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Ab initio calculations of elastic and magnetic properties of Fe, Co, Ni,
and Cr crystals under isotropic deformation
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Ab initio electronic structure calculations of the ideal strength of Fe, Co, Ni, and Cr under isotropic tension
were performed using the linear muffin-tin orbital method in the atomic sphere approximation. Magnetic
ordering was taken into account by means of a spin-polarized calculation. Two approximations for the
exchange-correlation term were employed: namely, the local~spin! density approximation and the generalized
gradient approximation. Computed values of equilibrium lattice parameters, bulk moduli, and magnetic mo-
ments were compared with available experimental data. The stability of the ground-state structure in the tensile
region was assessed via comparison of its total energy and enthalpy with those of some other structures. No
instabilities were found before reaching the inflection point on the total energy versus volume curve and the
stress related to this point was therefore considered to be the ideal strength.
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I. INTRODUCTION

Triaxial tension occurs in solids in the vicinity of som
types of defects in the microstructure of crystalline soli
e.g., cracks, pores, voids, and complex phase or g
boundaries.1 Very often, bonds are broken in the region of
defect which means that the corresponding stresses appr
the level of the maximum stress which can be accommod
by the material, i.e., the theoretical~ideal! strength. To un-
derstand the structure and behavior of these defects, info
tion on local elastic constants and ideal strength is neces
For example, knowledge of the ideal strength at triaxial t
sions id and the ideal shear strength allows for assessmen
both the ductile-brittle response and the crack stability
solids.2

Most calculations ofs id have been based on semiemp
ical potentials with the parameters adjusted to the exp
mental data near the equilibrium state.3 However, thes id

value is usually associated with the inflection point on
total energy versus volume curve, which is far from equil
rium. During the last years, severalab initio methods were
used fors id calculations for number of cubic metals4–6 with-
out magnetic order. Song, Yang, and Li6 computed the elec
tronic structure and related elastic properties by means o
discrete variational cluster method. Nevertheless,
method significantly underestimates values of the equi
rium lattice parameter.

For any realisticab initio calculation of the deformation
behavior of crystals exhibiting magnetic ordering as fer
magnetism or antiferromagnetism, spin polarization must
properly taken into account. Many authors, e.g., Refs. 7–
have shown that neglect of magnetic ordering leads to wr
ground-state structure properties of Fe, Co, and Ni. A pre
lent number ofab initio studies of magnetic crystals con
cerned their behavior near the minimum of the total ene
versus crystal volume curve.

Recently, someab initio analyses of different uniaxial de
0163-1829/2003/67~3!/035116~8!/$20.00 67 0351
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formation paths in Fe or Co far away from the energy mi
mum were performed.13–16 Calculated phase boundaries c
be used, e.g., to predict the lattice parameters and mag
states of iron overlayers on metallic substrates.17 Moreover,
Söderlindet al.18 have published an extended study of the
phase diagram in the compressive hydrostatic stress re
including elastic properties. Krasko and Olson19 also inves-
tigated the energetics of iron predominantly under hyd
static compression. In all those calculations, both nonm
netic ~non-spin-polarized! and the magnetic~spin-polarized
with ferromagnetic ordering! treatments have been em
ployed.

The main purpose of this paper is to compute the m
chanical and magnetic characteristics of Fe, Co, Ni, and
crystals under isotropic~triaxial! tensile deformation using
ab initio approaches with and without spin polarization. T
reliability of individual approaches can be assessed by c
parison of the computed values of the equilibrium latti
constant, bulk modulus, and magnetic moment with exp
mental data. Special attention is paid to the maximum atta
able stress and a comparison of the energy and enthalp
some possible competing structures, providing a simple
of the ground-state structure stability.

II. DETAILS OF THE CALCULATIONS

The equilibrium lattice constanta0, bulk modulusB, and
maximum stresssmax were calculated from the dependen
of the total energy per atom,Etot , on the atomic volumeV.
The applied stresss at anyV can be determined according t
the relation4

s5
dEtot

dV
.

