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This work presents a comprehensive study of acoustic interferometers based on sonic crystals, such as the
one reported by Cervest al.in Phys. Rev. Lett88, 023902(2002. This kind of interferometers consist of a
slab of rigid cylinders in air put in a periodic configuration. Their performance as a function of thickness and
symmetry configuratiofisquare and hexagonas analyzed by our setup, which obtains the reflectance spectra
using the standing wave ratio technique. Experimental observations are fairly well simulated by a self-
consistent wave theory that incorporates all orders of multiple scattering. An homogenization procedure shows
that sound propagation inside the hexagonal-based crystals is isotropic while it is biaxial inside the square-
based crystals. A method able to extract the acoustic band structure from the reflectance spectra of the finite
crystals under study is also described. Finally, the robustness of the interference effects is also studied as a
function of positional disorder inside the unit cells in the lattice.
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[. INTRODUCTION calculates the transmission spectra by different algorithms
such as the transfer matrix methBtfinite differences®-%!

A photonic crystdl is to light waves what a semiconduc- or by multiple scattering:?>?*The drawback of the first ap-
tor is to electrons: it allows the passage of waves at somproach is that additional attenuation bands can appear in the
energies but no others. In other words, the allowable energiezero-order spectra due to two reaso(is: the presence of
are distributed in bands. In a similar manner, a fluid mediundeaf bandsin the dispersion relation an@) the existence of
with a periodic density variation define a system called adiffraction effects above a certain cutoff frequency; i.e., the
sonic crystal(SC), which forbids sound propagation at cer- possible scattering of sound to Bragg orders larger than the
tain frequencie$.The fundamental reason for the phenom-especular when it leaves the 8@n the other hand, the
enon of band structure is the multiple scattering of waves irpther approaches usually produce good experimental de-
a periodic configuration of scatterers. scription, but sometimes interesting physical phenomena are

Recently, experimental observations have demonstrateshielded if not a further analysis of the spectra is completed
that SC’s Consisting Of periOdiC arrays Of meta”ic Cylindeery Studying the symmetry Character Of the eigenmodes and
(i.e., rigid scatterepsin air show stop-band and pass-bandpeijr dispersion relation.
regions®™** On one hand, the presence of stop bands have The purpose of this paper is to present a comprehensive
led to the proposal of using the SC's to construct a newynqsis of structures similar to the one introduced in Ref. 11

. . . — 0
gengﬁﬂof‘ of soutnd fSh'eIdZ tand f||f(ép§. Qn t:]he OtheL sed as an acoustic interferometer. Experiments have been
and, their property ot sound transmission in the pass- anléerformed for several structures with variable thickness in

frequencies has been recently uSem construct refractive two different symmetry configurations: hexagonal and

devices such as an acoustic lens for focusing sound waves . . . .
Square. Theoretically, a self-consistent multiple scattering ap-

and also an acoustic interferometer that works similar to its roach has been develoned containing some imorovements
lightwave counterpart. Experiments on more complex strucP? ) P g s mprove
ver the ones previously reported. Our simulations will be

tures called phononic crystals, where the waves can have & ;
mixed characteflongitudinal and trasversalhave also been focused on the reflectance properties of these structures,
reported-21° Most of the experiments report zero-order at- which is a topic scarcely treateq in the literature. It WI|.| be

tenuation spectra of sound transmission across the period®own that reflectance spectra is a good spectroscopic tool
structure, just one work has reported reflectance propértiescharacterizing the internal modes of SC clusters and can be

The theoretical description of sonic and phononic crystalg!sed to obtain partially the two-dimension@D) acoustic

has employed two main strategies. One consists on barigand structure. Thus, modes having their wavefronts parallel
structure calculatioris”1%67of the corresponding infinite to the surfaces of the cluster produce well defined zero re-
system in order to match the gaps in the dispersion relatioflectance features in the spectra when they are excited by
with the attenuations in the transmission spectra. The othesound waves impinging the cluster perpendicularly to its sur-
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faces. These modes can be assigned to Bloch modes of the ¥
2D band structure.

The frequency and symmetry of acoustical modes pre-
dicted by the multiple scattering approach characterize fairly
well the resonance features observed in the spectra. More-
over, the spectra in the frequency regions below and above
the gaps are similar to the ones expected from homogenized
layers, whose characteristic impedance and effective sound
velocity have been obtained by a fitting procedure.

As a result of our studies we concluded that the sound
velocity inside SC's verify the following propertie§) it is
always lower than in air(ii) it depends on the crystal thick-
ness, andiii) it also depends on the parameters characteriz-
ing the crystal(i.e., the lattice symmetry and the fraction of
volume occupied by the cylindersParticularly, it has been
demonstrated that hexagonal lattice is isotropic with regards
to sound propagation while the square lattice behaves biaxi- O &
ally. Moreover, the reflectance of the SCs’ slabs is small and _ o )
depends on the filling fraction; it increases as the filling frac- /G- 1. Coordinate systems and definition of variables employed
tion increases. Finally, the fairly good agreement found be!" the €quations of the multiple-scattering algoritisee Sec. )i
tween theory and experiments has lead us to make predic-

tions about the robustness of the interference effects as . . . .
fﬁnctlons centered at the cylinder position. If the multipole

function of the disorder in the lattice. g ext
The paper is organized as follows. The theoretical ap_ccgceaft?ments areB.)i, (Sa)i, and Ap),, for P,, Py, and
proach is presented in Sec. Il while the experimental setuf .+ 'espectively, the expression above can be cast into the

together with the sample descriptions are given in Sec. lifollowing relation between coefficients:

