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Inverse distribution of hot electrons in a two-level quantum well with nonsymmetric scattering
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We have studied the nonequilibrium distribution of electrons accelerated by an in-plane electric field in a
stepped quantum well with two closely spaced levels. The spontaneous emission of optical phonons provides
an effective cutoff of the electron distribution in the low-temperature case. Taking into account the quasielastic
scattering with acoustic phonons~both for intra- and intersubband! and an effective elastic scattering in the
second subband, we have found the conditions for the intersubband population inversion of electrons. Next, we
have considered the resonant response of a multiquantum well structure placed at the center of a waveguide
and found the conditions for the stimulated emission of the THz radiation.
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I. INTRODUCTION

The distribution of the quasi-two-dimensional~2D! hot
electrons in metal-oxide semiconductor~MOS! structures
and in selectively doped heterostructures was examined
years ago in connection with the realization of the fie
effect transistors~see Ref. 1 for a review!. The results ap-
peared to be dependent both on the intersubband and o
electron-electron scattering mechanisms. Such mechan
were taken into account in the framework of the balan
equations approach and under the numerical simula
based on the Monte Carlo method. Using these techniq
the interlevel redistribution of hot electrons was examined
Ref. 2. The heterostructures with only two closely spac
levels, such as the stepped quantum well~SQW!, have been
the subject of the investigation by both optical and transp
methods during the past decade~see Refs. 3 and 4, respe
tively!. The conditions for the interlevel population inversio
due to the heating caused by a longitudinal electric field
considered here.

In this paper we consider the hot electron distribution i
two-level SQW with a strong elastic scattering in the upp
subband, which results from the rough external heterobou
aries or from the doped regions near these boundaries@see
Fig. 1~a!#, subjected to an in-plane electric field. We exam
the low-temperature case when electrons are distributed
the passive region~when the energy is smaller than the o
tical phonon energy\vLO) due to an effective emission o
longitudinal optical~LO! phonons@Fig. 1~b!#. The character
of the hot electron distribution in the system considered h
is determined both by the peculiarities of the scattering in
passive region~where the momentum relaxation in the se
ond subband is supposed strong enough to make effectiv
heating of electrons only in the first subband!, and by the
nonsymmetry of the relaxation rates due to the optic
phonon emission. Taking into account both the intra- a
intersubband quasielastic scattering in the passive region
have found the conditions for the intersubband populat
inversion and their dependence on the electric field. Furt
0163-1829/2003/67~4!/045304~9!/$20.00 67 0453
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we use the obtained nonequilibrium distribution in order
consider the dependency of the resonant intersubband
sponse on the transverse fieldE' exp(2ivt). The propaga-
tion of the transverse mode along the THz waveguide, w
the multi-SQW structure placed at its center, is also cons
ered. Finally, we discuss the conditions for the stimula
emission regime.

The present work is connected with the current effo
done for the realization of the THz lasing effect based on
intersubband transitions1–6 caused by the successful applic
tion of the cascade structures for the midinfrared~IR!
lasing.7 The stimulated emission regime in tunnel-coupl
structures under the vertical transport pump have been la
reported this year,8 after the previous investigations of th
spontaneous THz emission.9,10 Thus the study of the condi
tions for the realization of the inversion population in th
structures with closely spaced levels under the longitud

FIG. 1. Energy band diagram of stepped QW with rough ext
nal heteroboundaries~or with doped regions near these boundarie!
~a! and the dispersion laws of two closely spaced levels~b!; solid
arrows denote the acceleration due to the electric field, horizo
arrow shows intersubband transitions, and dashed arrows de
spontaneous emission of the optical phonons.
©2003 The American Physical Society04-1
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current pumping, among other mechanisms, is of great in
est.

This paper is divided into three sections. In Sec. II
evaluate the system of the kinetic equations for the pas
region, which governs the hot electron distribution over
two subbands in the SQW under analysis. The solution
this system is performed in Sec. III. The intersubband
sponse of electrons, including the conditions for the stim
lated emission regime, is discussed in Sec. IV. Conclud
remarks and the list of assumptions made are presente
the last section. The Appendix contains the estimations of
parameters used for the SQW with very different widths.