Here we consider a quasireversible deformation proces
zero absolute temperature. The stress approaches its m
mum smax at the point of inflection provided that there a
©2003 The American Physical Society16-1
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FIG. 1. Total energy as a function of atomic volume. The dotted line represents the volumeVip related to the inflection point on the
ground-state structure energy profile.
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no other structure instabilities at lower stresses. The b
modulus may be obtained from

B5V
d2Etot

dV2 U
V5V0

,

whereV0 is the atomic volume in the undeformed state. T
enthalpy per atom can be determined using the relation
03511
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H5Etot2sV.

For the total energy evaluation, the linear muffin-tin o
bital method in the framework of the atomic sphere appro
mation ~LMTO-ASA! was applied.20,21 This method is par-
ticularly suitable for closely packed structures like fcc or b
or for comparing the energies of atomic configurations w
the same symmetry.21,22 Moreover, it represents one of th
fastestab initio approaches in such cases. The main appro
6-2
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AB INITIO CALCULATIONS OF ELASTIC AND . . . PHYSICAL REVIEW B67, 035116 ~2003!
mations used in the LMTO-ASA method are as follows:~i!
the Wigner-Seitz cell is approximated by a sphere, and~ii !
the potential and total energies are calculated from sph
cally averaged charge densities. Due to these approx
tions, the LMTO-ASA method is not suitable for comparis
of the total energies of systems with different symmetry. T
reason for this is the above-mentioned geometry violation
the ASA and an error in the calculation of the electrosta
term in the total energy.23 In the case of systems with th
same symmetry, the sum of errors due to the geometry
lation and electrostatic term is roughly the same and, th
fore, the total energy differences may be considered as q
reliable.

In our calculations, the basis consisted of LMTO’s ofs, p,
and d symmetry and f orbitals were downfolded. The
combined-correction term21,22 was included. This approac
gives probably the best performance the LMTO-AS
method may provide.22,24 The exchange-correlation energ
was evaluated using both the local~spin! density approxima-
tion25 ~LDA ! and the generalized gradient approximation26

~GGA!.
The scalar-relativistic approach was applied to inclu

relativistic effects. The number ofk points in the whole Bril-
louin zone has been set to 4096~16316316!.

III. COMPUTED RESULTS AND DISCUSSION

A. Variations of the total energy and magnetic moment under
triaxial deformation

The Etot(V) profiles obtained from both non-spin
polarized @nonmagnetic~NM!# and spin-polarized calcula
tions with ferromagnetic~FM! or antiferromagnetic~AFM!
ordering ~only collinear magnetism is considered for a
cases and the CsCl structure is adopted for AFM order!
are shown for all metals investigated in Fig. 1. These cur
were obtained using the GGA since the LDA yields a wro
ground state for Fe~see, e.g., Ref. 9!. Moruzzi and
Marcus27,28 have shown that in some 3d or 4d transition
metals the AFM states can exhibit a lower total energy th
the FM or NM states at large volumes. However, it is not
case of Fe, Co, and Ni~Fig. 1!.

Computed values of the differences between the total
ergy minimum of the ground-state structure and the mini
of the other considered structures obtained by means of
GGA are displayed in Table I for all investigated metals.
may be seen that the experimentally observed ground-s

TABLE I. Total energy minima~mRy/atom! with respect to the
ground-state energy minima in Fe, Co, Ni, and Cr~GGA results!.

Metal NM ~A!FM

bcc fcc hcp bcc fcc hcp

Fe 34.7 12.6 - 0 10.1 -
Co 31.4 15.4 17.6 8.0 1.9 0
Ni 6.1 4.2 - 5.2 0 -
Cr 0.3 28.4 - 0a 28.4a -

aThe AFM result.
03511
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structures are correctly reproduced. The energy differe
between the NM and~A!FM minima is usually called the
magnetic energy. In the case of Fe bcc structure, our valu
34.7 mRy/atom is well comparable with the values of 35
mRy/atom and 38.0 mRy/atom reported in Refs. 12 and
The value of 21 mRy/atom obtained by the Korring
Kohn-Rostoker30 ~KKR! method is in a good agreement wit
our LDA result ~16.7 mRy/atom! due to the same approxi
mation of the exchange-correlation term.

