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Pair Fermi contour and repulsion-induced superconductivity in cuprates

V. I. Belyavsky* and Yu. V. Kopaev
Lebedev Physical Institute, Russian Academy of Sciences, Moscow, 119991, Russia

~Received 1 March 2002; revised manuscript received 6 November 2002; published 23 January 2003!

The pairing of charge carriers with a large pair momentum is considered in connection with high-
temperature superconductivity of cuprate compounds. The possibility of pairing arises due to some essential
features of quasi-two-dimensional electronic structure of cuprates:~i! The Fermi contour with strong nesting
features. ~ii ! The presence of an extended saddle point near the Fermi level. ~iii ! The existence of some ordered
state (for example, antiferromagnetic) close to the superconducting one as a reason for the appearance of a
‘‘pair’’ Fermi contour resulting from carrier redistribution in momentum space. In an extended vicinity of the
saddle point, the momentum space has hyperbolic~pseudoeuclidean! metrics; therefore, the principal values of
the two-dimensional reciprocal reduced effective mass tensor have unlike signs. At small momenta of the
relative motion of a pair with a large pair momentum, the pairing is sensitive just to the sign and value of the
effective mass and not to only the value of the Fermi velocity as in the case of Cooper pairing. The nesting of
the Fermi contour results in an increase of the statistical weight of the pair with a large total momentum due
to an extension of the momentum space domain which corresponds to permissible values of the relative motion
momentum. The rearrangement of holes in momentum space results in the rise of a ‘‘pair’’ Fermi contour
which may be defined as the zero-energy line for the relative motion of the pair. The superconducting gap
arises just on this line. The pair Fermi contour formation inside the region of momentum space with hyperbolic
metrics results in not only superconducting pairing but in a rise of a quasistationary state in the relative motion
of the pair. Such a state has rather small decay, and may be related to the pseudogap regime of underdoped
cuprates. It is concluded that pairing in cuprates may be due to screened Coulomb repulsion. The pairing
mechanism and the pair Fermi contour conception may provide a qualitative interpretation for the key experi-
mental facts relating to cuprates.

DOI: 10.1103/PhysRevB.67.024513 PACS number~s!: 78.47.1p, 78.66.2w
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I. INTRODUCTION

Recently, we proposed a mechanism for superconduc
~SC! pairing in an anisotropic quasi-two-dimensional~2D!
electron system typical of high-temperature superconduc
~HTSC! cuprate compounds.1–4 Pairs with large momentum
K (K pairs! are considered; hereK'2kF , andkF is the value
of the Fermi momentum directed alongK. It is well known5

that the Cooper channel of pairing becomes inefficient w
the pair momentum exceeds a value of the order ofD/vF ;
hereD is the SC gap atK50, andvF is the Fermi velocity.
The same relatively small value of the pair momentum c
responds to the wavelength of a spatially inhomogeneous
phase arising in a weakly ferromagnetic electron system6 as
well. The Cooper channel atKÞ0 is suppressed due to Pa
li’s exclusive principle, which restricts the phase volume a
cessible for the electron states contributing to theK-pair
state. This phase volume decreases withK, and SC pairing
becomes impossible atK;D/vF because of a decrease of
dimensionality of the locus in momentum space of ze
energy quasiparticle states. Therefore, pairing with a la
pair momentum may be possible under the condition t
some rearrangement in the electron system provides fi
~and sufficiently large! phase volume for the states formin
the K pair, and zero~or sufficiently small! excitation energy
corresponds to a finite piece of the Fermi surface~FS!. Any
rearrangement of electrons in momentum space which tr
fers a part of them across the FS results in an increase o
energy. If the electron subsystem interacts with some o
one, for example, an antiferromagnetic~AF! spin subsystem
0163-1829/2003/67~2!/024513~16!/$20.00 67 0245
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and such an interaction results in a gain in total energy, a
arises corresponding to the ground state of the system.
believe that there is more than one possibility to obtain s
a gain besides the one particular case, relating to SC pa
with a large total pair momentum in cuprates with a stri
structure, that we considered in our previous papers.4

In this paper, we consider the problem of pairing with
large total pair momentum under essentially more gen
conditions following from some key features relating to ele
tronic structure of cuprates. In this connection, we introdu
the conception of the ‘‘pair Fermi contour’’ being, in a sens
a generalization of the conventional Fermi surface conc
tion when one takes into account the relative motion o
pair. We obtain the solution of the SC gap equation and c
responding condensation energy in a rather general
which is, one can believe, typical of cuprates.

The electronic structure and physical properties of HT
cuprates were studied in detail.7,8 Angle-resolved photoemis
sion spectroscopy~ARPES! measurements9,10 result in the
unambiguous conclusion that, in the normal~N! state, any
HTSC cuprate has a large FS. In the case of hole-do
compounds, the Fermi contour~FC!, that is the cross section
of the FS which is parallel to conducting layers is a squ
with rounded corners. The FC of holes is centered at (p,p),
and exhibits a strong nesting feature along@100#-type direc-
tions. At approximately half-filling, long parts of the FC a
situated close to the saddle points of the hole dispersi7

Hole doping moves the Fermi level toward the saddle po
whereas electron doping acts in the reverse direction. Th
fore, in a hole-doped compound, the nesting feature of
©2003 The American Physical Society13-1
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hole FC appears in a relatively wide concentration ran
Weak dispersion along the nesting directions results in
fact that the longitudinal~along the nested straight-line par
of the FC! component of the Fermi velocity is sufficientl
smaller than the transversal one.11 This corresponds to an
effective enhancement of the 2D density of states in the
cinity of the logarithmic van Hove singularity due to th
saddle point.12 Thus there is an extended vicinity of th
saddle point in which the principal values of the 2D tensor
the reversed reduced effective mass have unlike signs.
can say that, in such a vicinity, the momentum space
hyperbolic~pseudoeuclidean! metrics. Due to nesting featur
of the FC, the absolute values of the principal effect
masses differ strongly from each other: the positive long
dinal mass is essentially more than the absolute value
negative transversal mass. In the case of any hole-doped
prate compound, long straight-line parts of the FC are s
ated mainly just in such ‘‘flat-band’’ or ‘‘extended van Hov
singularity’’ vicinities.7

In HTSC cuprates, the SC state appears in some do
interval x* ,x,x* , bounded both above and below. Bo
the superconducting transition temperatureTC and the super-
fluid density~or phase stiffness! rs may demonstrate a highl
complicated dependence on doping in this interval.8 The ab-
solute maximum ofTC corresponds to the optimal doping
xopt . The phase diagram typical of hole-doped HTSC c
prates is presented in Fig. 1.

