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Superconductor-quantum dot-superconductor junction in the Kondo regime
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Electron transport between two superconductors through an Anderson impurity in the Kondo regime is
investigated within the slave boson mean-field approximation. The current, shot-noise power and Fano factor
are displayed versus the applied bias voltage in the subgap region and found to be strongly dependent on the
ratio between the Kondo temperatureTK and the superconducting gapD. In particular, theI -V curve exposes
an excess current in the limitTK /D@1.
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A number of recently developed experimental techniq
allow for detailed investigations of electronic transpo
through atomic-size metallic conductors.1 Usually, transport
properties of such systems are strongly affected by Coulo
interactions. Novel physical effects emerge if electrodes
an atomic-size contact become superconducting. In that c
the mechanism of multiple Andreev reflections2 ~MAR!
plays a dominant role being responsible for both dc Jose
son effect and for dissipative currents at subgap voltag
Further, possibilities for experimental investigation of an
terplay between MAR and Coulomb effects in systems w
few conducting channels are provided by recently fabrica
superconducting junctions with a weak link formed by a c
bon nanotube.3,4

Recently, we developed a theory5 for the study of anSAS
junction consisting of an interacting quantum dot~A! con-
nected to superconducting~S! electrodes. It enables th
analysis of MAR in superconducting contacts with few co
ducting channels in the presence of electron-electron inte
tions. An interplay between MAR and Coulomb effects
responsible for effects such as an interaction-induced shi
the subharmonic gap steps on theI -V curve and Coulomb
blockade of MAR. The latter may result in a strong suppr
sion of the subgap current through the dot at sufficiently l
temperatures.

The combined effect of MAR and electron-electron inte
actions on the shot noise6 in superconducting quantum do
was studied in Ref. 7. It was demonstrated that interac
effects can strongly suppress the shot-noise power at su
voltages. At the same time, the Fano factor~proportional to
the ratio of the shot-noise power and the current! was found
to be nearly independent of interaction.

Our previous analysis5,7 was restricted to physical situa
tions outside the Kondo regime implying that all releva
energies in the problem were taken to be much higher t
the Kondo temperatureTK'0. In the present work, we stud
the opposite limit of sufficientlyhigh Kondo temperatures
This case is relevant, e.g., for junctions composed of car
nanotubes,3,4 where the Kondo effect with rather high Kond
temperatureTK'1.6 K was recently observed.8 Properties of
superconducting quantum dots in this strong-coupling
gime are entirely distinct from those exposed earlier in
0163-1829/2003/67~4!/041301~4!/$20.00 67 0413
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limit TK→0. On a qualitative level, this difference betwee
weak and strong coupling regimes can be briefly summari
as follows: In the weak-coupling limit~low TK), although
the number of Andreev reflectionsn;2D/eV may be large
at low voltagesV, both the current and shot-noise pow
remain rather weak. This is due to the low effective transp
ency G̃ of the junction as a consequence of strong repuls
electron-electron interaction~Coulomb blockade!. Large-n
processes are therefore damped asG̃n. By contrast, in the
strong-coupling Kondo regime the effective transmission
much larger and a ballisticlike channel opens up inside
dot. Hence, an interplay between MAR and the Kondo re
nance is expected to yield an excess current in theI -V curve,
similarly to the case of noninteracting ballistic junctions.
very large values ofTK and in the low-voltage limit this
current should approach the noninteracting result9 I AR
54eD/h. Analogously, the shot-noise power is expected
display a pronounced maximum atV50 and should decay a
1/V at small bias as is familiar in the standard noninteract
SNSjunction.10 Below, we will present a quantitative analy
sis which fully supports this qualitative physical picture.

The pertinent system is represented by two half pla
electrodes (L andR) separated by the linex50, and weakly
coupled to a pointlike Anderson impurityA located at the
origin. This model is of interest, for instance, in connecti
with recent experiments11,12on semiconductor quantum dot
It was shown there that tunneling takes place through a s
rate state with features of a Kondo behavior~a tunable
Kondo effect!.