The calculated ground-state structure of cobalt is FM h
~Fig. 1!. The total energies of bcc and fcc structures with F
ordering are a little bit higher than the hcp one. Howev
they remain higher in the whole computed region of tens
stress. In our calculations, the experimentalc/a ratio value31

of 1.6215 was kept constant for all volumes. Again, the m
netic energy obtained using the LDA~6.8 mRy/atom! corre-
sponds well to the value of 8.1 mRy/atom reported in R
30. However, the GGA result is higher~see Table I!.

In case of the Ni fcc structure, the magnetic energy
much smaller than that for Fe. It lies between the values
6.2 mRy/atom and 2.6 mRy/atom reported in Refs. 10 a
29, respectively.

The lowest magnetic energy of 0.3 mRy/atom~the differ-
ence between the NM and AFM energy minimum! found in
case of Cr bcc structure~Fig. 1! is significantly lower than
the result of 1.18 mRy/atom obtained by Guo and Wang32

On the other hand, the energy difference between the fcc
bcc structures of 28.1 mRy/atom published by those auth
matches our value of 28.4 mRy/atom quite well. TheEtot(V)
dependences in Fig. 1 for the bcc structure look qualitativ
similar to those published in Ref. 27, where the augmen

FIG. 2. Magnetic momentm per atom as a function of atomi
volume. The dotted lines represent equilibrium atomic volumesV0.
Note that theV0 of Co and Ni are almost identical as well as a
those of Fe and Cr~see Fig. 1!.
6-3
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TABLE II. Ground-state structure characteristics and theoretical strengths calculated within the GG
LDA. Here a0 is the equilibrium lattice parameter,B is the bulk modulus,m is the magnetic moment pe
atom,smax is the stress at the inflection point, andaip is the corresponding lattice parameter. Them values
are calculated at the corresponding computeda0.

Element Property LDA NM GGA NM LDA~A!FM GGA ~A!FM Experiment

a0 ~a.u.! 5.12 5.29 5.22 5.47 5.41a

B ~GPa! 332 257 260 129 168b

m (mB) 2.04 2.47 2.22a

Fe smax ~GPa! 52.4 39.5 37.7 26.7
bcc aip /a0 1.15 1.15 1.16 1.15

c0 ~a.u.! 7.34 7.61 7.44 7.74 7.69a

B ~GPa! 323 239 288 181 191b

m (mB) 1.50 1.62 1.72a

Co smax ~GPa! 49.6 36.1 43.1 30.7
hcp aip /a0 1.14 1.15 1.15 1.15

a0 ~a.u.! 6.46 6.72 6.47 6.74 6.65a

B ~GPa! 270 192 269 186 186b

m (mB) 0.56 0.61 0.60a

Ni smax ~GPa! 40.2 28.0 39.5 27.4
fcc aip /a0 1.14 1.14 1.14 1.14

a0 ~a.u.! 5.30 5.46 5.30 5.49 5.44a

B ~GPa! 288 241 301 185 190b

Cr smax ~GPa! 51.2 41.1 37.2 21.0
bcc aip /a0 1.16 1.16 1.11 1.14

aReference 35.
bReference 31.
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spherical waves method and LSDA were used. The only,
important, difference is the fact that the ground-state str
ture found in Ref. 27 is nonmagnetic. Our calculations p
dict the AFM bcc structure to be the ground-state structur
accordance with Ref. 32 and experimental findings.