In underdoped (x,xopt) compounds, the one-particl
density of states is suppressed essentially atTC,T,T* .
Such a suppression may be interpreted as a rise of a so-c
pseudogap in the excitation spectrum.13 The temperatureT*
corresponding to a crossover between theN state atT.T*
and the ‘‘pseudogap regime’’ atTC,T,T* decreases with
the doping increase, and becomes approximately equal toTC
at x.xopt . The pseudogapD* , just like the SC gapD, is
strongly anisotropic, and the character of the anisotrop
the same8 for both D* andD. The maxima of their absolute
values correspond to antinodal@100#-type directions. The
minimal values~which, possibly, are equal to zero! of both
D* andD correspond to nodal@110#-type directions. Knight
shift measurements indicate that there is singlet pairing
carriers when the electron system of HTSC cuprates is in

FIG. 1. Phase diagram~temperature vs doping level! typical of
hole-doped HTSC cuprates.
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SC state.14 Therefore, the observed momentum depende
of the SC gap may correspond to either anisotropics- or
d-type orbital symmetry.15 The same orbital symmetry an
the same energy scale ofD and D* enable one to suppos
that the SC gap and the pseudogap are of the same orig16

However, there are two different points of view relating
the origin of the pseudogap~see, for example, Ref. 17! which
can be interpreted either as a precursor of the supercon
tivity ~the pseudogap regime as an incoherent state of pa
charge carriers18! or a gap of nonsuperconducting nature.19,20

In the theory by Bardeen, Cooper, and Schrieffer~BCS!,21

attraction due to virtual phonon exchange is the driving fo
leading to pairing of carriers. In principle, the phono
mechanism of Cooper pairing should not be excluded a
mechanism of HTSC,12 although it is difficult to explain
some essential features of the HTSC state satisfactorily,
example, the symmetry of the SC gap. In view of the fa
that the phase diagram of any HTSC cuprate has a re
with long-range AF order, the AF fluctuation exchange a
mechanism of pairing22 seems quite natural~neutron scatter-
ing experiments23 exhibit broadened Bragg peaks up to t
optimal doping!. The other point of view is founded on th
statement that the ground state energy gain at the SC tra
tion in HTSC cuprates is due to a lowering of the kine
energy arising when two like-charged carriers form a pai24

In such a case, generally speaking, one needs no attra
between carriers, and screened Coulomb repulsion rema
natural essential interaction in the electron system.

AF fluctuations~short-range AF order! may lead to a spe-
cific quasi-one-dimensional self-organization in 2D electr
system of HTSC cuprates. An elastic neutron scattering st
enables one to assume that holes doped into a crysta
situated in 1D antiphase boundaries~charge stripes! separat-
ing hole-depleted domains with AF order.25 The rise of such
a static stripe structure may be described as a transfe
excess holes from the AF part of a stripe into the antiph
boundary the (M part of a stripe!. The dynamic stripe mag
nitude, just like the magnitude of AF fluctuations, decrea
with doping and, atx.xopt , the neutron scattering techniqu
does not make possible a resolution of strongly broade
stripe peaks of rather low intensity. A stripe structure m
exist independent of superconductivity, but such a struct
~just like AF fluctuations! and superconductivity are closely
in a nontrivial way, connected with each other. As an indir
confirmation of this statement one may take into consid
ation the fact that atx51/8, when the static stripe magnitud
is maximal, there is a local minimum on the doping depe
dence of the SC transition temperature.26 Conversely, it is
possible that dynamic stripes stimulate superconductivity8

Available experimental data make it possible to determ
the main features and details of the electronic struct
which are essential to understand the character of the
state of HTSC cuprates, and to interpret their physical pr
erties qualitatively. First, all doped HTSC compounds hav
2D electronic structure with a strong nesting of the FC si
ated in an extended vicinity of the saddle point of the h
dispersion. Second, in all doped HTSC compounds, dop
regions corresponding to AF and SC phases are close to
other and, in the SC region, there is a short-range AF or
3-2
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resulting in a stripe self-organization of spin and charge s
systems of the crystal. The theory developed here takes
account these principal features of the electronic struct
and can qualitatively explain the key experimental facts
lating both to N and SC state of HTSC cuprates.

The paper is organized as follows: Section II is dedica
to a formulation of the conditions under which pairing wi
large pair momentum may be possible; in addition, we int
duce the concept of the ‘‘pair’’ Fermi contour being a pie
of the full Fermi contour on which the kinetic energy of th
relative motion of the pair with a given total momentu
turns out to be equal to zero. Thus, in the case of pairing w
nonzero total momentum, the pair Fermi contour plays
same role that the full Fermi contour plays in the case
Cooper pairing of carriers with zero total momentum. In th
connection, we discuss the peculiarities of the form of
domain in momentum space containing the momenta of
particles composing a pair. Also, we discuss the sim
mechanism of an opening of the pair Fermi contour due t
rise of the stripe structure. In Sec. III we consider the pr
lem of a single pair in momentum space with hyperbo
metrics, and discuss the symmetry properties of the
wave function. It is shown that, due to crystal symmetry,
wave function of the pair may be related to either anisotro
s- or d-type orbital symmetry. In this section, we present
equation which determines two poles of the scattering am
tude corresponding to the relative motion of the pair. Sect
IV contains a discussion of the character of the two poles
the scattering amplitude corresponding to a quasistation
state~QSS! of the pair and superconducting instability. W
consider both attractive and repulsive interactions betw
the components of the pair. It is stated that, in the case
repulsion, the pole having the larger energy corresponds
QSS with infinitesimal positive decay, whereas the sec
pole with smaller energy has a finite negative decay so
this pole may be related to a SC instability. Such a dispo
tion of the poles and the definite sign of their imaginary pa
are in agreement with a phase diagram typical of cupra
The approximate solutions of the equation which defines
SC order parameter are presented in Sec. V both in the
of attraction and repulsion between the components of
pair. In the latter case, the solution exists under the condi
that the SC order parameter is not a function of a cons
sign. Assuming that, crossing the pair Fermi contour, t
parameter changes sign like a step function, we study
system of equations for two corresponding components
the order parameter. It is shown that the solution of suc
system exists inside a doping interval bounded both ab
and below. In Sec. VI, we discuss the chemical potential s
due to SC condesation. This shift arises due to the esse
asymmetry between the domains in momentum space co
sponding to filled and vacant states and separated by the
Fermi contour. Just such a shift mainly determines the va
of the SC transition condensation energy which is studied
Sec. VII. Section VIII is dedicated to a brief discussion
some key experimental results related to bothN and SC
states of HTSC cuprates; also, we discuss some other
sible reasons for an opening of the pair Fermi contour,
02451
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propose a qualitative interpretation of available experimen
data in the scope of the theory developed here.