II. EQUATIONS FOR THE TWO-LEVEL QW

The general system of kinetic equations for the distrib
tion functions of the j th subband,f j p , for the two-level
SQW (j 51,2) subjected to an in-plane electric fieldE, is
written as follows

eE•
] f 1p

]p
5I ac~ f u1p!1I LO~ f u1p!,

eE•
] f 2p

]p
5I im~ f u2p!1I ac~ f u2p!1I LO~ f u2p!, ~1!

where I ac( f u j p) and I LO( f u j p) stand for the collision inte-
grals with acoustic and optical phonons, respective
I im( f u2p) describes the elastic scattering in the second s
band due to the imperfections~roughness of heterobound
aries or donors! placed outside of the narrow well~see Fig.
1!. Below we evaluate the collision integrals for the SQ
under study and we reduce the system~1! to the equations
for the quasi-isotropic distribution functions over the pass
region.

A. Collision integrals

It is convenient to divide the acoustic-phonon collisi
integral from Eqs.~1! into intra- and intersubband contribu
tions,

I ac~ f u j p!5 Ī ac~ f j up!1 Ĩ ac~ f u j p!. ~2!

Here Ī ac( f j up) describes the momentum and energy rel
ation in thej th subband (j 51,2)

Ī ac~ f j up!5(
p8

~Wpp8
( j ) f j p82Wp8p

( j ) f j p!, ~3!

and the transition probability

Wpp8
( j )

5
2p

\ (
q

uCQu2u^ j ue2 iqzu j &u23@~2NQ11!

3d~«p2«p82\vQ!1NQd~«p2«p81\vQ!#

~4!

satisfies the conditionWp8p
( j )

5exp@(«2«8)/T#Wpp8
( j ) with the

phonon temperatureT and j 51,2 ~from now on we will use
04530
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T instead ofkBT, andT means thermal energy!. The inter-
subband collision integrals in Eq.~2! are given by

Ĩ ac~ f u1p!5(
p8

Wpp8
(12)

~ f 2p82 f 1p!, Ĩ ac~ f u2p!

5(
p8

Wpp8
(21)

~ f 1p82 f 2p! ~5!

with the transition probabilities (j Þ j 8)

Wpp8
( j j 8)

.
2p

\ (
q

uCQu2u^ j ue2 iqzu j 8&u2~2NQ11!d~« j j 81«p2«p8!,

~6!

which are written for the elastic approximation. The electr
dispersion laws « jp are given by « j1«p , where «p
5p2/2m, with m the effective mass, and« j j 85« j2« j 8 is the
interlevel splitting energy. The above transition probabiliti
are expressed through the bulk matrix element for the de
mation electron-phonon interactionCQ . Finally, NQ is the
Plank distribution of the acoustic phonons with frequen
vQ5sQ; here Q[@(p2p8)/\,q# is the three-dimensiona
~3D! phonon wave vector ands is the velocity of sound. For
the low-temperature case (\vLO@T) and only taking into
account the spontaneous emission, the collision integral
LO phonons in the system~1! is written as:

I LO( f u j p)5
2p

\ (
j 8Q

UCQ
(LO)u2u^ j ue2 iqzu j 8&u2

3@d~« jp2« j 8p¿\q1\vLO! f j 8p¿\q

2d~« jp2« j 8pÀ\q2\vLO! f j p#, ~7!

wherevLO is the dispersionless LO-phonon frequency a
CQ

(LO) is the bulk matrix element for the Fro¨lich interaction.
From now on we will consider a quasi-isotropic distrib

tion for the case of strong momentum relaxation in the s
ond subband ifn im@nac andeE/n im! p̄; herep̄ is the typi-
cal 2D momentum,n im and nac are the characteristic
momentum relaxation rates~the explicit form of the elastic
collision integral in the second subband is only necess
when the above inequalities are not accomplished and w
not present it here!. Under the above conditions one ca
neglect anisotropic contributions in the second subband
take into account the weak~of the order ofeE/nacp̄!1)
anisotropic correction to the distribution in the first subban
Thus we search the solution of Eqs.~1! in the form

f 1p. f 1«1D f 1p , f 2p. f 2« . ~8!