The system dynamics is governed by the Hamiltonian

H5HL1HR1Hd1Ht1Hc , ~1!

in which HL,R are the BCS Hamiltonians of the electrod
which depend on the electron field operatorscL(R)s(r ,t),
wherer5(x,y) ands56 is the spin index. As in Refs. 5,7
the dot is described as a single-level Anderson impurityA
with energye0,0 and Hubbard repulsion parameterU. In
the Kondo regime of interest, here we setU→` and assume
ue0u to exceed any other energy scale exceptU. In this case it
is convenient to express the dot and the tunneling Hami
niansHd andHt via slave boson~operatorsb,b†) and slave
©2003 The American Physical Society01-1
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fermion ~operatorsc,c†) auxiliary fields.13 Explicitly, Hd

5e0(scs
†cs and Ht5T( j scs

†bc j s(0,t)1H.c., whereT is
the tunneling amplitude. Finally, the Hamiltonian of the sy
tem must also include a term which prevents double oc
pancy in the limitU→`. This term readsHc5l((scs

†cs

1b†b21), wherel is a Lagrange multiplier.
Let us now consider the dynamical ‘‘partition function’’

Z;E D@F#exp~ iS!, ~2!

where the path integral is carried out over all fields@F# and
the actionS is obtained by integrating the Lagrangian pe
taining to the Hamiltonian~1! along the Keldysh contour
The procedure of integrating out the electron fields of
bulk electrodescL(R)s(r ,t) was described in details in Re
5. As a result, we arrive at the effective action expresse
terms of the Green functions of the bulk superconducto
Our next step is to integrate out the variables correspond
to the Fermi operatorscs

† andcs of the dot. The correspond
ing integral is Gaussian, which yields

Seff52 iTr ln Ĝ212E dt@ l̂sz~ b̂b̂21!#. ~3!

Herel̂5(l1 ,l2), b̂5(b1 ,b2), andsz are diagonal matrices
acting in Keldysh space. Similarly to Ref. 5, the inver
propagatorĜ21 depends on the Green functions of the ele
trodes.

In order to describe the Kondo regime we will treat t
slave boson fieldsb1 andb2 in Eq. ~3! within the dynamical
mean-field approximation. Performing the variation of t
effective action with respect tob1,2 andl1,2 and then setting
b15b25b and l15l25l, we arrive at two self-
consistency equations that determine the parametersb andl.

Before presenting these equations let us specify the
pression for the inverse propagatorĜ21. Performing the
standard basis rotation in Keldysh space one finds

Ĝ21~e,e8!5d~e2e8!~e2tzẽ !1
Gb2

2
tzĝ1~e,e8!tz ,

~4!

where ẽ5e01l is the renormalized level position~in the
Kondo limit one hasẽ.0) andG}T 2 is the usual transpar
ency parameter. Here and below, we defineĝ65ĝL6ĝR ,
where

ĝL,R~ t,t8!5e7 iw(t)tz/2E ĝ~e!e2 i e(t2t8)
de

2p
e6 iw(t8)tz/2,

~5!

are Keldysh matrix Green functions of left and right ele
trodes andẇ/e5V(t) is the bias voltage across the dot. T
matrix ĝ has the standard structure with retarded and
vanced Green functions
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ĝR/A~e!5
~e6 i0!1uDutx

A~e6 i0!22uDu2
, ~6!

as diagonal elementsĝR/A and the Keldysh functionĝK(e)
5@ ĝR(e)2ĝA(e)#tanh(e/2T) as the only nonzero~upper!
off-diagonal element. The Pauli matricestx,y,z act in Nambu
space. The inverse of the matrix~4! is formally performed,
leading to a 232 Keldysh Green function with three ele
ments,

ĜR,A5F S i
]

]t
2tzẽ D1

Gb2

2
tzĝ1

R,AtzG21

, ~7!

ĜK52
Gb2

2
ĜRtzĝ1

K tzĜ
A. ~8!

In order to explicitly write down the self-consistenc
equations let us introduce the bare Kondo temperatureTK

0

5Dexp@2pue0u/(2G)# and defineGb25TK
0 X, whereD is the

energy bandwidth. Then our~MFSBA! equations take the
form

X52
iG

2TK
0
TrĜKtz , ~9!

l5
iG

8
Tr@ĜKtz~g1

R 1g1
A !1~ĜR1ĜA!tzg1

K #tz, ~10!

where the trace also includes energy integration. Eq.~9! ef-
fectively determines the Kondo temperature~through the pa-
rameterX), and reflects the constraint which prevents dou
occupancy in the limitU→`. The second self-consistenc
Eq. ~10! defines the renormalized energy-level positionẽ.