II. ELECTRON AND HOLE PAIRS. PAIR FERMI
CONTOUR

Let us consider two electrons or two holes with a to
momentumK5k11k2 wherek1 and k2 are momenta of
the particles composing a pair. This is a pair of nonintera
ing particles. Thus, now and below in this section, we do
fall outside the limits of the usual one-particle approxim
tion, and the pair introduced here may be called as aslave
pair. Further, taking account of the screened Coulomb in
action between particles, we use such pairs to construct a
state. Filling the states inside the FC results in the fact t
permissible values of a momentum of the relative motion
the K pair, k5(k12k2)/2, belong to a certain domain o
momentum space. Such a domain, which we denote asJK ,
has a form dependent onK and on a shape of the FC,1 as in
the case when the pair momentum is directed along@100#
andK,2kF ; this is represented schematically in Fig. 2. It
clear from Fig. 2 how one can define such a domain at
givenK. The area~labeled with the same symbolJK) of the
domainJK tends to zero whenK→2kF . Thus the statistical

FIG. 2. Typical of hole-doped HTSC cuprates, the hole Fer
contour~FC! as a square with rounded corners~labeled the Fermi
energy,EF) centered at (p,p) . The domain of definition of mo-
menta of the relative motion ofK andK 8 pairs are denoted asJK

and JK8 , respectively. Each such domain consists of two pa
JK

(2) ,JK
(1) and JK8

(2) ,JK8
(1) , respectively. Inside the subdomain

JK
(2) ,JK8

(2) (JK
(1) ,JK8

(1)), the energy of the relative motion of cor
responding pair measured from the pair chemical potential va
2m is negative~positive!. The total pair momentum is directe
along an antinodal direction. The lines separating the subdomain
negative and positive relative motion energy form the pair Fe
contour~PFC!. A doping decrease results in an opening of the P
at two points,a anda8, on thek1 axis, corresponding to a dopin
level x2. Then there is a rise and an extension of the subdom
JK

(1) and JK8
(2) accompanied by a corresponding decrease of

subdomainsJK
(2) andJK8

(1) . The PFC shrinks at two pointsb and
b8 on thek2 axis, corresponding to a doping levelx1,x2.
3-3
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V. I. BELYAVSKY AND YU. V. KOPAEV PHYSICAL REVIEW B 67, 024513 ~2003!
weight of states which compose pairs withK52kF is equal
to zero even in a case of perfect nesting.27 It should be noted
that the model used in Ref. 27 did not take into account
existence of an extended saddle point and hyperbolic me
of momentum space. For an arbitrary direction ofK, there
are, generally speaking, eight domains corresponding to
pair momenta which are equivalent to given vectorK ~for
special, antinodal, or nodal directions there are four equ
lent vectors!. However, at a preassigned deviation ofK from
2kF , the statistical weight~the areaJK) depends on theK
direction, decreasing from a maximal value for antinodal
rections to a minimal one for nodal directions. It is qu
obvious that the binding energy of theK pair has to increase
with JK ; therefore, one may expect that a rise of the
condensate should be due to pairs with momenta corresp
ing to antinodal directions.

There is experimental evidence in behalf of the consid
ation of hole pairs with large total momentum. As an e
ample, one may consider the so-called ‘‘commensurate’’ n
tron resonance~41 meV! peak belowTC which is usually
associated with a rise of the resonance collective triplep
mode28 corresponding to the saddle point. Recently, ‘‘inco
mensurate’’ magnetic fluctuations in HTSC cuprates w
observed.29 The incommensurate mode transforms contin
ously into a commensurate one,28 demonstrating a negativ
~downward away from the commensurate momentu!
dispersion.30 Such a tendency toward softening of this trip
p mode can be interpreted as indirect evidence of the ph
transition possibility associated with a softening of a cert
singlet mode corresponding to a large and ‘‘incommen
rate’’ pair momentum.

Almost straight-line parts of the FC belong to the regi
of momentum space with hyperbolic metrics. Therefore,
energy of the relative motion of a pair insideJK ,

« r~K,k!5«S K

2
1kD1«S K

2
2kD22«S K

2 D , ~1!

at relatively smallk, may be approximately represented a

« r~K,k!'
\2

2m
~nk1

22k2
2!, ~2!

where«(k) is hole dispersion and, as follows from a sym
metry consideration, the coordinate axes are directed par
~the k1 axis! and perpendicular~the k2 axis! to the FC~Fig.
2!. These coordinate axis directions correspond to the p
cipal directions of the 2D tensor of the reciprocal reduc
effective mass (n/m and21/m are dependent on principalK
values of this tensor!. Due to the strong nesting of the FC
the absolute values of the effective masses differ consi
ably from each other, namely, a dimensionless parametn
!1.

The domainJK consists of two parts,JK
(2) andJK

(1) , in
which the energy of the relative motion of theK pair is
negative and positive, respectively. The domainJK8 , also
shown in Fig. 2, corresponds to a pair with total moment
K8 (K8 pair! outside of the FC; thusK8.2kF . This domain
consists of two parts,JK8

(2) and JK8
(1) , corresponding to
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negative and positive energies of the relative motion ofK8
pair as well. Excitations composing theK pair inside the FC
are electrons whereas the excitations which compose
K8-pair outside of the FC are holes.

In the case of hyperbolic metrics, theK-pair density of
states exhibits a logarithmic van Hove singularity cor
sponding to the zero energy of the relative motion, sho
schematically in Fig. 3. Weak dispersion along one of
directions in 2D momentum space~the k1 axis in Fig. 2!
leads to the fact thatK-pair density of states has almost 1
character.12

By definition of the ground state of the electron syste
all pair states insideJK are occupied, whereas the stat
insideJK8 are vacant. Such a filling of states in momentu
space corresponds to a spatially homogeneous state o
electron system. At a givenK, states of the relative motion o
theK pair are characterized by the relative motion density
states,gK(«). The upper edge of pair density of states in t
domainJK corresponds to the Fermi level~Fig. 3!. There is
a finite energy gapd«KK8 between the upper edge ofgK(«)
and the lower one relating to pair density of states,gK8(«),
in the domainJK8 . Therefore, any transfer of a pair from
JK into JK8 is necessarily connected with an energy
crease due to an increase of center-of-mass energy. How
it should be noted that the pairs having positive energy of
relative motion leave the domainJK whereas the pairs with
negative energy arrive at the domainJK8 .