Separating the asymmetric part of the equation forf 1p in the
system~1! and using the elastic approximation in the col
sion integral of Eq.~3! with the condition\vQ@T we obtain
D f 1p as follows:
4-2
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D f 1p.2
e

m
~E•p!

d f1«

d«
n1«

21 ,

n1«5
pD2Tr2D

\s2r
@K111K12u~«2«21!#. ~9!

HereD is the deformation potential,r is the crystal density
andr2D is the 2D density of states. The relaxation frequen
n1« is obtained as the sum of the intra- and intersubb
contributions, which are determined by the characteri
wave vectors:

K j j 85E
2`

` dq

2p
u^ j ue2 iqzu j 8&u25E dzf j

2~z!f j 8
2

~z!,

~10!

wheref j (z) is the orbital ofj th subband.
The system of equations for the symmetric distributi

functions f j « is obtained after averaging Eqs.~1! over the
p-plane anglew. The field dependent contribution is abse
in the equation forf 2« . The left side of the equation forf 1«

is written as*0
2p(dw/2p)eE•]D f 1p /]p. Using the standard

quasielastic approximation for the isotropic parts of the c
lision integrals *0

2p(dw/2p) Ī ac( f j up) and taking into ac-
count the energy conservation laws in the LO-phonon co
sion integrals we obtain the system of equatio
corresponding to the symmetric distribution functions in t
form

dJ1~«!

d«
1 ñu~«2«21!~ f 2«2«21

2 f 1«!

1(
j

@n1 j
1 ~«! f j «1«1 j 1\vLO

2n1 j
2 ~«! f 1«#50,

dJ2~«!

d«
1 ñ~ f 1«1«21

2 f 2«!

1(
j

@n2 j
1 ~«! f j «1«2 j 1\vLO

2n2 j
2 ~«! f 2«#50.

~11!

The LO-phonon frequencies are introduced in Eq.~11! ac-
cording to

n j j 8
6

~«!5
2p

\ (
j 8p8

uCQ
(LO)u2u^ j ue2 iqzu j 8&u2d~«2«p86\vLO!

~12!

and the energy fluxes over the first and second subband
given by

J1~«!5
~eE!2«

mn1«

d f1«

d«
1n1~2ms2«1E1

2!S d f1«

d«
1

f 1«

T D ,

J2~«!5n2~2ms2«1E2
2!S d f2«

d«
1

f 2«

T D . ~13!
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The inter- and intrasubband relaxation frequencies in E
~11! and ~13!, ñ and n j , respectively, are determined a
follows:

ñ5
pD2Tr2D

\s2r
K12, n j5

pD2Tr2D

\s2r
K j j . ~14!

The characteristic energy valuesE1,2 are introduced through
the relations

K j j Ej
25E

2`

` dq

4p
~\sq!2u^ j ue2 iqzu j &u2

5
~\s!2

2 E dzS df j
2~z!

dz D 2

. ~15!

The system of the second-order equations~11! with the
fluxes of Eqs.~13! should be solved with the standard boun
ary conditions

f j «→`50, J1~«→0!50, ~16!

and with the normalization condition

r2D(
j
E

0

`

d« f j «5n2D , ~17!

wheren2D is the concentration of 2D electrons andr2D is
the density of states. The condition for the energy flux a«
→0 corresponds to the absence of capture processes for
electrons.

B. Boundary conditions

If the LO-phonon emission is the most effective proce
the electron distribution rapidly decreases in the active
gion, where the energy is bigger than\vLO . Therefore the
incoming contributions to the last term of Eq.~10! are absent
in the active region as well as there are no outgoing con
butions from the second subband becausen̄12(«5\vLO)
50 andn̄22(«5\vLO2«21)50. As a result, the system~11!
is transformed in the active region as follows

dJ1~«!

d«
1 ñu~«2«21!~ f 2«2«21

2 f l«!2 n̄11~«! f 1«50,

«.\vLO ,

dJ2~«!

d«
1 ñ~ f 1«1«21

2 f 2«!2 n̄21~«! f 2«50,

«.\vLO2«21. ~18!

In the passive region~where the energy is smaller tha
\vLO) there are not outgoing processes and the system~11!
takes the form
4-3
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dJ1~«!

d«
1 ñu~«2«21!~ f 2«2«21

2 f l«!

