PHYSICAL REVIEW B 67, 045311 (2003

Magnetic-field-induced transformations of Wigner molecule symmetry in quantum dots
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A theoretical study has been performed for the ground-state spatial configuration of Wigner molecules with
N=2,...,20electrons in quantum dots subjected to an external magnetic field. We have shown that—for
N=6—the Wigner molecule formed in the magnetic field above the maximum-density-droplet instability has
a different shape than in the high-field limit. We have found several magnetic-field-induced transitions between
molecular phases with different spatial symmetry.
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A quantum dot(QD), a semiconductor nanostructure that above the MDD regime. For this purpose, we apply a theo-
confines electrons in three dimensions, can be used asratical approach designed for a description of Wigner mol-
unique physical laboratory for studying properties of electrorecules in QD's at high magnetic fields. Let us first consider a
systems. In particular, the QD-confined electron systéans single electron in a magnetic field, which is so high that the
tificial atomg are much more sensitive to the external mag-confinement potential can be neglected in the first approxi-
netic field than the natural atom<. mation. We assume the magnetic field to be perpendicular to

The charge distribution in the artificial atom is a result of the QD region -y plane, i.e., B=(0,0B), and apply the
an interplay between the electron-electron Coulomb interackandau(nonsymmetrit gauge for the vector potential, i.e.,
tion and the one-electron effects. If the Coulomb energy iA=(—BY,0,0). The one-electron Hamiltonian has the form
small compared to the one-electron energy-level separation,
the occupied spin orbitals are only slightly perturbed by the _ ne o> o 2 4 2 2 1
interaction and the electron distribution reproduces the sym- 2m ﬁjL (7_y2+ 'Yox Y| @
metry of the external potential. If, however, the one-electron
energy levels are nearly degenerate, the occupied states avgerem s the electron effective masa,=eB/%i =maw. /%,
superpositions of a large number of noninteracting electro@nd w.=€eB/m is the cyclotron frequency. The ground-state
spin orbitals. In this case, the electrons exhibit a pronounce@nergy of Eq.(1) is equal toEg=% w./2, i.e., the energy of
tendency to be localized at different space sites. Thereforthe lowest Landau level, which is infinitely-fold degenerate.
the electron distribution can lose the symmetry of the conDue to this degeneracy the ground-state eigenfunction of Eq.
fining potential and take a form of a set of separate islandd.1) can be chosen in many forms. We choose the following
This distribution resembles that of a classical charge-carrie@n€e:
systeni and is called a Wigner crysfafin the systems with N ) 5
translational symmetjyyor a Wigner molecufe® (in the Wr(x,y) = (al2m) 2expl — (al4)[(x=X)*+(y = Y)?]

QD’s). The Wigner molecules can be formed in large —(ial2)(x=X)(y+Y)} )
structures,® for which the quantum size effects disappear. '

They can also be created in nanostructures by a strong extexhich—for arbitrary R=(X,Y)—fulfills the eigenequation
nal magnetic field?*° of Eq. (1) for eigenvalueE,. We note that the charge distri-

The application of the external magnetic field leads tobution generated by wave functidf) is the Gaussian cen-
relative shifts of the energy levels corresponding to differentered at pointR, which can be treated as the center of the
spin-orbital configuration$® In consequence, the ground- Landau orbit. The wave functions of for(R) are convenient
state configuration changes when the magnetic field infor a construction of a multicenter variational basis, which is
creases. At a certain, sufficiently high, magnetic field all theappropriate for a description of the Wigner molecules. A
electrons have parallel spins and occupy orbitals with sucsimilar approach, but in the symmetric gauge, has been ap-
cessive magnetic quantum numbgtén this state, called a plied to the Wigner crystars.
maximum density droplét (MDD), the electron charge dis- Now, we consider the system of electrons confined in
tribution still possesses the symmetry of the confinement pothe two-dimensional harmonic-oscillator potential and sub-
tential. If, however, the magnetic field increases further, alfjected to the external magnetic field. This system is described
the occupied energy levels approach the lowest Landau levély the Hamiltonian
and become degenerate. Then, the Coulomb interaction leads \ N
to a rapid change of the electron distribution. As a result, the 1 5, ke’
confinement-potential symmetry of the electron density is H:; hi+ Emwori +E ol
broken and the Wigner molecule is formed. The breakdown
of the MDD (Refs. 18 and 1Phas recently been obsenf8d where h; is Hamiltonian (1) for the ith electron, r;,
in the vertical gated QD. =(X,yi), rij=|ri—rjl, k=1l4mse,, ¢ is the dielectric con-

In the present paper, we consider the shape of the Wignetant,g* is the effective Lande factor, andg is the Bohr
molecule ground state as a function of the magnetic fieldnagneton. The last term in Hamiltoni&8) is the Zeeman

1
- ENQ* usB, (3

j<i erjj
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TABLE I. Ground-state energy dfl-electron Wigner molecule 0.2 v
for B=20T. In the secondthird) line the results of Ref. 10 MDD} s
(present paperare listed. Energy is expressed in meV. = 1-5 ot
or) ’/
N 1 2 3 a4 6 10 20 120~ g *°
Ref. 10 17.25 40.09 66.44 96.46 166.35 339.93 937.97 '-'; ,’6-6
Present 17.25 40.15 66.45 96.42 166.27 339.69 936.56 0.2 - MDD

energy ofN spin-polarized electrons. We apply the material
parameters of GaAs, for which we take on the same values as
in Ref. 10, i.e.,m=0.06",, £¢=12.9, g* =0.54, andkw,
=3 meV.