FIG. 3. Top panel: a sketch of the domainsJK and JK8 and
hole distribution in the cases corresponding to a homogeneous
of the electron system~left top panel! and a stripe state~the AF part
of a stripe, middle top panel; theM part of a stripe, right top panel!.
Occupied and vacant pair states are separated by the PFC. Occ
states inside the domains are shadowed. Bottom panel: rela
motion band diagram for homogeneous state~left bottom panel!, AF
and M parts of a stripe~middle and right bottom panel, respec
tively!.
3-4
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Such transfers of pairs from the domainJK into a region
of momentum space outside of the FC may bear a relatio
well-known spatially inhomogeneous~stripe! structure in
which there is an alternation of hole-enriched and -deple
1D regions.8 The region of momentum space into whichK
pairs may transfer is either that part,J̃K , of the domainJK
which is situated outside of the FC or the domainJK8 cor-
responding to the total pair momentumK8 ~Fig. 2!. As far as
the relative motion of the density of states which correspo
to a K8 pair belonging to the subdomain,JK8

(2) is consider-
ably greater than density of states corresponding to the
domainJ̃K we may restrict ourselves to a consideration
the transfersJK

(1)⇒JK8
(2) only. Suppose that a number o

pairs,dN, passes fromJK
(1) into JK8

(2) , so that, in the sub-
domainJK

(1) , vacant pair states arise in a certain~small in
comparison withd«KK8) energy interval near 2EF . The
same number of pairs occupies a small energy inte
~which may be determined using pair number conserva
condition! near the lower edge of the band corresponding
the subdomainJK8

(2) . Thus the energy increase due to p
transfers from JK

(1) into JK8
(2) may be estimated a

dNd«KK8 .
Transfers of pairs,JK

(1)⇒JK8
(2) , in momentum space

may be related to transfers of holes from AF parts of stri
into metallic~M! parts in real space. An enhancement of A
correlations due to such transfers results in some reducin
the energy which might compensate for the energy incre
due to the excitation of hole pairs leading to transf
JK

(1)⇒JK8
(2) . An energy gain due to a removal ofK pairs

from JK
(1) , that is from AF parts of stripes, may be es

mated phenomenologically if one introduces a parametI
5I (x) which may be treated as a nearest-neighbor spin
relation function being a measure of AF short-range ord
Let us assume that each hole pair transferring from the s
domainJK

(1) into the subdomainJK8
(2) gives an energy gain

equal toI. Then total decrease in the energy of holes due
such transfers ofdN hole pairs may be estimated a
2dNI. Thus a rise of the stripe structure lowers the grou
state energy provided that

I .d«KK8 . ~3!

The existence in the domainJK of the hole filled part,JK
(2) ,

and the vacant part,JK
(1) , makes possible pairing of carrier

in the vicinity of the lines separating filled and vacant su
domains. The energy of the relative motion of theK pair with
respect to the value of the chemical potential is nega
inside JK

(2) and positive insideJK
(1) ; therefore, the lines

separating these subdomains play role of a peculiar ‘‘pa
Fermi contour~PFC! on which the SC gap may arise. Such
conclusion is related both to the domainsJK and JK8 ,
therefore, PFC is situated both inside and outside of the
ent FC. If the value of the vectorK2K8 which may be con-
sidered as a reciprocal spatial scale of the stripe struc
appreciably exceeds a character scale,dkc;D, of nonzero
SC order parameter in momentum space, one may cons
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the pairing problems inJK and JK8 independently from
each other. In the following, we consider just the case wh
uK2K8u@dkc .

III. PROBLEM OF A SINGLE PAIR

Now let us consider aK pair, taking into account two-
particle potential interaction between the particles comp
ing the pair. As stated above, the momenta of interact
particles are confined inside the domainJK . We suppose
that this domain belongs to a region of momentum sp
with hyperbolic metrics. A wave function of theK pair can
be written as

CK~r1 ,r2!5
1

AS
wK~r!eiKR. ~4!

Here r1 and r2 are radius vectors of the particles,R5(r1

1r2)/2,r5r12r2 , wK(r) is a wave function of the relative
motion, andS is a normalizing area.

On account of the crystal symmetry, all wave functio
w ĝK corresponding to the momentaĝK turn out to be equiva-
lent. Therefore, theK-pair wave function should be repre
sented as a linear combination of the form

CK
(G)5 (

[ ĝK]

cĝK
(G)

C ĝK . ~5!

A choice of the coefficientscĝK
(G) is determined by the irre-

ducible representationG of the crystal symmetry group ac
cording to which the wave function@Eq. ~5!# transforms un-
der the action of crystal symmetry operatorsĝ. It should be
noted especially that the wave function@Eq. ~5!# corresponds
to a currentless state in view of the fact that(ĝK50.

Taking account of the fact that the domainsJ ĝK , corre-
sponding to equivalent momentaĝK, either do not overlap a
all or overlap in a small way~Fig. 2! and, also, that a scat
tering of aK pair from any such domain into an equivale
one corresponds to a rather large change in the total mom
tum of the pair, one can, in a first approximation, neglect a
inter-domain scattering. Then, the equivalent Hamiltonian
the relative motion of theK pair may be presented in th
form1

ĤK52
\2

2m S n
]2

]x1
2

2
]2

]x2
2D 1UK* ~r !, ~6!

wherer 5Ax1
21x2

2, UK* (r ) is an effective potential energy o
the particles composing theK pair. This energy depends o
the domainJK in which scattering due to interaction is pe
mitted. When the areaJK is large enough, one can suppo
that1 UK* (r );JK .

Generally speaking, all of the eigenfunctions of the ope
tor @Eq. ~6!# belong to a continuous spectrum. Therefore, it
quite natural to represent such a function in the form o
sum of an incident wave with the momentumq and scattered
~expanding! wave:
3-5
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wK~r!⇒wKq~r!5eiqr1xKq~r!. ~7!

The Fourier transform of the scattered wave,x̃Kq(k), is a
solution of the integral equation31

@v2v~k!#x̃Kq~k!5u~k2q!1E u~k2k8!x̃Kq~k8!
d2k8

~2p!2
.

~8!

Here v(k)5nk1
22k2

2, \2v/2m is an energy of the inciden

wave, andu(k)52mŨK* (k)/\2, ŨK* (k) is the Fourier trans-
form of the effective interaction energy. In Eq.~8! one has to
integrate over the domainJK , which is the domain of defi-
nition of momentak andk8. As far as this domain is small in
comparison with the 2D Brillouin zone, one can appro
mately takeu(k2k8)'u0. This approximation leads to th
solution of the Eq.~8! in the form1

x̃Kq~k!52
u0

11u0BK~v!

1

v~k!2v2 i0 sgnv
, ~9!

where the signum function provides a necessary conditio
order that Eq.~9! is an expanding wave. The functionBK(v)
is defined as

BK~v!5E
(JK)

1

v~k!2v2 i0 sgnv

d2k

~2p!2

[BK1~v!1 iBK2~v!. ~10!

