensiona
~1D! nanostructure material, single-walled carbon nanotu
~SWCN’s! have been studied very well to hold extensi
unique properties, such as controllable band structure,
mechanical strength, high thermal and chemical stability,
excellent heat conduction2–8 for nanodevices in recent year
Various basic components composed of SWCN’s such as
odes,9 single-electron transistors,10 field-effect transistors,11

and primitive logic circuits12 have been demonstrated r
cently. However, with the decrease in feature size and
crease in power consumption, new challenges are turne
for device reliability, because thermal properties play criti
roles in controlling the performance and stability of the
devices.13 Addressing these reliability issues requires be
understanding of energy dissipation and thermal transpo
these nanotube-based device components.

Fortunately, the unique structure of carbon nanotubes
stronger chemical bonds promise that an unusually high t
mal conductivity of SWCN’s would be expected in carb
nanotubes.14,15 The strong sp21d (0<d<1) bonds7,8 in
SWCN’s give rise to high sound velocity in the range of 9
213103 m/s.4 In addition, scattering of phonons by boun
ary and defects is greatly reduced in a SWCN consisting
only one seamless and atomically perfect graphitic cylind
resulting in long phonon mean free paths. Due to the h
sound velocity and long phonon mean free paths, the ther
conductivity of SWCN’s is expected to be extremely hig
Recent experimental measurements16–18 and molecular-
dynamics simulations19–21 have confirmed these prediction
The thermal conductivity of isolated SWCN’s is suggested
be as high as 6600 W/mK at room temperature by none
librium molecular-dynamics simulations.19 Also, a high ther-
mal conductivity of 1750–5800 W/mK is reported by expe
mental measurements16–18and the phonon mean free path
forecasted to be about 0.5–1.5mm.16 Although these
studies16–21 have yield a qualitative understanding of the i
trinsic thermal properties of SWCN’s, it is not sufficient
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reveal the essential relationship between the unique struc
and the special thermal properties. A problem is that th
experimental studies only give an ensemble average ove
different tubes in a mat sample. The measurement res
however, are difficult to interpret due to possibly deform
nanotubes and pockets of trapped voids in the mat samp
To find the mechanism of thermal transport comparative
the widely different estimations by the experimental me
surements and numerical simulations, we develop lattice
namics theory to study thermal properties of SWCN’s. So
interesting calculations are obtained.

II. PRINCIPAL THEORY

For a three-dimensional crystal with primitive vecto
a1 , a2 , a3, an atomic position is located at

R~m, j !5r ~m!1t~ j !, ~1!

wherer (m)5m1a11m2a21m3a3 (m1 ,m2 ,m3 are integers!
is the lattice vectors ofmth unit cell andt( j )5 j 1a11 j 2a2
1 j 3a3 (0< j 1 , j 2 , j 2<1) is relative displacement in the un
cell. The potentialF of lattice vibration can be expande
with Taylor series using the displacementu(m, j ) of the atom
in the properly unit cell as

F5F01(
m ja

Fa~m, j !ua~m, j ! ~2!

1
1

2 (
m ja

(
pkb

Fab~mp, jk !ua~m, j !ub~p,k!1•••, ~3!

in which ua(m, j )(a51,2,3) is the displacement with re
spect tox,y,z direction, respectively.F0 is the static poten-
tial and Fa(m, j ) is the force of the atom at balanceab
location. The so-called force constantFab(mp, jk), i.e., the
coupling interaction coefficient between atom (m, j ) and
atom (p,k), is given by28

Fab~mp, jk !5
]2F

]ua~m, j !]ub~p,k!
. ~4!

One can easily find thatFab(mp, jk)5Fba(pm,k j) from
Eq. ~4!. The dynamics equation for the displacement of t
j th atom in the unit cell can be written as3,29
©2003 The American Physical Society13-1
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M jüa~m, j !52(
pkb

Fab~mp, jk !ub~p,k!, ~5!

whereM j is the mass of thej th atom anda represents the
displacement in direction ofx,y,z, respectively. The vibra-
tional wave functions of lattice vibration are often taken a

ua~m, j !5M j
21/2ua~ j !ei [vt2q•r (m, j )] . ~6!

