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Cluster expansion technique: An efficient tool to search for ground-state configurations
of adatoms on plane surfaces
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The cluster expansion technique is applied to describe the energetics of adatom configurations on plane
substrate surfaces at submonolayer coverage and to find the stable configuration in thermodynamic equilib-
rium. The power of the method is demonstrated for the case of Li adatoms on Mo~112!.
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In the past years there has been much progress in n
technology; i.e., it has become possible to design mate
on atomic scale, plane by plane, row by row, and atom
atom.1 The final objective is to taylor nanostructured mate
als in such a way that new physical features arise. These
be interesting from a fundamental point of view, e.g., t
formation of Peierls-like instabilities and unusual non-Ferm
liquid ground states in one-dimensional metals2 or the fea-
tures of magnetism in one-dimensional chains.3 There may
be also interesting technological applications in the field
microelectronics, e.g., for the design of memories for d
storage with magnetic elements on a nanoscale1 or even with
single atoms that store a bit.4

One of the routes to nanostructures is the deposition
adatoms on stepped or plane substrate surfaces. The ty
structures ~e.g., dots or chainlike structures or two
dimensional structures, etc.! which will form on a plane sur-
face depends on the interaction of the adatoms with e
other and with the substrate atoms. For instance, by us
strongly anisotropic surfaces like~110! fcc and ~112! bcc
surfaces it is possible to grow chainlike structures for cert
combinations of adatoms and substrates, e.g., for Cu
Pd~110! ~Refs. 5 and 6! or for Li on Mo~112! ~Refs. 7 and 8!.
In many cases the obtained adatom structures are metas
and determined by the kinetics of diffusion-controlle
aggregation.5 In other cases, e.g., Li on Mo~112!,7 the
chainlike structures represent the thermal equilibri
configuration.

For the design of nanostructures on plane surfaces in t
mal equilibrium it would be extremely helpful to have rul
of-thumb guidelines telling which combination of adatom
and substrate atoms should be used to stabilize the va
desired geometries of the nanostructures. To find such gu
lines, many experimental and theoretical investigations
many different systems are required. The already exis
theoretical investigations can be subdivided into two grou
The calculations of the first group~see, e.g., Ref. 6! are based
on N-body potentials which allow one to sample with a re
sonable calculational effort many different competing co
figurations or to search for the minimum energy configu
tion by means of molecular-dynamics studies. The basic i
of the calculations of the second group~e.g., Ref. 8! is that a
highly accurate and reliable determination of the energie
the configurations requires the use of theab initio density
functional theory. The price one has to pay is that the ca
lations are very time consuming so that only a rather limi
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number of configurations can be sampled. It is the objec
of the present paper to demonstrate that this problem of
ab initio electron theory can be overcome when combining
with the cluster expansion~CE! technique.9 So far this tech-
nique has been used mainly to determine the ordering p
nomena of alloys and compounds in the bulk~see, e.g., Ref.
10! and at the surface.11 In the present paper we apply it t
describe the configurations formed by adatoms on plane
faces at submonolayer coverage where there is at most
atom above each lattice site. Former approaches to deal
such situations also represented the configurational ene
in terms of contributions from cluster figures.12 However,
they considered from the very beginning only a small nu
ber of different clusters and did not make clear contact w
the completeness relation provided by the CE techni
which guarantees the predictive power of the CE techniq

In the following we consider situations where the adato
occupy only one type of available surface sites for all co
eragesQ with 0<Q<1 ~of course, the method can be e
tended to the case where several types of lattice sites
involved!. Furthermore, we assume that there are no adat
induced surface reconstructions. The available surface s
are labeled by the indexi, and they form a two-dimensiona
lattice. A ‘‘spin’’ variable s i is assigned to each lattice sit
which exhibits the value of 1 if the site is occupied by
adatom and21 otherwise. If the surface lattice containsN
sites, each configuration of adatoms is characterized b
configuration vectors5(s1 ,s2 , . . . ,sN). According to
Ref. 9 the energyE(s) may be completely described by
sum of contributions arising from all possible spin clustersa
on the surface lattice,

E~s!5(
a

JaFa~s!. ~1!