At a real argument, the functionsBK1(v) andBK2(v) can be
written in the forms

BK1~v!5E
(JK)

1

v~k!2v

d2k

~2p!2
,

BK2~v!5p sgnvE
(JK)

d@v~k!2v#
d2k

~2p!2
, ~11!

where the integral definingBK1(v) has the meaning of the
Cauchy principal value.

A denominator, 11u0BK(v), of the scattering amplitude
generally speaking, is not equal to zero at any real value
the argumentv. In the special case, when the functio
BK2(v) is equal to zero identically inside some interval
v, scattering amplitude poles, which are solutions of
equation

11u0BK1~v!50, ~12!

correspond to bounded states.
When some complex valuev5vK

(0)2 iGK is a solution of
Eq. ~12! and, in addition,BK2(vK

(0))Þ0, wherevK
(0) makes

sense of the energy of QSS provided that 0,GK!vK
(0) . At

uv2vK
(0)u!vK

(0) , the QSS decay can be written as

GK'BK2~vK
(0)!/BK18 ~vK

(0)!. ~13!

Here the prime denotes differentiation with respect tov.
02451
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In the case of a tetragonal crystal, one can separate a
the equivalent vectorsĝK into two subsets. One of them
which contains the vectorK itself, also contains all of the
vectorsĝK related to each other by reflections with respect
the coordinate axes. The other subset is generated in a s
lar way by the vector resulting from the reflection ofK with
respect to a diagonal of the square Brillouin zone. The co

ficientsc
ĝK

(A1g)
, corresponding to the trivial irreducible repre

sentationA1g , are equal to each other. In the case of t

irreducible representationB1g , the coefficientsc
ĝK

(B1g)
have

one and the same absolute value, and differ in sign for
two above-introduced subsets. Taking into account the
plicit form of the functionsx̃ ĝKq(k) one can easily conclude
that, in the case of an appropriate choice of coordinate a
directions,v(k)5nk1

22k2
2 for any ĝK belonging to the first

subset, whereasv(k)5nk2
22k1

2 when ĝK belong to the sec-
ond one. Thus the wave function corresponding to the ir
ducible representationA1g has the form

CKq
(A1g)

;
2v

~v1k1
2!~v1k2

2!
, ~14!

provided thatn!1. The full symmetry of this function with
respect to the crystal group enables one to relate it to
s-type orbital symmetry. Under the same condition,n!1,
the wave function corresponding to the irreducible repres
tation B1g may be written as

CKq
(B1g)

;
k1

22k2
2

~v1k1
2!~v1k2

2!
. ~15!

This function may be conditionally related tod-type orbital
symmetry.

IV. QUASISTATIONARY STATES

One can calculate the functions@Eq. ~11!# which define
the scattering amplitude. For the sake of simplicity, we s
pose that the domainJK is a long and narrow rectangula
strip which is roughly similar to a real domainJK in the case
of the antinodal direction. We denote the length and width
the strip asDk1 and Dk2, respectively. The coordinatek1
axis is directed along one of the principal directions of t
2D reciprocal effective mass tensor which corresponds to
positive effective massm15m/n. Another axis,k2, is di-
rected along the principal direction corresponding to
negative effective massm252m. Taking into account that
n!1 andDk1@Dk2 one may assume, for the sake of sim
plicity, that v21[(Dk2)25v11[n(Dk1)2[v1. This as-
sumption, used later on, is sufficient to study the main f
tures of the scattering amplitude. Using such
approximation, one can represent the functionBK2(v) in an
explicit form at anyv:

BK2~v!5
sgnv

2pAn
lnUAv12uvu1Av1

Auvu
U . ~16!
3-6
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Here 0<uvu<v1. It should be noted that, atuvu.v1, we
haveBK2(v)50.

The function BK2(v) is connected with the density o
states of the relative motion ofK pair inside the domainJK ,

BK2~«!5p«0gK~«!sgn«, ~17!

where «05(\2v1 /m) is the energy width of the domai
JK , a25S/N, N is the number of unit cells in conductin
plane, and«5(\2v/m). The average~inside the domain
JK) density of states per unit cell can be written in the fo

gK5
1

«0

JKa2

~2p!2
5

ma2

p2\2

1

An
. ~18!

Due to the condition thatn!1, the average density of pa
states inside the domainJK may be considerably more i
comparison with the total average~inside 2D Brillouin zone!
density of states, which is equal toma2/p2\2. This is a
consequence of peculiar features of saddle point vicinity
HTSC cuprates associated with hyperbolic metrics a
strong effective mass anisotropy.

The function defined by Eq.~16! has a logarithmic singu
larity at uvu→0,

BK2~v!;
sgnv

4pAn
lnU4v1

v U, ~19!

corresponding to a logarithmic van Hove singularity in t
density of states due to saddle points. Near the edges o
energy band,2v1<v<v1; this function behaves as fol
lows: BK2(v);sgnvAv12uvu at uv12uvuu!v1.

Now, let us consider the functionBK1(v) defined in Eq.
~11!. Taking into account Eq.~17!, we have

BK1~v!5
1

pE2v1

v1 BK2~v8!sgnv8

v82v
dv8. ~20!

First of all, let us estimateBK1(v) using the average valu
@Eq. ~18!#, of the pair density of states. We obtain

BK1~v!'
1

2p2An
lnUv12v

v11vU. ~21!

Function~21! is presented in Fig. 4~dashed line!. It should
be noted that just the function of the form Eq.~21! was
used32 to analyze the ARPES experiment. Such a self-ene
structure was studied in detail using the analysis of ene
and momentum distribution curves.33 The explicit expression
of BK1(v),

BK1~v!5
v

p2An
E

0

`

lnUAv12v81Av1

Av8
U dv8

v822v2
,

~22!

in the form of a combination of elementary or special fun
tions, is unknown. It is obvious that, atuvu→`,
02451
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BK1~v!;2
JK

~2p!2

1

v
, uvu→`. ~23!

At v→60, we have from definition~20!,

BK1~60!56
1

2p2An
E

0

1

lnU12x

11xU dx

x
56

1

8An
. ~24!

Thus a logarithmic singularity of density of states appears
BK1(v) as a finite discontinuity atv→60. At v56v1, the
function BK1(v) has the finite values

BK1~6v1!'7
0.164

An
, ~25!

with uBK1(6v1)u.uBK1(60)u. The functionBK1(v) @Eq.
~22!#, is plotted in Fig. 4~solid line!.