The dependence of magnetic moment versus volu
m(V), for Fe, Co, Ni, and Cr in their ground-state structur
is plotted in Fig. 2. The dotted lines correspond to the eq
librium volumesV0 of all metals displayed. The magnet
moment decreases with a decreasing volume and vani
when the volumeV approaches 0.5V0. These findings are in
accordance with results published previously.33,34 The only
exception is the case of Cr, wherem vanishes at a volume
slightly smaller than the equilibrium one. It should result in
strong m(V) dependence of chromium in the unstress
state. This finding is supported also by the previous work
Moruzzi and Marcus.27

An interesting feature seems to be the local wavy beh
ior of the magnetic moment of iron near the equilibriu
volume. It predicts a high sensitivity of them with respect to
volume changes near the equilibrium. The existence of
phenomenon can be indicated also from the results of M
roni et al.33 However, it could not be clearly declared b
those authors due to an insufficient number of compu
points in the vicinity ofV0. With increasing volume,m is
expected to increase monotonously to a saturation v
which is equal to the value of the magnetic moment of a f
atom ~obeying the Hund rule!.
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B. Crystal properties in the ground state

Computed values of the equilibrium lattice constanta0,
bulk modulusB, and magnetic momentm are shown in Table
II and compared with experimental data.31,35

Our LDA NM result of B5332 GPa for iron is in good
agreement with the value of 306 GPa published by Moruz
Janak, and Williams30 for the non-spin-polarized calculation
By using the spin-polarized calculation, they obtained
value in better accordance with experiment. As can be s
from Table II, our LMTO results exhibit similar trends. Th
value of the magnetic momentm52.47mB was obtained
for the computeda055.47 a.u. When using the exper
mental lattice parameter, the corresponding calcula
valuem52.34mB is in better agreement with the experime
tal one and also with the value of 2.32mB published in
Ref. 36.

A comparison of computed and experimental values
the Co hcp structure shows that the FM GGA calculat
yields the most satisfactory results. The magnetic mom
values at the computeda0 match the results of 1.50mB and
1.63mB obtained previously by means of the linear combin
tion of atomic orbitals~LCAO! method9 employing the LDA
and GGA, respectively.

Inclusion of the spin polarization has only a very sm
effect on all computed values for Ni since both the FM a
NM curves are almost identical. Our LDA calculations mat
well the results obtained by Moruzziet al.30 On the other
hand, the employment of the GGA gives remarkably be
agreement with the experiment than does the LDA.
6-4
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FIG. 3. Enthalpy per atom as a function of applied triaxial stress. The solid, dashed, and dotted lines represent the enthalpies of
FM, and NM states, respectively. In the case of Ni, the curves other than the ground-state one are almost identical.
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Our calculations do not reveal the existence of the F
state in the bcc Cr below the atomic volume of about 1
a.u.3 The lowering ofEtot of the bcc NM state by the onse
of the FM state occurs at large volumes, in the instabi
region after reaching the inflection point~see Fig. 1!. The
Etot(V) curve for the NM bcc state is substantially steep
than that for the AFM bcc state. The value ofB5241 GPa
03511
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for the NM bcc state calculated within the GGA is somewh
higher than the experimental value and than the result c
puted for the bcc AFM state. The values ofa055.30 a.u. and
B5270 GPa reported in Ref. 30 correspond to those
tained by means of our LDA NM calculation, owing to th
same applied approximations. On the other hand, using
AFM ordering of spins together with GGA results in a cur
6-5
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which is much more shallow in the tension area and yie
the largesta0 and the lowestB values in the best agreeme
with experimental data. The computed magnetic momen
equilibrium volume~here, the atomic moment in AFM orde
ing! of 1.03mB agrees well with previous calculations.27,32

C. Phase stability and ideal strength
As was shown in the previous section, GGA spin-polaiz

calculations slightly overestimatea0 while underestimating
B when compared with the experiment. In spite of this fact
leads to the best agreement with experiment in most ca
Thus, one can expect that this method will also provide
most reliable values of stress.