1(
j

n1 j
1 ~«! f j «1«1 j 1\vLO

50, «,\vLO ,

dJ2~«!

d«
1 ñ~ f 1«1«21

2 f 2«!50, «,\vLO2«21. ~19!

These systems are connected by the additional four boun
conditions:

f j «u« j 20
« j 10

50, Jj~«!u« j 20
« j 10

50,

« j5H \vLO , j 51

\vLO2«21, j 52
, ~20!

where« j stand for the boundary energy values between p
sive and active regions.

Under the inequalitiesn̄11(\vLO)/n1@1 and n̄21(«2)/n2
@1, the distributionsf j « quickly fall in the active region and
one can consider simplified independent equations instea
the system~18!:

d2f j «

d«2
2l j

2f j «50, «.« j ~21!

with the characteristic decreasing factors

l15A n̄11~\vLO!/n1

~« f12ms2!\vLO1E1
2
, l25A n̄21~«2!/n2

2ms2«21E1
2
.

~22!

Here we have introduced the characteristic field-depend
energy « f5(eE/n1)2/@m(11K12/K11)#. The solutions for
the active region take the forms

f j «. f j «5« j 20e2l j («2« j ), ~23!

where we have used the boundary conditions of Eq.~20! for
f 1,2« . With these solutions the boundary conditions for e
ergy fluxes of Eq.~19! are transformed into

d f j «

d« U
« j

1l j f j «5« j
50. ~24!

Thus we have solved the system~19! over the passive
region by using only the boundary conditions of Eq.~24!, the
additional condition forJ1(«) from Eq.~16! and the normal-
ization condition of Eq.~17!. The incoming contribution to
the first Eq.~19! is written using Eq.~23! in the form

1(
j

n1 j
1 ~0! f j « j

e2l j«. ~25!

This contribution quickly falls near«50. So that, it is con-
venient to use a new boundary condition at small energy«̄,
which is of the order ofl j

21 . The integration of the first
04530
ry

s-

of

nt

-

equation of the system~19! over the region (0,«̄) gives us
the new boundary condition at small energy in the form

J1~«→0!1(
j

n1 j
1 ~0!

f 1« j

l j
50. ~26!

This condition corresponds to the conservation of the to
energy flux over the passive region.

III. HIGH-FIELD DISTRIBUTION FUNCTION

Let us turn back to consider the hot electron distributi
in the passive region. For reasons of convenience, we
split the distribution function in the first subband into tw
functions: f «

,5 f 1« , if «,«21, and f «
.5 f 1«2«21

, if «.«21.
Thus the system~18! is transformed into a separate equati
for f «

, :

d

d« H @~« f12ms2!«1E1
2#

d f«
,

d«
1

2ms2«1E1
2

T
f «

,J 50,

«,«21 ~27!

and two coupled equations forf «
, and f 2« over the interval

0,«,«2:

dJ.~«!

d«
1k1~ f 2«2 f «

.!50,

d j2~«!

d«
1k2~ f «

.2 f 2«!50. ~28!

Here we have introduced the dimensionless parameterkj
5K12/K j j , which describe the efficiency of the intersu
band transitions caused by the elastic scattering. The en
flux J.(«) in Eq. ~28! is given by

J.~«!5@~« f12ms2!~«1«21!1E1
2#

3
d f«

.

d«
1

2ms2~«1«21!1E1
2

T
f «

. , ~29!

while j 2(«)5J2(«)/n2 is determined by Eq.~13!. Simulta-
neously with such separation of equations forf 1« we have to
include the additional boundary conditions:f «5«21

, 5 f «50
.

andJ1(«)u«2120
«2110

50.

Using the condition for the conservation of the ener
flux in Eq. ~26! we transform Eq.~27! into the nonuniform
first-order equation:

@~« f12ms2!«1E1
2#

d f«
,

d«
1

2ms2«1E1
2

T
f «

,

52(
j

n1 j
1 ~0!

f 1« j

n1l j
, ~30!

which can be integrated exactly. The functionf «
, takes the

form
4-4
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TABLE I. Parameters used in calculations for the three samples studied in the text.