&y)

Those fields can be expanded as a combination of Bessel

The comparison between experiments and calculations are N 1=
presented in Sec. IV, where it is explained how to get the B )=(S.) + G (AL 2
band structure from the reflectance minima, and the results (Ba)1=(S0) 521 |/:z_m (Gpalur(Agh @

of the homogenization procedure are also discussed. In Sec. )
V the predictions about disordering effects are reported. Fi®pa P€INg the propagator fron to « whose components
nally, Sec. VI summarizes the work. are

(Gpadir=(1= 8,5 €' V0asH (k1 0p),  (3)

Il. THEORETICAL APPROACH: THE SELF-CONSISTENT . . _
WAVE THEORY where 6, is the Kronecker deltad,z;=1 if =g, and

8,5=0 if a#p).

A simplified approach(only including double-scattering ‘i\lotice that coefficient§, are known, buB, andA, are
termg of the treatment described below has been successiot. The boundary conditions at the cylinder’s surfaces re-
fully applied to study the reflectance properties of a cluster ofatesB, andA,. Though the experiments involved hollow
35 cylinders? A complete self-consistent procedure including aluminum (Al) cylinders, here, we use the simplifying as-
all order of multiple scattering, which follows the seminal sumption of rigid cylinders. This approach works fairly well
work of Twersky?* has been reported by Chen and¥® in the theoretical description of experiments in the range of
study the transmission spectra of large structures. The procérequencies under study. In addition, the thickness of the
dure is briefly described below. In particular, we introduce ametallic tubes and the huge density contrast between Al and
symmetry of the matrix elements that reduces the computaair justified the approach?. Thet-scattering matrix relates,

tional effort of the numerical code. andB,
Let us consider a cluster & cylinders located at posi-
. > . . > . . ‘]l—l(Kpa)_J|+l(Kpa/)
tionsR; (8=1,2,...N) and radiugp . Ry is a vector in the (i =—7 il Sy (4)
XY plane. The geometry of the problem and the variable HP1(kpo) —H D (kp,)
definitions are shown in Fig. 1. ) o )
If a external waveP® with temporal dependence ¥ Introducing these coefficient in EQR) and after an easy

impinges the cluster, the total field around the cylindés a  @lgebra we arrive at
superposition of the external field and the radiation scattered

by the rest of cylindergs: No=e

(Aan—ﬁzl Y (tGpa)i (A =(t,S)i- (5

|'=—

N

— scat
Pa(X.Y)—PeXt(X:Y)JF;a PExy), (1) By truncating the angular momentum withit | <I ;s
Eq. (5) reduces to a linear equation where the dimension of
Wherecha“is the field scattered by thé cylinder. the relevant matrix isN(2l ot 1)XN(2lmaxt1). Thus, in
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matrix form MA=S, whereA and S are column matrices oy —d
' y ot
with elements Ay Ay, L AN and o °
tySi taSa ., - - -tniSwi, respectivelyM is a square matrix ~ Soundwave - area explored ~ ®
where each element is a matrix of dimension (2+1) P ®
X (2 haxt1). In short, the matrix elements can be expressed ‘ o
max —
by AY{ * () -
() H
D
(Maght = Bugdiir = (t.Gaph (1= 8,p).  (6) 9
. . — ]
When the structure contains a huge amount of cylinders, o ()
the CPU time required in the calculations can be reduced t¢c— ® P o
the half by using the following relation between the matrix o ° )
elements: o ® o
AX e
oy (tei — L —
(Mg =| (1= 38,p)(— 1)¢ l)t—+ Oap | (Mpgay -
a’l’ FIG. 2. Schematic view of the experimental set up employed in

@) the experiments. The sample represents an hexagonal array with
This relation is obtained from the properties of the polarsurfaces perpendicular to theX direction of the lattice. It is made

variablesf,— 0,5=m, andr ,z=r g, . These properties im- of 10X3 cylinders. The dotted rectangle in front of the sample
ply that (Gaﬁ)ll =(— 1)(|r—|)(Gﬁa)“, . which introduced defines the area explored by the robot. Measures are taken at points

into Eq. (6) gives the identity in Eq(7). separated\x along theX axis andAy along they axis. a is the

Finally, the unknown coefficienA can be easily obtained lattice parameteD ~2a, d:_a\/§/2. The ;hadowed region_ repre-
by matrix inversion, and the pressure field at any point outsents the effective dimension of the sonic crystal according to the

side the cylinders is given by criterium of Ref. 31;L=3a./3/2, H=10a.