In Eq. ~1! the indexa labels the various different cluste
figures, i.e., isolated atoms, nearest-neighbor pairs and
ther distant pairs, triplets of different shapes, quartets, an
on @Fig. 1~a!#. The Fa are given by products of the spi
variables which form the cluster, i.e.,

Fa5)
i Pa

s i , ~2!

and the Ja are the corresponding interaction paramet
which do not depend on the configurationss. For a practical
©2003 The American Physical Society18-1
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calculation, the number of clusters which are taken into
count in Eq.~1! has to be confined, and therefore the co
vergence of the CE with respect to the number of and typ
considered clusters has to be checked carefully.

The interaction parametersJa for the m clusters consid-
ered can be constructed by use of Eq.~1! from the computed
energiesE(s) for n>m configurations. Forn5m theJa are
determined uniquely, whereas forn.m appropriate fitting
procedures are used. The most reliable calculations of
energiesE(s) of the reference configurations is obtained
use of theab initio density functional theory. The final ob
jective is to obtain a convergence of the CE in the sense
the error arising from the termination of the series is sma
than the error involved in theab initio calculations of the
energies of the reference configurations. Then the energ
any conceivable configuration can be calculated very quic
from the CE with the accuracy of theab initio calculations.
This opens the possibility to sample very many configu
tions and to figure out the lowest-energy configuration fo
given coverage by an appropriate search algorithm. It sho
be noted that the CE is a convenient mathematical repre
tation of the energetics of the reference configuratio
Clearly, the reference configurations have to be chosen c
fully in order to achieve an accurate physical picture of
real physical system under consideration. For periodic re
ence structures the range of the clusters used in the C
limited to clusters that are contained in the largest unit cel
the reference configurations.

As outlined above, the CE technique has been applie
far mainly to alloy and compound systems consisting of d
ferent constituent atoms. For instance, for a binary al
AxB12x the spin variables i is 1 if site i is occupied by anA
atom and21 if site i is occupied by aB atom. In our for-
malism for adatom configurations the vacant lattice site
treated as a second constituent of a binary alloy. This is
deed possible within the theory of the cluster expansion
malism without any problem, and the same idea has b
used for the effect of vacancies in compounds.13 Note that
the substrate atoms do not appear explicitly in the clu
expansion. Their effect is contained implicitly in the energ
E(s) of the reference configurations.

In the following we demonstrate the power of the meth
for the case of Li adatom structures on the Mo~112! surface.

FIG. 1. ~a! Top view of the volume sites on top of the Mo~112!
surface which may be occupied by Li atoms. Depicted are the c
ter figures which we include in our CE.~b! Top view of the
Mo~112! surface covered with ap(431) Li adatom configuration.
The white and gray symbols represent Mo atoms, the black sym
Li atoms. The furrows are formed by the gray Mo atoms.
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Kiejna and Nieminen8 have calculated byab initio density
functional electron theory the binding energies of vario
configurations for different coverages, and they conclude
chain structures of Li atoms are the most favored ones
agreement with experiment. In the present paper we c
struct a CE from the binding energies of the reference c
figurations. As we will see from the CE, the informatio
contained in the 17 reference energies can be represente
9 quickly decaying interaction parameters.

The ~112! surface of a bcc metal is furrowed along th
close packed@111̄# directions, and adatoms can be absorb
along these furrows. According to the experiments,7 the Li
adatoms form a rectangular commensuratep(n31)-type
phase at coveragesQ,0.5, where the Li atoms occupy vo
ume sites, i.e., positions which would be occupied by s
strate atoms of an additional substrate layer. The long pe
~n! is along furrows, whereas the small period is in the
rections normal to the furrows so that rows normal to t
furrows appear@Fig. 1~b!#. At high coverage oblique incom
mensurate phases are formed for which one of the overla
axes is fixed along the furrows whereas the other is rota
out of the direction normal to the furrows. As a result, not
adatoms in the rows can occupy the energetically most
vorable volume sites. The transition between commensu
and incommensurate phases has been interpreted7 within the
framework of an effective pair interaction model for the
adatoms, with interactions between the adatoms in the
rows which are strongly repulsive and interaction betwe
the adatoms in the rows which change from strongly attr
tive for low coverages to very weak at high coverages so
the rows can be shifted against each other rather easily.