«2 ~meV! dw ~Å! dn ~Å! k1 k2 E2 ~meV! l2
21 ~meV! n12

1 /n1

~a! 10 414.0 21.5 0.40 0.77 0.58 0.64 2.50
~b! 18 498.0 18.0 0.23 0.53 0.48 0.73 1.83
~c! 24 610.0 14.6 0.12 0.36 0.39 0.84 1.22
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,5e2Q«FN2(

j
n1 j

1 ~0!
f 1« j

n1l j
E d« exp~Q«!

~« f12ms2!«1E1
2G ,

Q«5E d«

T

2ms2«1E1
2

~« f12ms2!«1E1
2

, ~31!

whereN is the normalization constant determined from t
condition of Eq.~17!. Further simplification is possible fo
the strong electric field case,« f@2 ms2. As a result, the four
boundary conditions forf «

, and f «
. transforms into

d f«
.

d« U«2
1l1f «5«2

. 50,
d f2«

d« U
«2

1l2f 2«5«2
50,

f «50
. 5 f «5«21

, ,
« f«21/~11k1!1E1

2

« f«211E1
2

d f«
.

d«
U«505

d f«
,

d«
U

«21

.

~32!

Thus we must solve the system of two second-order eq
tions ~28!, valid for the interval (0,«2), together with the
boundary conditions of Eq.~32!.11

The numerical solution of the formulated problem is o
tained in the framework of the Burlirsch-Stoer method12 for
systems including functions without known initial values
f 2« is. The calculations are performed here for
Al0.14Ga0.86As/GaAs/Al0.14Ga0.86As SQW’s with the param-
eters presented in Table I. For the three cases under s
E150.92 meV, n11

1 /n1514.79, andl21 varies from 0.64
meV (« f51 meV) to 8.55 meV (« f530 meV). These pa-
rameters have been estimated in the basis of the simpl
consideration included in the Appendix. The different ca
correspond to the interlevel energy values«21526 meV ~a!,
18 meV ~b!, and 12 meV~c!. In Fig. 2 we illustrate the
evolution of the distribution functionsf 1,2« starting from the
Boltzmann distribution~which is shown here and below b
the short-dashed curves! to the nonequilibrium distributions
over the passive region. Curves have been obtained for
helium temperature case,T54.2 K, and for three differen
electric fields. Figures 3~a!–~c! show the evolution off 1,2«
with the further increase of« f . Note that« f510 meV cor-
responds to the field strengths of 3.6 V/cm~a!, 5.1 V/cm~b!,
and 12.8 V/cm~c!, respectively. One can see that electro
become distributed over the all passive region if« f
.18.5 meV~a!, « f.23 meV~b!, and« f.16.5 meV~c!, re-
spectively, and the interwell redistribution appears mai
due to the spontaneous emission of the optical phonons.
interlevel redistribution increases with« f and the same leve
of redistribution occurs for different«21 if « f is the same
04530
a-

-

dy

ed
s

he
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he

@compare the cases~a!–~c!#. The tails of the distribution in
the active region remain as a weak contribution~less than
15% of the total concentration! up to « f.30 meV.

If the temperature increases, one needs a higher ele
field for the realization of the interlevel redistribution. This
illustrated in Fig. 4 where we plot the distribution function
for the case~b! at T520 K. Since we consider the nonde
generate electron case, the presented distributions are si
proportional to 2D concentration through the normalizati
condition of Eq.~17!. Thus we use here theY scale normal-
ized to the zero-energy value of the Boltzmann functi
f B(« f50 meV).

IV. INTERSUBBAND RESPONSE

In this section we consider the resonant response of
hot electrons subjected to a weak transverse electric fi
E' exp(2ivt) and describe the negative absorption due
the inverse population of the subbands. We also conside
unstable mode in the THz waveguide with the multi-SQW
placed at its center in order to estimate the character
length of the instability which determines the possibility
the stimulated emission regime.