The obtained function,BK1(v), allows us to analyze
qualitatively the solutions of Eq.~12! which determines the
poles of the scattering amplitude. In the case of repuls
between particles composing theK pair (u0.0), solutions
corresponding to a positive energy (v.0) exist provided
that 2u0BK1(v1),1. One of the solutions,vQSS

1 , corre-
sponding to greater energy, exists as the desired value o
coupling constantu0. The second solutionvSC

1 exists in a
bounded interval of coupling constant values:uBK1

21(10)u
,u0,uBK1

21(v1)u. The first solution takes place whenv1

,vQSS
1 ,` and the second one exists in an energy inter

bounded both above and below, 0,vSC
1 ,v1. At v.0, we

haveBK2(v).0; therefore, the sign of decay which corr

FIG. 4. Plots of the functionBK1(v): solid line @Eq. ~22!# and
dashed line@Eq. ~21!#. An illustration of the graphic solution of Eq
~12!, schematically.
3-7
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V. I. BELYAVSKY AND YU. V. KOPAEV PHYSICAL REVIEW B 67, 024513 ~2003!
sponds to both poles of the scattering amplitude is de
mined by the behavior of the functionBK1(v). In the inter-
val v1,v,`, this function increases withv; therefore, a
positive decay,GQSS

1 .0, corresponds to the polevQSS
1 .

Hence this pole may be associated with a QSS. But, in f
as it follows from the definition@Eq. ~11!#, GQSS

1 510;
therefore, the approximation used here leads to the p
vQSS

1 being a real stationary state. Indeed, one can see
due to hyperbolic metrics of momentum space, atv.v1,
any decomposition of aK pair becomes impossible becau
of the restrictions connected with momentum and ene
conservation.

At 0,v,v1 the functionBK1(v), on the contrary, de-
creases withv; therefore, the finite and negative dec
GSC

1 ,0 corresponds to the pole. This fact may be conside
as evidence of an instability with respect to a rise ofK pairs,
and the imaginary part of the pole,GSC

1 , may be directly
connected with a SC gap. However, the presence of a p
tive real part of the pole,vSC

1 .0, indicates that a rise of th
SC state becomes possible only if an energy increase
nected with the finite value ofvSC

1 is compensated for by a
sufficient energy decrease produced by a corresponding
rangement of the electron system which does not bear a
rect relation toK-pair formation. As an example of such
rearrangement in HTSC cuprates, one may consider
above-mentioned rise of a spatially inhomogeneous spin
charge structure because of a partial restoration of AF or
Thus, because of the positive sign of the real part of
scattering amplitude, the SC pole without any renormali
tion of the ground state may be considered to correspon
a metastable state. The QSS state has to be related no
minimum but a maximum of total energy.

In the case when the attraction between particles com
ing a K pair dominates (u0,0), at 0,uu0u,BK1(2v), as
seen in Fig. 4, there is a solutionvSC

2 of Eq. ~12! which
exists in an infinite energy region,2`,vSC

2 ,2v1, and, in
the approximation used here, has an infinitesimal de
GSC

2 520. Another polevQSS
2 , existing inside the energy

interval 2v1,vQSS
2 ,0, corresponds to a real QSS wi

finite and rather large decay. Therefore, in spite of the f
that, due to the assumption thatv215v11, there is a sym-
metry of the functionBK1(v) with respect to a change of th
sign of the argument, namely,BK1(2v)52BK1(v), there
is an essential asymmetry in the character of solutions of
~12! with respect to the sign of the coupling constant.

The point of view34 that there are incoherent electron
hole pairs in the pseudogap regime leads to a definite c
clusion concerning the sign of the interaction energy wh
governs the pairing in HTSC cuprates. That is, neglecting
Friedel oscillations, one may propose that the only essen
interaction between electrons is a screened Coulomb re
sion,

U~r !5
e2

r
expS 2

r

r 0
D , ~26!

where r 0 is the screening length. Taking into account t
explicit form of the Fourier transform of the screened Co
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lomb potential, one can write the coupling constant in t
form u05r 0JKa2/pa* wherea* 5\2/me2 is an effective
Bohr radius.1 An increase of the carrier concentration due
doping leads to a decrease of the screening length and,
result, to a decrease of the coupling constant. In Fig. 5,
represent a qualitative comparison of a typical HTSC cupr
phase diagram~Fig. 1! and Fig. 4 which we consider to show
the dependence of theK pair energyv, when increasing with
doping, on the inverse value of the coupling constantu0

21.
One can see that a crossover lineT* (x), separating norma
and pseudogap states in phase diagram, is in accordance
the line which determines the energy of the QSS with a po
tive infinitesimal decay,vQSS

1 . In addition, there is accor
dance between the SC phase region bounded by the
TC(x) in the phase diagram and the line which determin
the solution leading to the SC instability,vSC

1 . Indeed, both
functions of doping,TC(x) andvSC

1 (x), have finite domains
of definition bounded above and below.

An evaluation of Coulomb repulsion in an electron syste
with and without QSS’s indicates that, provided that the Q
concentration exceeds a certain value, an energy gain is
sible, and thus incoherent QSS’s with different total m
menta may exist not only as excitations but in the grou
state, resulting in some suppression of one-particle densit
states.1 Therefore, a rise of such QSS’s may be directly
lated to the pseudogap state. A spatial separation of the
mains in which one can observe either a SC gap o
pseudogap20 can be interpreted as an alternation of the
gions with increased and decreased doping, respectively

FIG. 5. A comparison of a typical HTSC cuprate phase diagr
and the graphic solution of Eq.~12!, determining the poles of the
scattering amplitude~schematically!.
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V. SUPERCONDUCTING PAIRING

The negative-decay poles in the scattering amplitude
responding to the relative motion of an electron or hole p
with a large total momentum bears evidence of the poss
ity of SC pairing both during attraction and repulsion b
tween the particles composing the pair. A consequence o
rise of a stripe structure is that a number of realK pairs
belonging to the domainJK must leave this domain an
form real pairs with a momentumK8 (K8 pairs! in a domain
JK8 outside of the FC. The states insideJK andJK8 , hav-
ing become vacant and remaining filled, are separated f
each other by a line which is, by our definition, the PFC. T
values of the areasJK

(1) andJK8
(2) are dependent on the A

energy which determines the position of the chemical pot
tial 2m of pairs with respect to the edges of the energy ba
corresponding to the domainsJK and JK8 . These energy
bands and relevant densities of states,gK(«) andgK8(«), are
represented schematically in Fig. 3. One part of the P
which is situated in the domainJK ~the boundary between
JK

(2) andJK
(1)), may be related to the AF part of a strip

whereas another part, separatingJK8
(2) andJK8

(1) , belongs to
the M part of a stripe. An excitation of carriers~a rise of
holes above and electrons below the chemical poten
level! leads to the possibility of their pairing. Formally, on
can consider~1! a scattering of pairs in the AF part of a strip
~in the domainJK), ~2! a scattering of pairs in theM part of
a stripe~in the domainJK8), and also~3! a scattering which
includes transfers of pairs between the AF part of a str
~the domainJK) and theM part of a stripe~the domain
JK8). In such a case~3! pairs are spatially separated, and t
interaction leading to their scattering is reduced. As alre
mentioned, the conditionuK82Ku@dkc allows us, in a first
approximation, to consider pairing in the domainsJK and
JK8 independently of each other, thus restricting oursel
to one of the cases~1! or ~2!. In this section, we restric
ourselves to case~1! and consider SC pairing near the part
the PFC belonging to the AF part of a stripe. Thus we s
pose that rather thinM parts of stripes do not affect th
superconductivity, essentially due to the proximity effect.