Kiejna and Nieminen8 determined byab initio density
functional electron theory the binding energies for vario
commensurate configurations~Table II of Ref. 8! at cover-
ages 1/8<Q<1 which could be described by 331, 431,
432, and 831 unit cells. Configurations with larger un
cells were not considered because the calculations are ra
costly. We define the energy of formation asEf5Eb(s)
2QEb(Q51)2(12Q)Eb(Q50) with the binding energy
Eb5(1/M )(ELi/Mo2EMo2NE1), whereN andM denote the
numbers of Li atoms and the number of sites per unit cel
the two-dimensional lattice describing the considered ada
configuration.ELi/Mo is the total energy of the Mo slab with
the adsorbed Li atoms,EMo is the total energy of the slab
without the Li atoms, andE1 represents the total energy o
an isolated Li atom. In this definition the binding energy
negative for stable adatom configurations~note that our defi-
nition has the conventional sign which is opposite to the o
used by Kiejna and Nieminen8!.

From the energies of formation of the reference config
rations we constructed a CE including the cluster figu
shown in Fig. 1~a! ~a constant term and the point cluster d
not contribute toEf in a converged CE!. Because the exten
sions of the cells of the reference configurations especiall
the direction of the rows are rather small, the CE conta
only short-range cluster figures. As the objective of this p
per is to demonstrate the proposed CE technique for ad
bate systems at work, we refrained from performing ad
tional ab initio calculations for reference configurations wi
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larger unit cells. Our later configuration scan then will
able to obtain for a given coverageQ the respective ground
state configuration for the model defined by this CE. Fr
the fact that thep(431) and thep(831) structures calcu-
lated in Ref. 8 are degenerate, we conclude that long-ra
interactions between the chains are negligibly small. Ho
ever, they may be relevant for very small coverage, wh
our CE, due to the limitedab initio input data, possibly
might fail to predict the true low-coverage ground-state c
figurations. Finally, because only commensurate refere
configurations are included, our CE will not be able to ma
any predictions on noncommensurate phases whic
according to experiments—become relevant forQ.0.5.

The values of the interaction parametersJa of our CE are
given in Table I. According to Kiejna and Nieminen8 the
accuracy in theirab initio determination of the relative ene
gies of various configurations for the same coverage is ab
65 meV. Thus only the four largest interaction paramet
of our CE exceed this error estimate. For comparison,
mean average error of the cluster expansion is 1.5 meV.
dominant interaction parameters arep1 andp2, i.e., the pair
interactions between neighboring sites along the furrows
along the rows. The parameterp1 is positive, corresponding
to a repulsive interaction of neighboring Li atoms along t
furrows, and it is twice as large in absolute value as
negative parameterp2 which describes an attractive intera
tion of neighboring Li atoms along the rows. Thus the te
dency to form chainlike structures is already reflected in
values of these two parameters. The interaction parame
of the further distant pairs are either negative or posit
depending on whether the corresponding distance vector
a larger component in the furrows direction or in the ro
direction. The interaction parametert2 for the triplet in fur-
row direction is quite large which means that the occupat
of three neighboring sites in furrow direction is indeed ve
unfavorable.