A. Resonant transitions

Using the resonant approximation, we write the induc
high-frequency currentdI v as dI v.(2e/L2)(pv'd f 21p

where v'5^1uv̂zu2& is the transverse velocity matrix ele
ment andL2 is the normalization area. The resonant add
dum to the density matrix,d f 21p exp(2ivt), is determined
from the linearized kinetic equation:

FIG. 2. Distribution functionsf j ,« for low electric fields (« f

<5 meV) compared with the Boltzmann function (« f50 meV,
short-dashed line!. Solid line: « f51 meV. Dashed line:« f

52.5 meV. Dotted line:« f55 meV.
4-5
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FIG. 3. Evolution of f j ,« with the increase of« f : « f55 meV
~solid curves!, « f510 meV~dashed curves!, and« f520 meV~dot-
ted curves! for the SQW’s~a!–~c! ~see parameters in the table!.

FIG. 4. The same as in Fig. 3 for the SQW’s@case ~b!# at
T520 K.
04530
~2 iv1eE•¹p!d f 21p1
i«21

\
d f 21p1

i

\
dh21~ f 1p2 f 2p!

5J21~d f up!, ~33!

with the perturbation operatordh215( ie/v)E'v' , and the
linearized collision integralJ21(d f up). Supposing here
eE/v! p̄ andeE/n! p̄, we can neglect botheE•¹p and the
nonsymmetric contributions to the steady-state distribut
functions f 1,2p . Also, replacing the collision integral by
2g«d f 21p /\, g« being the effective broadening energy
the resonant peak, we write the equation ford f 21p
.d f 21(«) in the form

~\v2«211 ig«!d f 21~«!1
ie

v
E'v'~ f 1«2 f 2«!50.

~34!

Taking into account both the elastic mechanism of broad
ing and the LO-phonon emission, we approximateg« by a
step functiong«.g if «,«2 andg«5gLO if «.«2.

The induced current is written in the formdI v5svE'

and the complex conductivity is given by

sv5
e2uv'u2

v

2

L2 (
p

f 1«2 f 2«

«212\v2 ig«
. ~35!

Neglecting Im(sv) for the near-resonant region and usin
the above-introduced stepped broadeningg« we obtain the
maximum of Re(sv), when\v.«21, as follows:

smax5Re~sv5«21 /\!5
e2uv'u2\

«21g

3r2DF E
0

«2
d«~ f 1«2 f 2«!1

g

gLO
E

«2

\vLO
d« f 1«G . ~36!

Thus the condition for the negative absorption,smax,0, is
written as*0

«2d«( f 1«2 f 2«),0, if one can neglect the sec
ond addendum in Eq.~36! ~the conditiong/gLO!1 is valid
for samples without strong inhomogeneous broadenin!.
This condition corresponds to the transition from the int
subband absorption to the spontaneous emission regime

The relative absorptionjv , which is introduced as the
ratio of the absorbed power to the incident power,13 is ex-
pressed through the 2D conductivity of Eq.~35! according to
jv54p Re(sv)/(cAe), wheree is the dielectric permittiv-
ity, which is supposed uniform across the structure. T
maximal value of the relative absorption appears at the c
dition \v.«21. In Fig. 5 we plot the maximal absorptio
jmax versus« f for a ten-layer structure with a 2D concentr
tion n2D5331010 cm22 ande512.9. This figure shows the
conditions for the negative absorption regime for the SQW
considered in Sec. III. One can see that the population in
sion appears at« f518.5 meV for the case~a!, 23 meV~b!,
and 16.5 meV~c!. It should be noted that there is a certa
‘‘symmetry’’ of the absorption behavior around the«215«2
case. In spite ofjmax is suppressed with the increase of« f ,
the population inversion cannot be realized atT520 K ~see
dot-dashed curve in Fig. 5!.
4-6
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B. Stimulated emission regime

Further we consider propagation of the transverse~polar-
ized alongOZ) mode in the resonator of widthL. The multi-
SQW’s structure is placed at the center, aroundz50, and the
ideal mirrors atz56L/2 are described by the zero bounda
conditions for the wave equation:

FD1eS v

c D 2GEvr52 i
4pv

c2
I vr . ~37!

The transverse current is given byI vr.NsDvdN(z)Evr with
the form-factordN(z) located in the vicinity ofz50. Below
we consider the mode propagating alongOX and we sepa-
rate the variables replacingEr by ExEz . The in-plane propa-
gation is described by the equation (d2/dx21K2)Ex50
while the transverse structure of the mode is determined

S d2

dz2
1k2D Ez52 iQDvdN~z!Ez50 , k25eS v

c D 2

2K2.