Substituting the wave function~6! into the dynamics equa
tion ~5!, one obtains

v2ua~ j !5(
kb

Fab~ jk,q…ub~k!ei [q•t( j )2q•t(k)] , ~7!

where

Fab~ jk,q!5~M jMk!
21/2(pFab~mp, jk !eiq•[ r (m)2r (p)]

is the dynamical matrix element. From the dynamical eq
tion, it is easy to obtain the secular equation of dynam
equation as

det@F„q…2v2I #50, ~8!

where F3 j 1a,3k1b„q…5Fab( jk,q…ei [q•t( j )2q•t(k)] . Solving
the eigenvalue problem described as Eq.~8!, we can get the
phonon dispersion relations~PDR!. In general, the vibra-
tional density of states~VDOS! can be written as

g~v!5
V

~2p!3E dS

u¹qv~q!u
5

V

~2p!3 (
q

d

~v2vq!21d2
,

~9!

whered is the adjustable width factor of Lorentzian functio
After the PDR and VDOS are determined, the spec

heatCV at temperatureT is given by the formula22

CV~T!5E
0

wmax
Cq~v!g~v!dv, ~10!

Cq~v!5kBS \v

kBTD 2 exp~\v/kBT!

@exp~\v/kBT!21#2
, ~11!

where Cq(v) is the thermal capacity of lattice wave wit
wave vectorq and angular frequencyv. kB and \ are the
Boltzmann constant and the Planck constant, respectiv
And then the lattice thermal conductivityk is defined by

k5(
q

tlqCq~vl!vlq
2 , ~12!

wherel is a set of quantum numbers specifying a phon
state.t is the phonon relaxation time,v is the magnitude
of the phonon group velocity along the direction of t
heat flow.

III. RESULTS AND DISCUSSION

As a limited case, we calculate the PDR, VDOS, and
specific heat of the 2D graphite sheet as shown in Fig. 1.
primitive parameters of force constant can be obtained fr
04541
-
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Ref. 23. In Figs. 1~a! and 1~b!, the PDR and VDOS curves
reproduce the experimental points obtained by elect
energy-loss spectroscopy very well.24,25 As expected, the
specific heats per atom of 2D graphite sheet approach

FIG. 1. Phonon dispersion relation~a!, vibrational density of
states~b!, and specific heat~c! of 2D graphite sheet.
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EXACT STUDY ON LATTICE DYNAMICS OF SINGLE- . . . PHYSICAL REVIEW B 67, 045413 ~2003!
universal classical value of 3kB in the high-temperature
limit. However, a linearT dependence ofCV can be obtained
at low temperature as shown in Fig. 1~c!. It is believed to
hold in our case, referring to the fact that a constantg(v) at
low frequency in a 2D system as shown in Fig. 1~b! would
result in a linearT dependence ofCV .26,27For a flat graphite
sheet, its hexagonal symmetry leads to a quadratically
persed acoustic-phonon branch@see Fig. 1~a!#, corresponding
to the out-of-plane vibration mode of the sheet. This bran
contributes to a constant term ing(v) at low frequency.

After then, we apply the above dynamical theory to va
ous types of SWCN’s. The force-constant parameters w
rescaled because of curvature effect of nanotubes.3 In Figs. 2
and 3, we show PDR and VDOS for~10,10! and ~10,0!
SWCN with 40 atoms in each unit cell. Because of the mo
degeneracies, there are only 66 distinct phonon branche
which 12 modes are nondegenerate and 54 are doubly de
erate. The number of distinct phonon modes could be
tained by analysis of irreducible representation from spa
group theory.30 The first four modes of PDR aroundG point
in Fig. 2 are acoustic modes, which include the doubly

FIG. 2. Phonon dispersion relation of SWCN’s in direction
tube axis.~a! For ~10, 10! SWCN and~b! for ~10, 0! SWCN’s.

FIG. 3. Vibrational density of states of SWCN’s~a! for ~10, 10!
SWCN’s and~b! for ~10, 0! SWCN’s!.
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generated transverse acoustic modes, a longitudinal aco
mode and a torsional acoustic mode. Roughly linear P
curves for all these four phonon branches are obtai
aroundG point. Similar to band structure of SWCN’s,6,7 the
phonon structures split into many subbands because of
periodic boundary condition on the circumferential wa
vector as demonstrated in Fig. 2. The VDOS for~10, 10! and
~10, 0! SWCN’s are shown in Figs. 3~a! and 3~b!, respec-
tively. One can find that the profile of VDOS curves fo
SWCN’s is very similar to that of 2D graphite sheet. How
ever, the VDOS curves for nanotubes is characterized w
some bustling peaks in contrast to a constant and sm
curve for 2D graphite sheet at low frequency (v,10
31013 s21). Meaningly, the VDOS of SWCN’s is propor
tional to the energy while a limited constant value for 2
graphite sheet at very low frequency. The correspond
VDOS of graphite sheet is greater in magnitude atv50 than
that of a SWCN, because a graphite sheet is weak to be
ing, whereas a tube is markedly stiffer. At higher frequen
(1031013 s21<v<17.531013 s21), the VDOS spectra of
SWCN’s extend and split. And it is apparently greater
magnitude than that of 2D graphite sheet. In addition, o
can find that the VDOS of SWCN’s is different from eac
other in Fig. 3. The spectrum of VDOS of~10, 0! SWCN is
more sharp and narrow than that of~10, 10! SWCN. How-
ever, the profiles of VDOS of SWCN’s and 2D graphite she
are similar to each other although there exist many van H
singularities at high frequency (v>17.531013 s21).