The values of the computed maximum stresssmax at the
inflection point and of the relative linear extensionaip /a0
~with aip being the lattice constant at the inflection point! are
shown in Table II. The ideal strength of the material at t
axial extension is related to the inflection point on the dep
dence of total energy versus volume if some other instab
does not occur before this point is reached. In this case,
stresssmax is the maximum stress the material can acco
modate.

Breaking the stability condition is usually accompani
by the possibility to change the crystal structure. As a sim
test of stability, one could compare the total energies of v
ous crystal structures at the corresponding atomic volu
As can be seen from Fig. 1, the ground-state structure
mains energetically more favorable than the other inve
gated structures until the inflection point is reached~at the
volumeVip).

Similarly, one can compare the energetics of metals inv
tigated in terms of enthalpy as a function of stress~negative
pressure!.19,37The enthalpy curves shown in Fig. 3 were o
tained by means of a cubic spline based on the GGA d
Again, it is evident that the correct ground-state structure
the lowest enthalpy in the whole region of tensile stress
Thus, there is no suggestion of any instability before rea
ing the point of inflection and the relatedsmax values can be
considered to be the ideal strengthss id of crystals. At
present, the corresponding experimentals id data do not exist
owing to the enormous technical problems associated w
the application of the isotropic tension to whiskers.

In the region of tensile stresses, the enthalpy profiles
Fig. 3 are plotted only up to the points where the negat
pressures become maximum (s5s id). Assuming the stress
controlled quasistatic process, the solid system cannot re
its equilibrium state beyond these points since it disintegra
into isolated atoms in an unstable manner. This is, howe
not the case of the total energy profiles in Fig. 1 since
equilibrium can be reached even beyond the inflection p
when keeping the constant values of the crystal volumeV
.Vip . Therefore, one can display quasistatic entha
curves beyond the instability point recalculated from t
computed total energy curves forV.Vip . Such a curve for
the ground state of iron is plotted as a dashed line in Fig
As expected, it lies above the solid line. For all compu
systems, the dashed enthalpy curves must meet a point
responding to the disintegrated configuration of free ato
i.e., to the pointH (s50)5U, whereU is the cohesive energy
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The experimental value ofU(Fe) is displayed as a solid
square in Fig. 4. The usefulness of such enthalpy plots ca
seen in a very clear and precise graphical determination
smax values corresponding to the intersection points of
solid and dashed curves.

As can be seen from Table II, the rough estimations id
'B/7 previously found on the basis of semiempiric
methods3,38 ~assumings id5smax) seems to be verified als
by the ab initio approach. The computed valuesaip /a0 re-
lated to the ideal strengths id amount all to about 15% simi
larly to other crystals.5 This value is typically obtained from
semiempirical calculations38 as well.

It should be noted that the present discussion of the
chanical stability assessment is simplified since only a f
competing structures were taken into account. Conseque
one cannot be completely sure that the ground-state struc
remains stable before reaching the point of inflection. In
der to asses the mechanical stability in a more reliable w
all stability conditions39 and phonon spectra are to be an
lyzed.

For a cubic system under isotropic loading, three stabi
conditions have to be analyzed.40,41The first one is related to
the point of inflection of theEtot(V) curve. The other two
stability conditions include either the trigonal shear modu
C44 or the tetragonal shear modulusC85 1

2 (C112C12).
Computing the shear moduli requires deformations lower
the symmetry of a crystal. Unfortunately, methods using
ASA are not convenient for such calculations, due to both
geometry violation and the error in the calculation of t

FIG. 4. Enthalpy of iron in the ground-state structure as a fu
tion of stress. The curves in the reversible~corresponding toV
,Vip) and the irreversible (V.Vip) area are displayed by solid an
dashed lines, respectively. The solid square displays the experim
tal valueUexpt of cohesive energy.
6-6
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electrostatic term. Therefore, the full-potential treatmen
necessary.23,24 Our calculations testing these stability cond
tions are in progress. The currently obtained results for iro42

really indicate that the instability associated with reach
the inflection point during isotropic tension appears as
first one. Similar results were obtained also for gold,43 for
alkali metals,41 and for silicon and silicon carbide.44 On the
other hand, all the above-mentioned papers report the
appearance of shear types of instability in the compres
region. The same behavior was found in iron18,45 and also
reported in a recent study of the bcc-hcp transformation
der pressure by Zhaoet al.46