N

P(x,y)=P(x,y)+ > P<¥x,y)=P\r,0) [G(k;®) i =2 [G(Rjw) ] exdik-R), (12
a=1 “« ' ' R
N l=o where the sunkg is over all lattice sites, and
A HD 16 8 A .
+Zl IZE—OO ( a)l I (Kra)e ( ) [G(R;w)]”IE(GO'B)H’:(]-_&Ii)eI(I _l)eRHF}L(KR),

The normal modes of a finite system may be obtained by 13
solving the following secular equation, which is obtainedbeing R= ﬁﬁ—f{o, and k is related tow through the sound
from Eqg. (5) in absence of external incident wave; i.e., velocity in air. The expansion coefficients are calculated fol-
(S,) =0: lowing the Ewald procedur®.

The solutions are complex resonance frequenciesw’ . _
The experiments have been performed in a echo-free

—iw”. The real parw’ gives the eigenfrequency of the nor- .

T chamber. As a sound source we employed a collimated beam,
mal mode and its lifetime in this resonator can therefore b%vhich were obtained by blacing an omnidirectional speaker
estimated byr=1/(20"). The procedure explained above is y P 9 P

formally equivalent to the one previously employed to studyat the focus of a parabolic reflector.
clusters of 2D photonic crystaf&2’ The SC samples are constructed by hanging cylindrical

The acoustic structure of an infinite periodic system canrOdS(1 m long on a frame with the appropriate symmetry. In

be obtained taking into account that Bloch theorem applies tgac;jucula_r,zarrays (zf EQILOW alu2m|num cylmder_s of ex(;gf;nal
the coefficients as radiusp=2 cm and thickness 2 mm were put in two differ-

ent configurations; hexagonal and square. All the rows in a
(Ay) =e‘z'§B(A ) (10 sample have the same length which in our samples is
I o determined by 12 rods. A schematic view of the experimental

wherek is a wave vector contained in the first Brillouin zone Setup is shown in Fig. 2. The parametein the hexagonal

of the Bravais lattice defined by the vect(ﬁg. For the case lattice is 6.35 cm, Wh'le in the square !atuoe is 11 cm. In
. . oo ther words, the fraction of volunfeoccupied by the rods in
of a single scatterer per unit cell, like in the hexagonal an

: : : e hexagonal case fs= (27/+/3)(p/a)?=0.360 while for
square lattices, the secular equation for the acoustic bantﬁe square latticef— m(p/a)?=0.104. For the hexagonal

modes is . .
lattice results are reported for three samples with three, four,
_ . e and five layers of cylinders, which were constructed having
detoi ~[tG(K @)l (1~ or)]=0, D their surfaces perpendicularly to tf&X direction (distance
wheret=t, is the expression in Ed4), and between layersl=a\/3/2). For the square lattice, the results
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obtained in two samples with the same thicknéss$ayers __ 4000 -
are reported; one oriented along th& direction d=a), T I \/
the other along th&M direction d=a/\/2). g 3080

In order to study the reflectance, pressure maps have been 2 5q00 ]
obtained in front of the sample by means of a computer- 3
controlled automatic positioning system capable of sweeping g 1000 @X
a microphone through a grid of measuring points. Two L . !

steeper motors with a maximum resolution of 0.25 mm per
step allows the movement along eaghand Y axis. The
pressure maps are obtained from a grid of 400 points; 50 4000
points spacedAx=10 mm along theX axis and 8 points
spaceddy=40 mm along ther axis. The total area scanned
by the map is 49 cod 28 cm (see Fig. 2 Nevertheless,
larger areas could be explored, if needed, by hand relocation

3000
2000

B?

Frequency (Hz)

of the whole frame of the robot. 1000 "
Sound pressure measurements are automatically taken by - M
means of a B&K 2144 frequency analyzer controlled by a 0
GPIB interface. At each grid point the microphone samples r X M r

the sound with a sampling frequency of 15 kHz. The pres- _ o

sure spectrum with a resolution of 8 Hz is obtained by the FIG. 3. (@) Acoustic bands of an hexagonal lattidattice pa-
analyzer, which makes the FFT of the data recorded by thEgmetera=6.35 cm) of rigid cylinders(radius 2 cm in air. (b)
microphone. A total of 256 spectra have been taken to gerf:coustic bands for a square lattica< 11 cm) of cylinders with
erate the averaged spectrum finally assigned to each gr%qual radius. The insets show the corresponding Brillouin zones and
point (x,,y;). Thus, for a given frequency, the I,oot_n,'e‘,:m_t e special points. The symbols represent the reflectance minima

N . found in the spectra for the samples analyzed: three laffalis
square(r.m.s) pressurePymy(x;,y;) is obtained. To express uarey four layers(full circles), and five layergempty circles.

. - S
t2hoe pl:';ess';']re in decibels we employ a reference pressure ??ue diamonds corresponds to minima whose associated mode are
mPa, thus above the difraction limifsee text

L(X;,yi)(dB)=20logd Prms(Xi,yi)/Prefl.  (14) | we conclude that the hexagonal lattice behaves isotropi-
cally regarding sound propagation while the square lattices
8oes biaxially. In this section it will be shown that these
predictions made for periodic systems are supported by re-
flectance measurements as well as by numerical calculations
IV. RESULTS AND DISCUSSIONS based on the multiple-scattering technique, both performed
in finite sytems.