Figure 4 is connected with the specific heatsCV(T) for
~10, 10! and~10, 0! SWCN which are calculated from VDOS
spectra according to Eq.~10!. For comparison, the specifi
heat of 2D graphite is also shown. At very low temperatu
CV(T) curves of SWCN’s show the same character but
well below the graphite one because the tube has no l
energy out-of-plane vibration modes. From the inset ima
of Fig. 4~a!, one finds that the specific heatCV(T) of
SWCN’s increases monotonically with increasingT slowly at
low temperature. The linearly dependence ofT for CV(T) is
consistent with analysis within Debye approximation f
one-dimensional model. It may be reasonable that the t
mal properties of SWCN show quasi-one-dimensional ch
acters as the large ratio of length to diameter of SWCN
The specific heatCV(T) increases dramatically above 30
and arrives the universal classical value about 2077.4 J~kg
K! until about 1000 K. But for a 2D graphite sheet,CV(T)
increases more rapidly asT increases. Such phenomenon a
tributes to the PDR~Fig. 2! and the VDOS~Fig. 3! of
SWCN. At very low temperature, all the phonon modes
SWCN’s except for the acoustic phonon are frozen o
Hence the specific heat increases slowly with increasing t
perature. And when the temperature arrives at 30 K, the p
non in the first optical subband~the subband edge is at abo
2.7 meV, or 30 K! ~Ref. 16! is activated. It contributes to
specific heat. Similar results can be obtained from other a
chair nanotubes and zigzag nanotubes. But due to the
optical subband edge different from tube to tube, the turn
points are diverse resulting in crossover ofCV(T) curves as
shown in Fig. 4~a!. Although CV(T) curve of ~10, 10!
SWCN has same uptrend as that of~10, 0! SWCN at low
3-3
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temperature, it is greater in magnitude than that of~10, 0!
SWCN because of the fatter VDOS of~10, 10! SWCN at
higher temperature. But at aboutT5700 K, we have same
value of specific heatCV(T) for ~10, 10! SWCN, ~10, 0!
SWCN, and 2D graphite sheet. More detail calculatio
show that the specific heats of the same type SWCN’s,
zigzag tubes or armchair tubes, have similar character
though their diameters are different from each other. Beca
the thermal properties like specific heat are integrated qu
tities over a wide frequency range and would be rather
sensitive to the local spiky structures in VDOS. As shown
Fig. 4~b!, the specific heats for zigzag tubes and armch
tubes increase as the diameter increase in exponential d
way at T5300 K. Fitting the data as functionCV5CV

0

1Ae2r /r 0, we get parametersCV
05688.71 J/(kg K), A

5270.21 J/(kg K), r 0515.73 Å for armchair tubes, an
CV

05685.88 J/(kg K), A52144.61 J/(kg K), r 0510.39 Å
for zigzag tubes. Interestingly, the specific heats of zig
tubes is smaller than that of armchair tubes all along in s
of their diameters.

For convenience of calculations, we substitute the ratik̃
of the thermal conductivity to phonon relaxation time22 for
conductivityk to descibe the thermal properties defined b

FIG. 4. ~a! Temperature dependence of specific heats
SWCN’s and 2D graphite sheet.~b! Specific heats of (n,n)
SWCN’s ~line with triangle! and (n,0) SWCN’s ~line with quad-
rangle! at 300 K.
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CV~v!vlq
2 . ~13!