~38!

The characteristic wave vectorQDv is introduced here as
follows: QDv54pVsDvN/c2.

Supposing that the width of theN-layer structure is much
shorter thank21, we replace the right side of Eq.~38! by the
boundary conditions: Ezu20

0 50 and (dEz /dz)u20
0 5

2 iQDvEz50. These conditions, together with the requir
mentEz56L/250, describes the modes formed by the fund
mental solutions exp(6ikz) for the intervals (2L/2,0) and
(0,L/2). The modes are characterized by the complex w
vectors kn with n51,2 . . . . Since QDvL@1, the even
modes do not interact with SQW structure andkn.np/L
2 iQDv /np for the odd modes,n51,3 . . . . Thepropaga-
tion along OX is described by the complex wave numb
Kn. k̃n1 iQDv / k̃nL with k̃n56Ae(V/c)22(np/L)2. Thus
the minimal increment for the lowest moden51, which
corresponds to the field distributionEx}exp(2qx) or to the
mode intensity}exp(22qx), is determined by

FIG. 5. Maximal value of the relative absorptionjmax vs the
characteristic field-dependent energy« f for the SQW’s at T
54.2 K ~solid line: «21526 meV; dashed line:«21518 meV; and
dotted line:«21512 meV) and for«21518 meV atT520 K ~dot-
dashed line!.
04530
y:

-

e

q5
QDv

k̃1L
5

4pVNsDv

c2Ae~VL/c!22p2
, ~39!

where the conditionq,0 corresponds to the unstable mod
We defineg522q as the gain coefficient for the fundame
tal mode in the structure under consideration.

For the numerical estimation of the maximal gain we u
in Eq. ~39! the peak value of the conductivity, atDv50.
The results for the above discussed cases~a!–~c! are pre-
sented in Fig. 6 where we have usedL56.3 mm, L
59.1 mm, andL513.6mm @cases~a!, ~b!, and ~c!, respec-
tively# and considered a ten-layer structure withn2D53
31010 cm22 for each layer. Since the gain appears to
comparable with the experimental result in Ref. 8 if« f
>20 meV, one can expect the realization of the stimula
emission regime in structures with a few millimeters of la
eral size, even if additional losses appears to be visible.

V. CONCLUSION

The nonequilibrium distribution of 2D electrons over th
two closely spaced levels with different elastic scatterin
under heating by an in-plane electric field, have been
tained for the low-concentration case. Both the intra- a
interlevel scattering by acoustic phonons and the sponta
ous emission of optical phonons are taken into account in
quasi-isotropic approximation. The conditions for the pop
lation inversion have been found and the regime of stim
lated THz emission of the mode propagating along the wa
guide, with the multi-SQW structure placed at its cent
have been described.

Next, we discuss the assumptions used in the present
culations. The main restriction of the results is the consid
ation of the low-concentration case, neglecting the Coulo
interaction. On one hand, the electron-electron scattering
poses the Maxwell distribution with an effective temperatu
suppressing the high-energy part of the distribution. On
other hand, an additional channel for the interlevel relaxat
due to Auger-like processes damps the interlevel redistr
tion of electrons. The evaluation of the limiting concentr
tion requires the consideration of more complicate kine
equations with the electron-electron collision integrals a
lies beyond the scope of this paper. In the above prese

FIG. 6. Maximal modal gain,g522q vs « f for the SQW’s
marked as in Fig. 5.
4-7
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numerical estimations we have used a 2D concentra
range lower than 1011 cm22, where the electron-electro
scattering is not the main scattering process~see Ref. 14,
where different systems were considered!. In addition, it
should be noted that the Coulomb renormalization of
intersubband transition is weak for the concentration reg
under consideration~see similar estimation of the shift of th
intersubband resonance due to redistribution of electron
Ref. 15!.