The pressure maps have been calculated by the multiple

The acoustic band structures for the corresponding infinitgcattering approach described in Sec. Il. The sums to the
systems are plotted in Fig. 3. They are obtained from therders| of the Hankel functions in Eq8) have been trun-
secular equation, Eq(11). The gaps that forbids sound cated; only seven terms{3=<I=<3) were needed to get con-
propagation fairly agrees with zero-order transmission exverged results (1% errprTo compare with experiments, it
periments reported in Refs. 4—6. The hexagonal lattice hasigas been defined a theoretical r.m.s. pres@i@o(x,y)
Complete acoustic gap at the region 2498-3104 Hz, which is- %| P(X'y)|2, which is the time-averaged square pressure at

determined by the gap in thEJ direction. Along thel'X each point_ The Corresponding press(jredB) is
direction a pseudogap exists in the 2109-3474 Hz frequency

The total time elapsed to construct one pressure map as d
scribed above is about 5 h.

A. Ordered structures

region. On the other hand, the square lattice only shows a Lined X,¥)(dB)=20Xlog,o(|P(x,y)|/ @), (15
pseudogap along theéX direction: in the range 1308—-1680 _ e _ o
Hz. TABLE I. Sound speedin m s ) inside a lattice of rigid cyl-

Hﬂders in air. Its dependence on the filling fractibalong the two
Eigh symmetry direction in the two lattices hexagorth) and
'shuare(s) is given. The values are obtained from the slope of the
first acoustic band near the zone center of the Brillouin zone.

A parameter of interest regarding the sound propagatio
in these structures is the sound velocity at large wavelength
where the frequency increases linearly with the wave vecto
In other words, at frequencies where the phase velocity (
=w/k) and group velocity ¢ 4= dw/Jk) coincide. Table |

. . 7 ) Hexagonal lattice Square lattice
gives the numerical predictions, which shows that the soung g I'x rJ f a 'x 'M
. . - . . .Ih s

propagates inside the SC at velocities lower than in air; their

values depend on the filling fraction, being lower at higher 0.051 329 329 0.058 329 331
The results for the hexagonal samples were reported Béforeo.090 320 319 0.104 318 317
and the velocity reduction, which was also demonstrated exg.202 298 298 0.234 293 302
perimentally, were explained as a impedance effect that rey 360 276 277 0.415 266 277

sults in an effective increase of the air dendftfErom Table
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FIG. 5. Frequency dependence of the reflectaRceneasured

measureddots and calculatedcontinuous ling along thex axis (symbols for samples based on a hexagonal affajtice parameter
(y=—0.05 cm) in front of the sample made of five rows of cylin- &= 6-35 cm) of rigid cylinderdradius 2 cmin air. The continous
ders put in a hexagonal configuration, the rows being perpendiculd?€S "épresent the predictions obtained from the self-consistent
to the I'X direction of the Brillouin zone(Middle pane) Surface wave t_heory introduced in Sec_._ll. The vertical bars represents thfe
plot of the pressuré(x,y) [Eq. (14)] obtained by the robatiower acoustical mod_es. _Th(_e bar_posmon gives the real part of the mode’s
pane). Surface plot of the pressule,, calculated by using the frequency and its lifetime (in reduced unitsis represented by the

: : bar’s height. The shadowed regions represent the band gap in the
multiple scattering theory. The grey scale goes from bléok
presspurkto white (ghigh pr)c/essur)e grey g 4 band structure of the corresponding infinite periodic systésas

Fig. 3.

FIG. 4. (Top panel root-mean-squaré.m.s) pressurgin dB)

where « is a parameter, which is adjusted to take into ac-
count that the actual incident pressure is not unity.

As a typical example, the top panel in Fig. 4 compares th
pressure level measured and calculated alongxthgis at

he standing wave ratiGGWR), which is defined as the ratio
between the maximum pressure to the minimum pressure,
%an be put as a function of the reflection coefficient

y=0 for the case of a SC slaffive layers thick with its =(BIA)=\R: P A+LB  14r

surfaces perpendicular to theX direction in the hexagonal SWR= —&_ = ) 17
configuration. It corresponds to the case of an incident wave Pmin A—B 1-T

of 1750 Hz, and the theoretical curfeontinuous ling were . )
obtained by usingr=0.0025 in Eqg.(15). The center and From here,R can be cast as a function of SWR:

bottom panels in Fig. 4 show the complete pressure maps SWR-1

measured and calculated, respectivelly. The agreement found R=|r|2=m. (18
between both maps demonstrates that the multiple scattering

is a good approach to describe the observations. Though our samples are finite in the direction perpendicular

The pressure maps in Fig. 4 show that a standing wave i® the impinging wavethe y axis in Fig. 2, the pressure
formed in front of the sample that can be understood as dugattern along the axis effectively behaves as an ideal stand-

to the reflection suffered by the incident wave at the air/SCmg wave (see Fig. 4 and, therefore, the expression f&r
interfaces. This is a general result at any frequency. Belowahove has been applied.