In the general case, considering a pairing of carriers w
the momentumK along an antinodal direction, it is necessa
to take into account all excited states arising due to trans
of carriers across the PFC, namely,JK

(2)↔JK
(1) . As a re-

sult, we have a pair with a large total momentum along o
of the antinodal directions. As mentioned above, in the c
of antinodal directions, there exists a quadruple of equiva
pairs with total momentaĝK where, due to symmetry
( ĝĝK50. The interaction leading to a scattering of su
equivalent pairs turns out to be weaker as compared to
interaction which results in a rise of a bound state of a p
with given K. This may mainly be due to an essential i
crease of the scattering momentum in spite of the fact
the scattering region in the momentum space also increa
The scattering of pairs with equivalent total momenta le
to a state of the form of Eq.~5! which, due to the condition
that ( ĝĝK50, corresponds to a currentless state. In t
sense, a pair state, such as quadruple pairs with equiv
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large total momenta, is similar to a conventional Cooper p
however, it is clear that the internal structure of pair sta
discussed here differs essentially from the rather sim
structure of Cooper pair.

For a simple one-dimensional stripe structure, aK- (K8-!
pair state arises due to a mixing of only twoK states corre-
sponding to either@100# (k1 axis! or @010# (k2 axis! direc-
tions. Thus one may expect a rise of an array of alterna
conducting planes with 1D stripes which are perpendicula
each other in the neighboring planes. Pair states formed
quadruples ofK pairs correspond to a more complicated p
riodic 2D stripe structure.

In the zero-temperature limit, the equation determini
the SC order parameter is similar to the conventional B
equation, and can be written in the form

DKk52
1

2S
(
k8

ŨK* ~k2k8!DKk8

AjKk8
2

1DKk8
2

. ~27!

It is obvious that, in the case of repulsion between partic
composing aK pair, a BCS-like solution, independent ofk,
is absent.

The solutions of Eq.~27! for a SC energy gap in the case
of attraction (ŨK* ,0) and repulsion (ŨK* .0) between par-
ticles composing aK pair differ from each other essentially
First of all, we consider the case of attraction and rest
ourselves to the simplest approximation, namely,ŨK* (k)
[UK5const. Such an approximation, like the BCS appro
mation, enables one to obtain an explicit expression for
SC energy gap. A magnitude of the coupling constantUK
depends on the pairing mechanism, which is not under
cussion here. The only circumstance we have to take
account is that one may neglect the predominance of re
sion as compared to attraction in a comparatively narr
energy region corresponding to a vicinity of the PFC. Letj̄
be the characteristic energy width of such a region and s
pose, for the sake of simplicity, thatj̄ is more less than any
characteristic energy scale relating to each of the subdom
JK

(2) andJK
(1) . The approximationŨK* (k)5const results in

that there is a solution of Eq.~27! independent of the mo
mentum of the relative motion of theK pair, that is,
DKk⇒DK . We restrict ourselves to a consideration of suc
solution only. Reducing, as usual, the sum in Eq.~27! into an
integral overjKk , and introducing an average density
statesgK related to unit area, one can obtain the order
rameter in the form

DK'j̄expS 2
1

gKUK
D . ~28!

That is, a solution which formally coincides with the BC
solution. It should be noted thatgK is more less as compare
with the total density of states on the Fermi level. Therefo
in the case of a typical phononic pairing mechanism coupl
constant value, one obtains the energy gap@Eq. ~28!#, which
should be certainly more or less in comparison with the g
that arises due to conventional Cooper pairing on the full F
3-9
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Now, let us consider the case when a repulsion betw
particles composingK-pair dominates. In this case, one h
not to take into account the existence of any bosonic deg
of freedom ~phononic, electronic, magnetic or somethi
else! as a necessary condition of a rise of a bound state
K-pair. Screened Coulomb repulsion becomes the only
sential interaction.

As one can see from Eq.~27! there is no solution of
constant signs inside the domainJK , provided thatUK
.0. Therefore, to obtain an approximate solution of E
~27!, we suppose that the order parameter dependence o
momentum of the relative motion of theK pair is given by a
discontinuous function changing its sign on the PFC.
restrict ourselves to a consideration of the simplest c
when the order parameter is independent ofk and different
from other values inside the subdomainsJK

(2) and JK
(1) .

That is, omitting the labelK in the definition of the order
parameter, we assume thatDK[2D2,0 insideJK

(2) and
DK[D1.0 insideJK

(1) .
This assumption allows us to rewrite Eq.~27! in the form

of a system of two equations forD2 and D1 . In this con-
nection, one should take into account the above-mentio
remark that the effective interaction matrix elementŨK*
;2JK

(2) when bothk andk8 belong to the subdomainJK
(2) ,

that is, a scattering due to the interaction is restricted to
subdomain~the factor 2 takes into account the fact that t
scattering is possible both fromk into k8 and fromk8 into
k). However, if k belongs toJK

(2) and k8 belongs toJK
(1)

and hence the scattering is possible in the whole of the
main JK , we haveŨK* ;JK ~scattering fromJK

(2) into
JK

(1) only!. One can rewrite Eq.~27! in the forms

~12a!D21D15
UKJKa2ha

2S (
kPJK

(2)

D2

Ajk
21D2

2
,

D21aD15
UKJKa2ha

2S (
kPJK

(1)

D1

Ajk
21D1

2
. ~29!

Here we denoteha[(1/22a)2 anda[JK
(2)/JK .

The dependence of the AF energy on the doping le
allows us to hunt down the evolution of the PFC due to
variation of doping. IfI (x),d«KK8[I m , the PFC is absen
and the energy width of the subdomain isJK

(2) , «K25«0

whereas the energy width of the subdomain isJK
(1) , «K1

50 where«0 is an energy width of the domainJK . At
I (x2)5I m , there is an ‘‘opening’’ of the PFC at two pointsa
anda8, which are situated on thek1 axis, as shown in Fig. 2
A decrease of doping,x,x2, leads, first of all, to a rise, an
then to an extension, of the subdomainJK

(1) which is accom-
panied by a corresponding decrease of the subdomainJK

(2) .
Thus the PFC length increases and then, after reaching
maximal length value corresponding to a certain dop
level, begins to decrease, shrinking at two pointsb andb8 on
the k2 axis ~Fig. 2!. Such a shrinking corresponds to a val
of the doping level related to, the AF energyI (x1)5I M . If
one assumes that the pair condensate density is directly
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nected to the PFC length, one can qualitatively explain b
the rather small superfluid density and the peculiar dop
dependence ofTC observed in cuprates. One can take suc
dependence into account by assuming that it is explic
included in AF energyI (x) and the screening lengthr 0(x).
An evolution of the PFC length with a variation of dopin
has to determine, in the main, the doping dependence of
the superconducting transition temperature and the super
density.