Another approximation we have made is rather stand
In order to estimate the coefficients of the kinetic equati
we have used in the Appendix a simplified description of
electronic states. It is easy to verify these results perform
the straightforward calculations. The use of the bulk mo
of the phonon dispersion and the electron-phonon interac
is a reasonable approximation for the GaAs/AlGa
structures.16 Finally, the phenomenological description of th
intersubband transition broadening is a generally acce
approach. It should be also noted that the interlevel redis
bution considered in this work suppresses the anisotro
addendumD f 1p given by Eq.~9!. Furthermore, due to the
effective momentum relaxation in the upper subband, a ne
tive differential conductivity occurs with the increase of« f .
For the parameters used in Sec. III, a noticeable nega
differential conductivity appears for« f.3 meV and current
instabilities in time or spacial domains~along the current
direction! are possible.17 But both the conductivity and its
field derivative are suppressed with the further increase
« f . These phenomena appear not to be essential fo« f
.20 meV where the stimulated emission regime takes pla
In addition, since the current and the mode propagation
rections are perpendicular, a sample may be short eno
along the current direction to avoid instabilities. A detail
description of unstable response in the high-mobility str
tures discussed in the present work requires a special co
eration.

To conclude, the present analysis shows the possibilit
obtaining the inversion of the electron distribution in
stepped QW with nonsymmetric scattering in the low co
centration region. Besides the stimulated emission regim
the THz waveguide discussed here, a negative differen
resistance can be achieved under the interlevel redistribu
of electrons. In addition, the multi-SQW structure may be
great interest for the modulation of the THz radiation. The
cases will be considered elsewhere. We expect that the
sented results will stimulate the experimental treatmen
the considered system.
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APPENDIX A: SQW MODEL WITH dwšdn

Here we present the estimations for the parameters of
kinetic equation considered in Sec. II A@the energyE1,2,
04530
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determined by Eq.~15!, and the dimensionless coefficien
k1,2, which are introduced throughK j j 8 from Eq. ~10!# and
the spontaneous emission frequencies which are determ
by Eq. ~12!. We suppose here thatdn!dw and the narrow
QW may be taken into account through the bound
condition

dfz

dz U
2dn/2

dn/2

5U0

2mdn

\2
fz50 , ~A1!

whereU0 is the band offset between narrow and wide QW
Describing the first subband in the shallow level approxim
tion we obtain

uD«1u.
mz

~\/dn!2

U0
2

2
, f1z.Ake2kuzu, ~A2!

where\k5A2muD«1u, 2/k is the characteristic size of th
first subband wave function. Since the orbital for the seco
subband is odd, thenf2z5050 and the boundary condition
of Eq. ~A1! is not essential for the second level descriptio
Using the hard wall approximation atz56dw/2 we obtain
simple expressions for the second subband:

f2z.A2/dw sin
2pz

dw
, D«2.

~2p\/dw!2

2m
. ~A3!

After the straightforward calculations of the integrals in E
~10! we obtain the simple expressions for the coefficie
k1,2:

k1.
2~2p!2

~kdw!3
, k2.

2

3 S 2p

kdw
D 2

. ~A4!

Analogous calculations give us the characteristic ene
terms in the form

E1
2.~2s\k!2, E2

2.
4

3 S 2ps
\

dw
D 2

. ~A5!

We turn next to consider the LO-phonon emission f
quencies given by Eq.~12!, which are expressed through th
factor

(
j 8p8

uCQ
(LO)u2d~E2«p8!

5
a\vLO

4p

\

L
A 2\vLO /m

@«1E1~\q!2/2m#224«E
. ~A6!

Herea is the polaron coupling constant. We have perform
the integration over 2D momenta using ad function and
taking a simple integral over the angular variable. Result
Eq. ~12! is transformed into
4-8
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n j j 8
6

~«!5
a\vLO

2L (
q
A 2\vLO /m

@2«1« j j 86\vLO1~\q!2/2m#214«~«1« j j 82\vLO!
u^ j ue2 iqzu j 8&u2. ~A7!
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Thus the frequencies for transitions between the first s
band states take the form

n11
1 ~0!5n11

2 ~\vLO!

5a\vLOE dq

4p

A2\vLO /m

\vLO1~\q!2/2m
u^1ue2 iqzu1&u2,

~A8!

while the spontaneous emission from the second to the
subband is given by
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