The N-electron problem has been solved by the unre-
stricted Hartree-Fock method with the one-electron wave
functions expanded in multicenter bag®,

E [meV]

100

N

DY) =3, cPr(X,Y), @ ‘ 5 5
':1 B[T]

wherec; are the linear variational parameters and the basis . )
functionsW 5 (x,y) are taken on in forn2) with parameter FIG._l. Ground-state energ§ of_ the six-electron ng_ner mol-
Ri ecule with shell-structure 1-olid line) and 0-6(dashed ling and

« replaced by a nonlinear variational parametér. In the  the MDD phasedotted ling as a function of magnetic fieB. Inset
wave function(4), the positionsR; = (X;,Y;) of N centers are  shows the energ¢E of the 0-6 Wigner molecule and MDD deter-
found from the equilibrium position®R of the classical mined with respect to the energy of the 1¥gh-field phase.
counterpart of the considerddtelectron system as follows:
R;=0oR{, where the scaling factar is treated as the second The dotted line shows the results of our additional calcula-
nonlinear variational parameter. It appears #ft> «, since  tions for the cylindrically symmetric MDD state obtained in
the QD confinement potential enhances the localization ofhe symmetric gauge by the Hartree-Fock method with finite
electrons. If the exchange interaction does not vanish, thdifference approach, free of a possible variational overesti-
interelectron repulsion is weakened and the average electromation of the MDD energy. The inset of Fig. 1 shows that
electron distances are diminished, ie<1. the energy calculated with respect to that of the 1-5 configu-

In the parabolic confinement, the classical, equallyration exhibits characteristic cusps nd&=5.3 T. For B
charged, particles take on the shell-like equilibrium<5.3 T the MDD state possesses the lowest energy. In the
configurations. This feature is qualitatively reproduced in MDD-stability regime, the energy obtained with the multi-
the Wigner molecules. Therefore we label the spatial coneenter basis for both the 0-6 and 1-5 configurations follow
figurations of the Wigner molecules by the numbers of electhe MDD energy quite well. Figure 2 displays the charge-
trons in the subsequent shells, e.ly4-N,-N5 denote the density distribution for the three configurations of the six-
state, in whichN;, N,, andN; electrons occupy the inner, electron system. It is remarkable that the charge density ob-

middle, and outer shell, respectively. tained with the 1-5 multicenter basfef. Fig. 2a)] well
The present calculations have been performed Nor approximates the MDD charge-density distribution. The
=1,...,20electrons. The results of test calculations with slight deviations from the circular symmetry are responsible

basis(4) are listed in Table | and compared with those offor the overestimation of the MDD ground-state energy. If
Miller and Kooninl® who applied the symmetric gauge and the magnetic field increases above 5.3 T, the electron system
the unrestricted Hartree-Fock method with the basis funcbecomes the Wigner molecule with the 0-6 shell structure
tions of the definite angular momentum. Table | shows thatcf. Fig. 2b)]. If the magnetic field exceeds 7 T, the Wigner
the present variational estimates are very close to those of
Ref. 10 forN=1,...,3 andbecome better foN=4. We

note that the present approach, in which only one basis func-
tion is associated with each electron, requires a considerably ‘
smaller numerical effort than that of Ref. 10, in which a

superposition of a very large number of angular momentum 4T
eigenstates is needed to describe the islandlike charge distri-
bution. FIG. 2. Electron density distribution for six electrons(a ap-

Figure 1 shows the ground-state energy of the six-electrogroximation of the MDD phase foB=4 T calculated with the
system calculated with multicenter ba$# generated from  six-center wave function in 1-5 configuration and the Wigner mol-
the scaled classical configurations 0-6 in which the electrongcules with shell structureg) 0-6 for B=6 T and(c) 1-5 for B
form a hexagon, and 1-5 with one of the electrons localized=8 T. The darker the shade of grey the larger electron density. The
at the origin and five others forming a pentagon around itbar shows the length scale.
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FIG. 4. Electron density distribution for the 16-electron Wigner
molecule with shell structuréa) 4-12 forB=6 T, (b) 5-11 forB
02 : 0 =6.5T, (c) 6-10 forB=8 T, and(d) 1-5-10 forB=10 T.
B[T]