IV. CONCLUSION

In this paper we investigated the behavior of Fe, Co,
and Cr at triaxial tension by means of the LMTO-AS
method. The ground-state structures of all investigated m
als were correctly predicted when using the GGA toget
with the appropriate spin polarization. The best reproduct
of experimental elastic and magnetic characteristics is mo
achieved by this approach as well. The total energy of
ground-state structures of all investigated metals remains
lowest one during the whole isotropic tensile deformat
path up to the point of inflection. Similarly, the ground-sta
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15M. Friák, M. Šob, and V. Vitek, inProceedings of the Interna

tional Conference JUNIORMAT’01, edited by J. Sˇvejcar ~Fac-
ulty of Mechanical Engineering, Brno University of Technolog
Brno, 2001!, p. 117.

16D. M. Clatterbuck, D. C. Chrzan, and J. J. W. Morris, Philo
Mag. Lett.82, 141 ~2002!.
03511
s

g
e

st
e

-

i,

t-
r
n
ly
e
he

structure enthalpy is the lowest one for all isotropic tens
stresses up tosmax. This fact suggests that the maximu
stress at the inflection point on the dependence of total
ergy versus volume might be identified with the ide
strength under isotropic tension. Some recent and cur
studies of stability conditions also support this opinion~at
least for iron!. Except for Cr, the magnetic moments rea
the zero value at a volume equal to about one-half of
equilibrium one.

ACKNOWLEDGMENTS

This research was supported by the Ministry of Educat
of the Czech Republic~Project No. CZ311002!, by the Grant
Agency of the Academy of Sciences of the Czech Repu
~Project No. A1010817!, by the Grant Agency of the Czec
Republic~Project No. 106/02/0877!, and by Research Projec
No. Z2041904 of the Academy of Sciences of the Cze
Republic. A part of this study has been performed in t
framework of COST Project No. OC 523.90. Use of t
computer facility at the MetaCenter of the Masaryk Unive
sity, Brno, and at the Brno University of Technology is a
knowledged. The authors are grateful to Dr. I. Turek for u
ful discussions.

.
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18P. Söderlind, J. A. Moriarty, and J. M. Wills, Phys. Rev. B53, 14

063 ~1996!.
19G. L. Krasko and G. B. Olson, Phys. Rev. B40, 11 536~1989!.
20O. K. Andersen, Phys. Rev. B12, 3060~1975!.
21G. Krier, O. Jepsen, A. Burkhardt, and O. K. Andersen, T

LMTO-ASA program, version 4.6, Max-Planck-Institut fur Fe
tkörperforschung, Stuttgart, 1994.

22O. K. Andersen, O. Jepsen, and M. Sˇob, inElectronic Band Struc-
ture and Its Applications, edited by M. Yussouff~Springer-
Verlag, Berlin, 1987!, Vol. 40, p. 1.

23O. K. Andersen, M. Methfessel, C. O. Rodriguez, P. Blo¨chl, and
H. M. Polatoglou, inAtomistic Simulation of Materials—Beyon
Pair Potentials, edited by V. Vitek and D. Srolovitz~Plenum
Press, New York, 1989!, p. 1.
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M. ČERNÝ, J. POKLUDA, M. ŠOB, M. FRIÁK, AND P. ŠANDERA PHYSICAL REVIEW B 67, 035116 ~2003!
36P. Bagno, O. Jepsen, and O. Gunnarsson, Phys. Rev. B40, 1997
~1989!.

37M. Ekman, B. Sadigh, and K. Einarsdotter, Phys. Rev. B58, 5296
~1998!.
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