we describe how the reflectand@ is obtained from the A word of caution has to be given, Egd7), (18) used
standing wave. SWR in decimal units, which can be extracted from the pres-
At a given frequency, the standing wave for the case of sure mapgin dB) by using SWR=10°WRE@B)20. Thys, from
a sample withH— can be reduced to the general one-experiments, SWRH{AB)=Lp ma{dB) —Lp min(dB)=20
dimensional form Xlog;d (1+r)/(1—r)], while from the calculated maps,
) _ SWRyped dB) =20x |0910(| Pmaxm F’min|)-
P(x)=Ag(kx-et) L geritkx=aol) (16) Figures 5 and 6 plot the reflectanfin SC slabs based
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1.0 30 enon in homogeneous slabs. As an example, Fig. 7 shows
- [ several modes associateq to the_ square-based s_Iab. These re-
& I sults about resonances will be discussed below in a separate
© 06 subsection.
= ~
é AL e 1. Homogenization
€ 02 I Now, it seems worthwhile to find an equivalence between

the SC slab and a slab of some effective thicknesentain-

0.0 LR - o _ e . .
gpl 900 W00 1500 @A 00 00 ing a homogenous fluid in which the sound travels with a
velocity c.¢. The fact thatR=0 at frequencies,, (n inte-

o» 08 gen indicates that resonances exist inside the SC slab whose
§ i r 20 wavelength\ is such that the slab thickneksis an integer
5o < number of half wavelengtht =n\/2; in other words,v,
% 0.4 o E =n Cer/(2L). With this simplified assumption the oscillat-
o ing period is

0.2
Av=v,,1—vy=Cex/(2L). (29

0.0 Lect 0
0 500 1000 1500 2000 2500 3000
Now, we assume that the front and rear surfaces of the crys-

Frequency (Hz) tal are perpendicular to the propagation direction and that the
distance between each surface and the center of the first cyl-
FIG. 6.. Frequency dependence of the refle_ctaﬁcmeasured inder is half a layer separation. Take, for example, [thé]
(symbol3 in samples based on a square arflaftice parametea entation of the square lattice slab, which corresponds to
&Elirr?c;nr?sgrﬁg ;yggsr?éz:?d;ﬂserig?;;oi'; 5123:/:}; L?;Ei?ﬂ;se_ the sound transmission in thHe— X direction; the crystal
urfaces are put at=—a/2, andx=(M —1)a+a/2, where

try directions in the lattice are shown. The continous lines represenih been considered that the first and last row of cvlinders
the result obtained by the self-consistent wave theory introduced i as been considere at the first and last row ot cy

Sec. Il. The vertical bars represents the acoustical modes. The bare located at=0 andx=(M—1)a, re.s_pec.tively.M is the
position gives the real part of the mode's frequency and its lifetimegUMber of layers Such surface condition in which the fol-

7 (in reduced unitsis represented by the bar’s height. The shadow!OWing C?“CU""‘“O_n% are based ,is how the surface is normally

region represent the band gap in the band structure of the corrélefined in a 59“&- The slabs’ thicknesses are determined

sponding periodic systettsee Fig. 3. according to this surface definition. Thus, for the previously
described slath =Ma.

on hexagonal and square symmetry, respectively. Figure 5 'Ifhgrefore,_ by analyzi_ng th_e period of the oscillations in
also presents the reflectance dependency of the slab thick it iS possible to obtain a first approach to the sound ve-
ness, while Fig. 6 shows the behavior along the two higHoCity inside an homogenized slab. However, the simple
symmetry directions in the square lattice. Both figures showModel under Eq(19) does not make it possible to get the
that experimental observatiofsymbols are fairly described reflectance at the air/SC !nterface, which is the oj[her param-
by the multiple-scattering theorfgontinuous lines where a  ter _neeo_led to characterize the S_C. To accompl|sh_th|§ goal
plane wave with ac-wave vector perpendicular to the air/SC We fit R in the range of frequencies where the oscillations
interface is employed as the incident sound. Experiment an@e¢ observed with its agglytlcal expression for a homog-
theory demonstrate th& oscillates similar to the reflectiv- €nized layer of thicknests
ity of a Fabry-Perot cavity for light waves. The experimental .
spectra also show additional featur@eaks and shoulders — 4R gsir(wL/Cep) (20
in between the zero reflectance frequencies. Those features 1+R2-2Rocoq 2wl /Cep)
clearly appear in the hexagonal sampiese the low fre-
quency regions in Fig.)5and their position and shape are where Ro=(Zsc— Zai)/(Zsct+ Z4i)? is the reflectance at
maintained in the three samples anlyzed. Their observationormal incidence at the single interface. The fits to results in
in the spectra from the square based samfdes Fig. 6is  Figs. 5 and 6 have been performed in a frequency region
more dificult due to their low reflectance. The origin of thesebelow the theoretically predicted bandgap onset. Thus, for
features can be atributed to internal mode$ symmetry the samples based on the hexagaisgluare¢ symmetry the
different to the ones responsible of the zero reflectance feditting is performed in the region 560—1910 K%10-1180
ture9 that are excited by the fact that the actual impingingHz). The fitted parameters are given in Tablglkexagonal
wave has not a plane wave front. They are of no interest isampleg and Table Il (square sampleésLet us stress that
the present work and will be analyzed elsewhere. because of Eq(20) it is only possible to determine the ratio
The vertical lines in Figs. 5 and 6 indicate the location ofL/c.;, and therefore, the value assigneddg has been
the acoustical mode&esonancesresponsible of the zero obtained from a valué previously fixed by the surface defi-
reflectance features in the spectra. They are computed as thiion explained above. In spite of this uncertainity, the val-
roots of det(\) =0 [see Eq(9)] and their symmetry match uesc.; compare firly well with the ones predicted for infinite
the ones of the modes responsible for the similar phenomsystemgsee Table), which indicates that a few monolayers
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FIG. 7. Pressure map of the resonant modes responsible of the first four reflectance minima observed in the spectru(a) oTkéy. 6
modes have their maxima and minima along k¢ direction. The line plots above give a section takeg-at—0.05 cm. Their calculated
frequencies ar¢a) w;=318.8+324.5, (b) w,=613.8+215.05, (C) w3=909.3+176.0, and(d)w,=1186.2+97.9.