In Figs. 5~a! and 6~a!, the temperature dependence of t
ratio k̃ ~per volume! for armchair SWCN’s and zigzag
SWCN’s are shown, respectively. From the figures, one
learn that the magnitude ofk̃ is equivalent at very low tem-
perature. However, the ratiok̃ for the same type of SWCN’s
decreases as the diameter increase at high temperatur
addition, the magnitude ofk̃ for zigzag (n,0) tubes is
slightly greater relative to that for armchair (n,n) tubes. The
curves in Figs. 5~a! and 6~b! also illuminate that ratiosk̃
increase rapidly with increasing temperature at low tempe
ture. But the increasing speeds of the ratio vary from tube
tube. At high temperature, the speeds are depressed an
curves become aclinic. And the ratiok̃ will approach a maxi-

f

FIG. 5. ~a! Temperature dependences of the ratio of therm
conductivity to phonon relaxation time of (n,n) SWCN’s. ~b! The
ratio of thermal conductivity to phonon relaxation time of (n,n)
SWCN’s at 1500 K. The inset pattern shows the ratio of therm
conductivity to phonon relaxation time is inverse proportion of t
diameter of SWCN’s.
3-4
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mum at temperature about 750 K although the maxim
value of the ratio is different from tube to tube. The ratiosk̃
at 1500 K, corresponding with the maximum, of the armch
nanotubes and zigzag nanotubes are given in Figs. 5~b! and
6~b!. The inset pattern in Figs. 5~b! and 6~b! shows that the
ratio k̃ of thermal conductivity to phonon relaxation time
inversely proportional to the diameter of SWCN’s. Such ph
nomena might attribute to the phonon group velocity
SWCN. We show in Fig. 7 the frequency dependency of
square of the group velocity along the nanotube axis, defi
by

^v2~v!&5
1

V (
l

d~v2vl!vlq
2 ~v!, ~14!

where vlq(v)5]vl /]q, d(x) is delta function andV is
volume of a SWCN. From Fig. 7, one can find that t

FIG. 6. ~a! Temperature dependences of the ratio of therm
conductivity to phonon relaxation time of (n,0) SWCN’s ~a!–~f!
correspond to~6, 0! SWCN’s–~11, 0! SWCN’s, respectively.~b!
The ratio of thermal conductivity to phonon relaxation time of (n,0)
SWCN’s at 1500 K. The inset pattern shows the ratio of therm
conductivity to phonon relaxation time is inverse proportion of t
diameter of SWCN’s.
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square of the group velocity decreases as the diameter
SWCN’s increase. Consequently, the mean value of
group velocity is so small that they have no prominent eff
on the heat conduction in SWCN’s.

As nanodevice often works at room temperature, we p
our attention to the thermal properties for SWCN’s at 300
As shown in Fig. 8, the ratiok̃ at 300 K increases linearly a
diameters of SCWN’s decrease. Using linear fitting tec
nique, we can obtaink̃5A/n with parametersA53.11
60.06 W/K cm ps for armchair tubes andA53.84
60.08 W/K cm ps for zigzag tubes. The results indicate t
the thermal conductivity of (n,n) SWCN’s is slightly smaller
than that of (n,0) SWCN’s. This prediction is consistent wit
results by molecular-dynamics simulations.20 Supposing that
the phonon relaxation time is energy independent16 in Eq.
~12!, we can evaluate the mean free path using the estim
magnitude of the thermal conductivity. A room-temperatu
thermal conductivity of 1750;6600 W/mK ~Refs. 16 and
19! implies that phonon mean free pathl;0.44–1.55mm,
which is in agreement with experimental measurement.16

l

l

FIG. 7. The frequency dependence of the square of the pho
group velocity of zigzag nanotube along the tubule axis.

FIG. 8. The ratio of thermal conductivity to phonon relaxatio
time of (n,0) SWCN’s and (n,n) SWCN’s at 300 K.
3-5
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IV. CONCLUSIONS

Based on the model of lattice dynamics with forc
constant matrix, we have calculated the PDR, VDOS, and
specific heats of SWCN’s and estimated their contributio
to the lattice thermal conductivity in direction of the tub
axis. The results shows that the specific heats of SWC
decrease linearly with decreasing the temperature at low t
perature. This implies that thermal properties of SWCN’s
dominated at all temperatures by phonons rather than
electrons. Moreover, the temperature-dependence ratiok̃ of
the thermal conductivity to phonon relaxation time decrea
as the diameter of SWCN’s increases and is inversely p
portional to the diameter of SWCN’s at high temperature.
found that the reduction of the group velocity yields the
duction in thermal conductivity. This implies that the grou
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