Let us briefly discuss the validity range of the prese
analysis. The MFSBA is known to encode the Kondo Ferm
liquid behavior at low temperatures. An important parame
here is the ratio between the Kondo temperature and
superconducting gaptK[TK

0 /D.14–16 For tK*1 a Fermi-
liquid behavior is expected. Accordingly, in this regime E
~9! should have a nonzero solutionXÞ0, which corresponds
to nonzeroTK . On the other hand, in the limit of largeD the
only possible solution is a trivial oneb50 ~and, hence,TK
50).18 In this case—as it was demonstrated in Ref. 5—
problem can be treated within the dynamical mean-field
proximation for the bare Anderson Hamiltonian. Quanti
tively, the MFSBA is reliable only for sufficiently large val
ues of tK . We believe, however, that it can provide usef
qualitative information also for moderate values oftK de-
scribing a crossover between the Kondo regime and the C
lomb blockade behavior.5 It is worth noting here that the
applied bias voltageV also attenuates the Kondo resonan
and lowersTK . Hence, for the reliability of the MFSBA in
nonequilibrium situations, bothD andeV should not exceed
the Kondo temperature. Attention below is mainly focus
on the subgap voltage regimeeV&D in which casetK ap-
pears to be the only relevant parameter.
1-2
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The standard expression17 for the tunneling current opera
tor between the dot and one~e.g., the right! electrode reads

I R
(1,2)56

ie

\ (
k

T F c̄
16sx

2
cRk~0!2H.c.G . ~11!

Here cRk(0) is the Fourier transform ofcR(0,y,t) with re-
spect toy and Eqs.~1! and ~2! refer to Keldysh indices. As
before, it is convenient to integrate out thec fields and ex-
press the currentI through the dot in terms of the Gree
functions of the bulk electrodes. This procedure has b
described in details in Ref. 5. As a result, we obtain

I 5 i
eXtK
8\

Tr@~ĜRtz2tzĜ
A!g2

K 2ĜKg̃#, ~12!

where we defined g̃5ĝ2
R tz2tzĝ2

A and g̃R,A5ĝ2
R,Atz

2tzĝ2
R,A . Being combined with Eqs.~9! and~10!, the result

of Eq. ~12! can be conveniently used for computing t
transport current of anSASjunction in the Kondo regime for
different values oftK .

For sufficiently largetK , we anticipate a strong Kond
resonance and theI -V curve is expected to resemble that
purely ballistic junctions without interaction.9 Indeed, in the
limit of large tK@1 which corresponds to the unitary, pu
ballistic case, our expression for the current~12! reduces to
that of Ref. 9. This agreement is further supported by
numerical analysis carried out fortK5100 ~dashed-dotted
curve in Fig. 1!. Calculation of the current was also pe
formed fortK55 and 1.6 and the results are displayed in F
1. For tK55, a pronounced excess MAR current is clea
exposed in theI -V curve, though its magnitude turns out
be smaller than in the unitary limittK@1. One also observe
subharmonic MAR steps~which are hardly visible in the
case tK@1). For a lower valuetK51.6 the current is
strongly suppressed~dotted line in Fig. 1!, and theI -V curve

FIG. 1. The averaged currentI ~in units of 4eD/h) versus the
biasV ~in units ofD/e) for anSASjunction at subgap voltages wit
G/TK

0 5200. Dashed-dotted, solid, and dotted curves corresp
respectively, totK5100, 5, and 1.6.
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resembles that of a low transparencySAS. MAR steps in the
I -V curve become more pronounced as compared to the
of higher tK .

Let us briefly summarize our results for the current. In t
limit of large tK the I -V curve is practically independent o
tK and resembles that of a ballistic junction, as indicated
the upper curve in Fig. 1. This effect is physically similar
that discussed in Refs. 19 and 20, where stimulation of the
Josephson current was found in the unitary limit of t
Kondo regime. For lower values oftK the junction is driven
away from the unitary limit and the system behavior b
comes much richer. It reflects the influence of bothD andV
on the Kondo resonance and on the actual value of
Kondo temperature. While fortK55 some imprint of ballis-
tic behavior still remains~finite excess current!, the I -V
curve noticeably deviates from that obtained in a nonint
acting limit. FortK51.6 the competition between gap-relate
suppression of the Kondo effect and the effective transp
ency of the junction becomes essential leading to further
crease of the current. For even lower valuestK , the Kondo
physics is no more relevant and one crosses over to the C
lomb blockade regime.5