are enough to get bulk properties. With regardsRtg, its ~ ployed in fabricating optical devices. Therefore, it can be
values are very low for all the systems analyzed. The facstated that SC's can be used to fabricate acoustical refractive
that it is larger in the hexagonal-based samplgg,( devices in a manner similar to the optical devices because
=0.11-0.12) than in the square-based samplés, ( they have the two following propertiesi) they are almost
=0.017-0.034) can be attributed to the larger filling frac-transparent to sound an@) they propagate the sound at
tions of the hexagonal structures. lower velocity than in air.

In order to compare with the equivalent optical systems, it
is convenient to know the ratidsc/Z,;,. FromR, this ratio
is 1.25-1.27 for the hexagonal systems and 1.07—-1.09 for The photonic scattering by a finite size photonic crystal
the square ones, which have the same order of magnitudeas been treated analogously to the electronic scattering by
than the refraction index of optical materials typically em-an atom in Ref. 26. In a similar manner, a finite cluster of

2. Resonances of a finite SC slab
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TABLE Il. Parameters of a homogenized layer with thickhesvhose reflectanc® [Eqg. (20)] fits the
one of a sonic crystal slab made of a few layers of rigid cylindefsradius 2 cm put in a hexagonal
configuration (lattice constant 6.35 c¢marray of rigid cylinders. Slabs with different thickness, but all
oriented along thd'X direction in the lattice are considerédee Fig. 9. The values under the column
experiment(theory) gives the fitted parameters to the experimefitadoretical reflectance spectra.

Slab thickness Three layers Four layers Five layers
L (m) 0.165 0.22 0.275

theory experiment theory experiment theory experiment
Ro 0.11 0.11 0.11 0.11 0.12 0.12
Cer(ms 1) 274 276 281 279 278 281

scatterers in air also contains resonan@e®ustical modgs (including the ordersm=5, 6, 7, and 8 are defined by the
that are loosely confined in the cluster because of the S@osition of the vertical lines in Fig.(6). On the other hand,
impedanceZgc being similar to that that of the surrounding the height of the vertical lines indicates the resonance life-
media (the aij. Therefore, an acoustical mode has a largetime 7, which is related the imaginary part of its frequency.
field within the SC, which also does not vanish even outsideHere 7, is normalized in the unit o&/c (see the scale to the
the SC because the surroundings media do not forbids théght). The agreement between resonance frequenties
presence of sound at the same frequency. Any of thoseeal part and the existence of zero reflectance is almost exact
modes may be regarded as an acoustical quasibound stated confirm the analogy with the behavior in an homoge-
and its energy spectra will have a finite width. Therefore, theneous slab.
scattering of a sound wave by this class of SC can create A complete analysis of the acoustical modes responsible
spectral features that will correspond to the acoustical modesf the minima in the reflectance spectra have also been per-
whose eigenfrequency and lifetime can be accurately detefermed for the rest of samples under study. Their frequencies
mined by the procedure described in Sec. Il. are represented by the vertical lines in Figs. 5 and 6 and they
Figure 7 shows the patterfP(x,y)| of four acoustical match fairly well with the reflectance minima. In regard with
modes associated to a cluster ok 52 cylinders (black their symmetries, they are similar to the ones existing in
circle9 put in a square configuration. They correspond tohomogeneous slabs, as it was shown in the examples of Figs.
resonances producing zero reflectance features in the specit@)—7(d). Nevertheless, the modes responsible for the fifth
shown in Fig. 4a). The lineplots above each surface plot and the sixth minima for sound propagation along khé
represent the pressure along #haxis at a fixedy coordinate  direction in the square-based samfdee Fig. €)] have a
(y=-—0.055m). The plots clearly show that these reso-completely different symmetries. Their pressure patterns are
nances have wave fronts parallel to the cluster surfaces, argiven in Fig. 8. The left panel plots the mode responsible of
their wavelenghts are such that the slab thickness is an int¢he fifth minimum, which consists of a periodic distribution
ger numbem of half wavelengthga) n=1, (b) n=2, (c) of 2D stype interacting orbitals almost confined in the space
n=3, and(d) n=4. Therefore, any of these modes will be between cylinders. The right panel is the mode associated to
excited by an external plane wave having the same frequendfe sixth minimum, which consists of 282 _,2-type inter-
and impinging the cluster with a wave vector also perpen- acting orbitals located in the same space. These symmetries
dicular to the surfaces. This resonance excitation will pro-
duce a large transmission and it explains why the reflectance 0.0
becomes zero. The frequencigise real paitof all the reso-
nances having the same symmetry along b€ direction

-0.1

TABLE IIl. Parameters of the homogenized sléhickness L -0.2
whose reflectance fits the one of a sonic crystal slab made with five
rows of rigid cylinders(radius 2 cm put in a square confuration
(lattice constant 11 cmTwo different slabs were studied, each one
oriented along one of the two high symmetry directions in the lat-
tice. The values under the column experiméhieory gives the
fitted parameters to the experimenttileoretical reflectance spec- -0.5
tra.