FIG. 3. Energy separatioE from the ground-state energy of 1ONS prefer to occupy the outer shells of the Wigner mol-
the 1-5-10 Wigner molecule to those of the 650lid line), 5-11 ecule_. If_the magnetic f|eld_|ncreases, the electron charge-
(dash-dotte] and 4-12(dashedl phases. The corresponding results density islands shrink(cf. Figs. 2 and # and the more
for the 16-electron MDD are plotted by the dotted line. Inset dis-Strongly localized electrons can fit into the inner shells of the

plays the ground-state energy of the 1-5-10 Wigner molecule anénolecule.
MDD. In the limit of the infinite magnetic field, the charge dis-

_ _ _ _ tribution associated with Landau orbital®) tends towards
molecule changes its shape into the 1-5 configuralidin  that of the point charges. The exchange interaction vanishes
Fig. 2(c)], which is the lowest-energy configuration of the 41ong with the overlap between the different orbitals. There-
system of six classical charge carriers. The present resultgre “in this limit, the shape of the Wigner molecule becomes
show that the six-electron Wigner molecule created after thgjentical with the shape of its classical counterpat.lower
breakdown of the MDD possesses a different shape and syrhagnetic field the orbitals are spread out and the overlaps
metry than in the high-field limit. This conclusion is consis- petween them do not vanish. In this magnetic-field regime,
tent with the result of a recent study of the six-electron sysyhe shape of the ground-state electron distribution changes
tem by Maninenet al'* Kainz et al*" considered Wigner qye to the finite extension of Landau orbitd® and the

clusters in parabolic QD’s using a multicenter basis in théaxchange interaction between the electrons.
symmetric gauge. Their vatiational wave functibdoes not

allow for formation of the MDD phase, but should be quite
equivalent to Eq.(4) in the high-field limit. However, the 1-6-13 |
author$® do not discuss the transformations of the Wigner- 1'5'13{ 512 ]
molecule symmetry. 5-124 ]

For the 16-electron system the results depicted in Fig. 3 4120 b1
show that the magnetic field induces several phase transi- |
tions. The Wigner molecule created after the breakdown of
the MDD possesses the 4-12 shell structure. With the in-
creasing magnetic field the spatial configuration changes first
into 5-11 and next into 6-10 structure. Finally, in the high-
field regime, the 1-5-10 shell structure is created. Figure 4
shows the charge-density distribution for the four phases of
the 16-electron Wigner molecule.

Figure 5 shows the phase diagram calculated for the
Wigner molecules withN=2,...,20 electrons. We have | |
found that forN=6 the Wigner molecules undergo several [
phase transitions until they reach the semiclassicalJiofit é B tT] 10
the point-charge structure. This property is related to the fact
that—forN=6—the classical counterpart of the system con- F|G. 5. Phase diagram fd¥-electron Wigner molecules. The
sidered possesses several configurations with nearly the sana@est-energy shell structures are shown as a function of magnetic
energy, but different symmetry. It is remarkable that the tranfield B. The boundary of the MDD-stability region is depicted on
sitions between different phases of the Wigner moleculahe left part of the plot. ) For N=19 the 1-6-12 phase appears at
show a distinct regularity. At lower magnetic fields, the elec-B=15.8 T.

20

maximum density droplet
&
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The instability of the MDD phase under influence of the In summary, we have presented a systematic study of
high magnetic field has been observed experimerfaily  phase transitions in Wigner molecules induced by an external
cylindrical QD’s as cusps on the borders of transportmagnetic field. We have shown that fidi=6 the symmetry
windows2® which occur when the confined-charge distribu- of the Wigner-molecule phase, that emerges from the MDD
tion undergoes a reorganization from the MDD into thephase, is different than that obtained in the semiclassical,
Wigner molecule. In the present calculations, we have ashigh-field limit. We predict the existence of several phases of
sumed a rotational symmetry of the confinement potentialthe Wigner molecule with different symmetries, that should
for which the ground state of the Wigner molecule is degenbe observed in the magnetic-field regime above the MDD-
erate, since the rotation of the system by an arbitrary anglereakdown transition. In spite of a qualitative nature of the
results in energetically equivalent charge distributionspresent results, we suggest the interpretation of the additional
Therefore we can construct the ground state with the rotacusps on the single-electron-transport plots, obséPee-
tionally invariant charge-density distribution by taking a su-yond the MDD stability regime, in terms of the transforma-
perposition of the rotated Wigner-molecule states. The spations of the Wigner molecules. It is interesting that—contrary
tial configurations depicted in Figs. 2 and 4, without theto the two-dimensional Wigner crystal, which always posses
rotation symmetry, should be understood in terms of the relaa fixed (triangulay symmetry—the Wigner molecule can ap-
tive electron-electron distances. However, these lowerpear in several phases with a different symmetry.
symmetry phases can be realized if the rotational symmetry
is perturbed, for instance, by a small anisotropy of the con- ACKNOWLEDGMENTS
finement potential. In the vertical QD the anisotropy is
inevitable because of the presence of ionized impurities in This paper has been supported by the Polish State Com-
the neighborhood of the QD. This anisotropy should stabilizenittee for Scientific ResearcfiKBN) under Grant No.
the Wigner-molecule configuration with a fixed space orien-5P03B 4920. One of ué.S) gratefully acknowledges the
tation. financial support of Foundation for Polish ScierE&P).
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