The shot-noise spectrum is usually defined as the sym
trized current-current correlation function6. Being expressed
via the operators~11!, it reads

K~ t1 ,t2!5\@^T̂I (1)~ t1!I (2)~ t2!&1^T̂I (1)~ t2!I (2)~ t1!&

22^I &2#, ~13!

where T̂ is the time-ordering operator and̂•••& denotes
quantum averaging with the Hamiltonian~1!. Substituting
I (1,2)5(I L

(1,2)2I R
(1,2))/2 into Eq.~13! we obtain an expression

for K(t1 ,t2) which involves integration over surface field
and dot electron slave particle field operators. The first in
gration involving the Green function matrixĝ is Gaussian
and can be done exactly. Integrations over the dot slave
mion fields is completed within the dynamic MFSBA. Afte
Fourier transform with respect tot12t2 it is possible to ex-
press the power noise spectrumK(v) in terms of the Green-
functions of the entire system~7! and~8!. It is convenient to
decomposeK5(K11K2)e2D/(8\) with the result,

K15
XtK
2

Tr$~ ĝ1
R 2ĝ1

A !~ĜR2ĜA!2ĝ1
K ĜK%, ~14!

K252
~XtK!2

8
Tr$~ĜKg̃!222tzg̃tzĜ

Ag̃ĜR2@2g̃ĜRtzĝ2
K ĜK

1~ g̃RĜR!22~ĜAĝ2
K tz!

21H.c.#%. ~15!

Expressions~14! and ~15! @supplemented by the self
consistency Eqs.~9! and ~10!# are then solved numerically
for the same set of parametersG/TK

0 5200, tK5100, 5, and
1.6. The results for the shot-noise power spectrumK versus
the applied voltageV are displayed in Fig. 2. These resul
are clearly correlated with those for theI -V curve and can be
summarized as follows.

d,
1-3
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In the limit tK@1, our results are consistent with tho
obtained for purely ballistic junctions.10 In particular, we
mention that the noise spectrumK exhibits a 1/V dependence
at low voltages. At lowertK the physics is distinct. FortK
55 ~solid curve! the noise spectrum still shows featur
typical for a junction with relatively high transparency~see
Ref. 21 and Fig. 1 therein!, while the results fortK51.6
~dotted curve! are more similar to those for a low transpa
ency junction. FortK55, we get a pronounced noise pow
at low voltage whereas at higher voltageseV*D the shot
noise is significantly suppressed. At low voltageK scales
approximately as 1/V. The sequential tunneling picture is n
valid in the unitary limittK@1 as well as for the intermedi
ate valuetK55 due to the interference between differe
MAR processes. Yet, this picture is partially restored
lower Kondo temperatures, as is demonstrated by our res
obtained fortK51.6. This effect of sequential tunneling du
to MAR is most clearly manifested through the Fano fac
K/2eI depicted in Fig. 3 as a functionV. We observe that for
tK55 the Fano factor ateV>D is substantially lower than
the expected valueK/2eI52 originated from Andreev re
flections. On the other hand, fortK51.6 the Fano factor is
closer to this value.

In conclusion, we have analyzed an important physi
problem involving strong correlations, the Kondo effect a
superconductivity. These aspects can be combined in anSAS

FIG. 2. The shot-noise powerK ~in units of 2e2D/h) as a func-
tion of V ~in units ofD/e) for anSASjunction. The parameters an
notations are the same as in Fig. 1.
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junction consisting of an Anderson impurity~in the Kondo
regime! located between two superconducting electrod
which is experimentally feasible. We have developed a t
oretical framework by which it is possible to investigate
interplay between MAR and Coulomb effects in the Kon
regimeT,D,TK . In this limit, we have exposed the non
linear I -V characteristics and calculated the shot-noise po
spectrum ofSASjunctions at subgap voltageseV,2D. We
have found that at sufficiently largetK the Kondo resonance
plays the dominant role effectively making the junction b
havior similar to that of highly transparent noninteracti
weak links.9,10 This physical situation is qualitatively differ
ent from the Coulomb blockade regime encountered in
limit D.T.TK , which we have analyzed in our previou
works.5,7 A crossover between these two physically differe
regimes occurs atTK;D and is also—at least qualitatively—
described within our theoretical framework.
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FIG. 3. The Fano factorK/2eI versusV. The parameters and
notations are the same as in Fig. 1
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