-0.3

Y -axis (m)

-0.4

-0.6
I'X I'M 00 01 02 03 0.0

L (m) 0.55 0.47 X-axis (m) X-axis(m)
Theory  Experiment  Theory  Experiment

FIG. 8. Pressure map of the two acoustical modes responsible
Ro 0.034 0.034 0.017 0.019 for the fifth (left pane) and sixth(right panel reflectance minima of
Co(ms™1) 327 332 327 330 spectra shown in Fig.(B). Only the pressure in the lower half of
the cluster is represented.
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are originated by the fact that the modes’ frequencies are ( a )
above the diffraction limifi.e., «=0.5X 2wc/ag, whereag
is the surface parallel periods=\2a).

The correspondence found between resonance modes and
reflectance minima can be used to obtain the acoustic band
structure below the diffraction limit in a manner similar to
the one developed in photonic crystal sldbm other words,
it is expected that the large transmission is associated to
Bloch states of the crystal. Equatiq20) shows that the
minima of R(w) are at the crystal momentuky=(n/M)
X(G4/2), G, is the first reciprocal lattice vector along the
propagation directiony is the number of layers anmdbeing
an integer i=1,2, . . .).Following this procedure, the band
dispersion determined from the reflectance minima obtained
with the hexagonal-based samp|&3, =4=/(a+3)] having
M =3, 4, and 5 layergsee Fig. % are represented by sym-

bols in Fig. 3. b

In regard to the spectra of thHeéX-square-based sample ( )
[Fig. 6@], whereG,;=27/a, a similar expression for the
crystal momenta can be employed for frequencies in the first
band. Above the band gap, it is convenient to express
within the reduced-zone scherfieThus, the frequencies at
which the reflectance minima are located can be associated
with k,=(G1/2)(1—m/M), where I==m=<M, m=1 should
be associated with the first peak above the pseudogap,
=2 with the second peak, etc.; the white circles in Fig. 2
represent the results.

For the’'M-square-based samp|€ig. 3b)] the proce-
dure described is not valid for the fifth and sixth minima
because they are above the diffraction limit. Nevertheless,
their high symmetry indicate that they must be associated to
states at thd” point of the BZ. Therefore, we analyzed the
pressure pattern of every state of the periodic structure look-
Igrzg)fg;]gﬁ t?]geSr(\;vsltshu\r/:B/a?{aeTne osf){(rr?orgztgtea?é:‘l%yﬁgbneﬂ ong rillouin zone in a square lattice of rigid cy_Iind(_ers in &lrin Fig.
respectively, to the third and fourth bands in the dispersiory): (°) Préssure pattern of the fourth statein Fig. 3). The dots

. . . - represents the positions of the cylinders in the lattice.
relation. The diamonds in Fig. 3 represents the reflectance
minima (v5=2320 Hz and vg=2726 Hz) of these two
modes. The discrepancy of about 100 Hz between reflectance
minima and mode frequencies v 2123 Hz; v, B. Disordered structures

=2614 Hz) in the acoustic band structuysee Fig. 3can be )
attributed to finite size effects. In fact, a better agreement is 1 he results presented above support the theoretical model

obtained if the comparison is made with the resonances catmployed in the description of the acoustic interferometers.
culated by the scattering method for the exact cluster ( I particular, the agreement with the experimental spectra
=2219 Hz andvg= 2770 Hz). indicates that a sound wave with a plane wave front is a good
To conclude, the procedure described above supports ttpproach to the actual sound waves generated in the experi-
reflectance measurements as a useful tool able to get thents. These facts allow us to go a step further and, there-
band structure of SC by following a procedure applied infore, this section is devoted to present the predictions ob-
photonic crystaf® To the best of our knowledge, this is the tained with our self-consistent wave theory regarding the
first work where this procedure has been employed in SC. robustness of the interference phenomenon against disorder
It is also interesting to notice how the lifetime of the in the lattice.
resonances increase when their frequencies are closer to theHere, only one class of disorder will be considered, which
acoustic band edges. This behavior is a consequence of thee named “weak disorder” because the periodicity of the
underlying band structure: when the wavevector associatelttice (hexagonal or squarés maintained but the cylinder’s
to the resonance is closer to the acoustic band edges, iposition in each unit cell is chosen at random. Thus, it will be
group velocity is lower and, therefore, has a larger lifetime.assumed that the cylinders’ volume always is enclosed in the
A similar behavior was also reported for photonic modes involume of the unit cell. Thus, for example, the cylinders’
2D photonic cluster$® position inside a cell in the square lattice configuration is