In Fig. 2 we compare the results for the binding energ
of the reference configurations for various coverages, on
one hand obtained by theab initio calculations of Kiejna and
Nieminen8 and on the other hand determined by our CE. F
all configurations the differences between the directly cal
lated data and the data of the CE are smaller than the e
estimate of65 meV for the direct calculation; i.e., the da
from the CE can be considered as accurate as those from
direct calculations. Please note the asymmetry of the poly
graph connecting the data for the respective lowest-ene
configurations. In the CE technique where the interact
parameters do not depend on the configurations such
asymmetry is only obtained when including cluster figu
beyond the pairs. In contrast, describing the energetics

TABLE I. Values of the interaction parametersJa ~in meV! for
the cluster figures depicted in Fig. 1. The parameters were obta
using quadratic programming techniques based on ideas pres
in Ref. 16.

p1 p2 p3 p4 p5 p6 t1 t2 q1

22.55 212.23 23.87 6.68 1.55 1.14 20.66 5.56 1.36
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model of effective pair potentials7 requires to introduce pai
potentials which depend on the coverage. These are just
different ways of describing energetics.

In the paper of Kiejna and Nieminen8 it was attempted to
find for a given coverageQ the configuration with the lowes
energy. To do this, the energies of a small number of co
peting configurations~between 2 and 8! were calculated
which can be described by rather small unit cells, hoping t
the real ground-state configuration is among these confi
rations. With our CE we are now able to calculate the en
gies of all conceivable 2N configurations in a cell containing
N sites. The ground state would be the configuration with
lowest energy forN→`. Because the computing time fo
scanning all configurations scales withN at least with 2NN2,
the size of the considered unit cell is also limited~for larger
cells more efficient search algorithms like direct minimiz
tion using linear programming techniques, Monte Car
simulated annealing or waiting time Monte Carlo simulatio
should be used!. We considerN524 with different shapes o
the unit cells, i.e., 1324, 2312, 338, 436, 634, 833,
1232, and 2431. Among the more than 108 scanned con-
figurations of this ‘‘extended search’’ are of course the fe
configurations considered by Kiejna and Nieminen8 ~con-
figurations of the ‘‘small search’’!. The objective is to see
whether the present ‘‘extended search’’ algorithm based
the CE will yield for a given coverage the same or anoth
lowest-energy configuration as the ‘‘small search.’’

The results of the ‘‘extended search’’ are given in Fig.
The figure also contains the polygon graph connecting

ed
ted

FIG. 2. Energy of formation~in meV! for different adatom con-
figurations at different coveragesQ. Direct ab initio data~Ref. 8!
n. Data from the CE:h. ‘‘Extended search’’:s. The polygon
graphs connect the data for the configurations with the largest b
ing energies. The dashed curve represents the results obtaine
the CE for a random distribution of the Li atoms on the availa
absorption sites. Also shown are the ground-state configuration
Q<1/2.
8-3
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CE energies for the lowest-energy configurations of
‘‘small search.’’ It turns out that in the present case t
lowest-energy configurations of the ‘‘small search’’ and t
‘‘extended search’’ coincide for the coveragesQ considered
by Kiejna and Nieminen8 ~of course, this might be differen
for other systems!. We find ap(431) ground-state structur
for Q51/4, a p(331) phase atQ51/4, and pairs of Li
chains in a (431) unit cell at Q51/2. Furthermore, for
other coveragesQ the ‘‘extended search’’ yields energies fo
the lowest-energy configuration which coincide with the e
ergy of the polygon graph at thatQ or which are located
above the polygon graph. In the latter case, a heteroge
mixture of the two phases which belong to the two neighb
ing corner points of the polygon graph is more favora
than the respective homogenous lowest-energy config
tions. For coveragesQm5m/Nr , m51,2, . . . ,Nr , with Nr
characterizing the length of the unit cell of the ‘‘extend
search’’ in the row direction perpendicular to the furrows, t
lowest-energy configurations consist of the infinitely e
tended rows already identified by the ‘‘small search.’’ Ob
ously, the large attractive interactionp2 always drives the
formation of chainlike structures perpendicular to the f
rows and therefore within the present CE the lowest-ene
configurations are arrangement of Li chains. It might well
that for a readily converged CE constructed from refere
configurations with larger unit cells other lowest-energy co
figurations could be identified for someQ, like, e.g., Q
,1/8 with energies below the polygon graph. Note that
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