FIG. 9. (a) Pressure patern of the third state atkhpoint of the
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FIG. 11. Reflection coefficient of a sample (48 cylinders

FIG. 10. Reflection coefficients calculated with the multiple  With square symmetrya=11 cm) oriented _alo.ng theX direction.
scattering algorithm for three different sonic crystal slabsx(g2  1hree different filling fractionsfs are studied:(a) fs=0.022, (b)
cylinderg with hexagonal symmetrya=6.35 in Fig. 4. All the fs=0.103, and(c) f4=0.230. The cpntlnouos lines rgpresents re-
crystals are aligned along thi&X direction but the cylinder’s radius sults for the perfectly ordered lattice. The dotted lines give the
is different in each caséhe filling fractionsf, are given. The  average of the results obtained with five “weak disordered” distri-
continouos lines represent results for the perfectly ordered latticd?utions of cylinderdsee text The shadowed regions represent the
The dotted lines give the average of the results obtained from fiy@andgaps in the band structure of the corresponding periodic sys-

“weak disordered” distributions of cylindergsee text tems.
tion. Instead, the agreement is only possible at frequency
x=eX(al2=R), regions where the standard homogenization procedure works
well. Thus, notice that at;,=0.022, the agreement is found
y=¢'X(al2—R), (21)  for impinging wavelenghths above a cutoff wavelength

larger than the slab thicknesls€27.5 cm);\.=30 cm. For

wheree ande’ are random numbers that take values in thefn=0.09 the cutoff is\ ;=23 cm, which also correspond to
segmenf-1,1]; the values =&’ =0 gives the position in the the total accessible length of the cylinders along the sound

ordered lattice. A similar condition is used to determine theincident direction. Finally, for a large filling fractiori,
positions inside the cells of the hexagonal lattice. =0.36 the cylinders positions have a volume accessible that
In order to compare with ordered structures, the coeffiis only a 8% of the cell's volume; the cylinders positions in
cientr assigned to a disordered lattice is an average of théhe disordered cluster are only perturbed with respect to the
coefficients calculated in five different configurations. Thus,ideal positions and, therefore, the agreement with the results
Fig. 10 shows the frequency dependence obtained for a in the ordered structure covers a large frequency region. In
cluster made with five layers of cylindefsach layer has 12 conclusion, the hexagonal clusters with “weak disorder”
Cy|inder3 with hexagona| symmetry, the |ayers are a|ignedhave a reflectance coefficientsthat mimic falrly well the
perpendicularly to thd"X direction. The dependence with behavior of perfectly ordered clusters, being the agreement
the filling fraction f,, is also shown. The continuous lines Worse for decreasing filling fractions.
give the results obtained for the ordered cluster while the Figure 11 shows corresponding to SC clusters made of
dotted lines represent the ones obtained when the positiode rows of cylindersieach row having 12 cylinderdased
of the cylinders are random inside each unit cell in the lat-0n an square distribution of cylinders, the rows being per-
tice. Notice that conservation of the Bravais lattice does noPendicular to thel’X direction. Results for three different
guarantee the conservation of oscillations it frequencies filling fractions fs are shown:(a) 0.026, (b) 0.104, and(c)
outside the bandgap because the Bloch theorem cannot Be415. Their analysis gives conclusions similar than that dis-
applied in the disordered structures; there is not a mode ifussed above for the hexagonal cluster.

the SC with a defined vector to allow the sound propaga-
tion inside the cluster. Therefore, the agreement between
theory and experiment is not possible at any frequency be- In conclusion, it has been shown that SC slabs made of
cause of the nonexistence of an underlying dispersion rele2D distributions of rigid cylinders in air behaves for the

V. SUMMARY
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sound waves like Fabry-Perot cavities does for light wavesstructures that holds the lattice symmetry have been analyzed
This work has presented a comprehensive study of this newith our wave theory and we have conclude that perfect
class of acoustic interferometers recently introduced in Reforder is a basic condition to obtain the interference phenom-
11. Their behavior as a function of the thickness and thena in a large region of frequencies below and above the
lattice symmetry has been studied by a experimental tectband gaps.
nigue which allows one to obtain the reflectance of finite
structures. A theoretical description based on a self-
consistent wave theory that contains all orders of multiple

scattering has been proved to reproduce the experimental ob-
servations. On the other hand, a homogenization procedure This work has been partially supported by the Conmisio
has lead us to conclude that hexagonal lattice is isotropidsesora de Ciencia y Tecnolagof Spain, Contract No.
with regards to sound propagation while the square lattice iMMAT00-1670-C04 and by the Centro de Estudios de America
biaxial. This phenomenon, which is similar to the one pre-Latina (UAM-BSCH). We thank C. Lpez and F. Meseguer
dicted in 2D photonic crystals based on hexagonal andor their comments, suggestions, and continuous support. We
square distributions of dielectric cylindets,supports the acknowledge the computing facilities provided by the Centro
paralelism between PC’s and SC's. Also, the acoustic bande Computacio Cientfica at the Universidad Autmma de
structure has been obtained from the reflectance minim#adrid. J.S.-D. also thanks valuable conversations with T.
found in the spectra of finite systems. Finally, disorderedOchiai.
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