For the sake of simplicity we suppose that«K2 and«K1

are linear functions of doping:«K2(y)5«0y and «K1(y)
5«0(12y). Herey5(x2x1)/(x22x1) is a ‘‘reduced’’ dop-
ing level varying within the limits of interval 0<y<1 when
x1<x<x2. As another simplification, we assume that t
density of states is constant inside the whole of the dom
JK , gK5JK /(2p)2«0. From this assumption, it follows
immediately thatJK

(2)/JK5«K2 /«0, that isa[y.
Reducing the summation over momenta in Eq.~27! to an

integration over the energy of the relative motion of theK
pair, one can rewrite the system of equations~27! in the
forms

~12y!d21d15wK~y!hyd2lnU y

d2
U,

d21yd15wK~y!hyd1lnU~12y!

d1
U, ~30!

wherehy[(1/22y)2, d6[D6 /«0 @we suppose, for the sak
of simplicity, thaty@d2 ,(12y)@d1], and

wK~y!5
pe2r 0~y!JKa2

«0a2~2p!2
. ~31!

The screening lengthr 05r 0(y) is a decreasing function o
the doping level; therefore, we use a linear approximation
the coupling parameter,wK(y)5wK(12y/yb) where yb
.1.

It should be noted that the chemical potentialm as a point
of reference of kinetic energy of the relative motion of theK
pair changes due to a rise of the SC order as compared
its value in the normal~nonsuperconducting! state. However,
the corresponding shift of the chemical potential is qu
small ~of the order of the SC gap!. Thus, calculating the
values of the parametersd2 and d1 one need not conside
the chemical potential shift arising due to the SC conden
tion of K pairs. Thus we assume approximately thatm is
determined by the only parameterI, and equal to a value
which corresponds to the PFC at givenI in the normal state.
However, in contrast to BCS theory, in our case just
chemical potential shift determines the SC condensation
ergy, and thus a doping dependence of the superconduc
transition temperature.

By definition, both unknown quantitiesd2 andd1 in Eq.
~30! are non-negative:d2>0 andd1>0. Nontrivial solu-
tions turn out to be possible under the condition that
coupling parameter@Eq. ~31!#, is large enough. The depen
dence of this parameter on doping@Eq. ~31!# leads to an
asymmetry of the functionsd2(y) andd1(y), that is, in the
general case~except as some special values of doping leve!,
d2(y)Þd1(y). The doping dependence ofd2(y) and
d1(y) are represented schematically in Fig. 6.
3-10
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VI. CHEMICAL POTENTIAL SHIFT

In a spatially homogeneous system, the value 2EF of the
chemical potential of pairs indicates that the whole of
domain JK is filled, whereas all of the states inside a
domainJK8 are vacant. A rise of a stripe structure leads t
hole redistribution betweenJK andJK8 , with the result that
the PFC arises. Thus the PFC may be treated, in the z
temperature limit, as a line separating filled and vacant p
states in momentum space. The possibility of pairing its
resulting in an opening of the SC gap on the PFC arises
as a result of such a redistribution which may be, for e
ample, due to above discussed partial restoration of AF or
The numbers of vacant states insideJK and, on the other
hand, filled states insideJK8 are governed by the valueI of
AF energy which determines the position 2m of the chemical
potential of pairs with respect to the edges of the ene
bands corresponding to the domainsJK andJK8 . The den-
sities of statesgK(«) and gK8(«), corresponding to thes
domains, are represented in Fig. 3.

To evaluate the chemical potential shiftm8 due to a con-
densation ofK pairs belonging to the domainJK , one has to
take into account that a formal definition of an average nu
ber of particles insideJK ,

^NK&52 (
kPJK

vKk
2 [ (

kPJK
S 12

jKk

AjKk
2 1DKk

2 D , ~32!

takes into consideration the particles which may pass fr
JK into JK8 . Such a passage is compensated for by
particles passing fromJK8 into JK . Therefore, the conserv
ing quantity is a sum̂NK&1^NK8&, where the second term i
an average number of particles insideJK8 . The condensa-
tion may be considered in each of the domainsJK andJK8
independently if, as accepted above,uK82Ku@dkc . In such
a case, one has to take into account only the passage
particles fromJK

(2) into JK
(1) if one considers a condensa

tion of K pairs only, bearing in mind that the position of th
PFC in the normal state is determined by the AF energI
which is considered here as an external parameter. As fa
the chemical potential shift due to SC condensation of p
is also small together withDKk , such an approximation only
slightly affects the introduced below coefficientsl and t.
Thus^NK& may be considered as an approximately conse

FIG. 6. Solutionsd2 and d1 of the system of equations@Eq.
~29!# and the condensation energy@Eq. ~41!#, plotted schematically
as functions of the reduced doping level.
02451
e

a

ro-
ir
lf
st
-
r.

y

-

m
e

of

as
rs

-

ing average number of particles inside the domainJK , pro-
vided that the AF energyI has a certain given value. In th
normal statesvKk

2 51, when kPJK
(2) , and vKk

2 50, when
kPJK

(1) in zero-temperature limit, therefore, the conditio
that ^NK&5const can be rewritten in the form2

(
kPJK

(1)
12 (

kPJK
(2)

15 (
kPJK

jKk

AjKk
2 1DKk

2
. ~33!

Let us consider the case of repulsion between particles c
posing theK pair. SinceD2!«K2 and D1!«K1 in any
case, and the chemical potential shiftm8 measured from the
PFC position atD7→0 is small together withD7 , one can,
reducing the summation over the momentum to an integ
over jKk , approximately rewrite Eq.~33! as

Am821D2
2 2Am821D1

2 '2m81
1

2

D2
2

«K2
2

1

2

D1
2

«K1
.

~34!

Assuming thatm85m181m28 wherem18 (m28) is a quantity of
the first~second! order with respect toD7 , Eq. ~34! may be
solved with the use of the method of successive approxi
tions. Two values of the order parameter,d2 andd1 , are not
independent, as follows from the Eq.~30!. Their ratio g
[d1 /d2 is a function of doping,g5g(y). The chemical
potential shift can be written as

m85«0d@l1td#, ~35!

where we denoted2[d, and

l[
1

2A2

12g2

A11g2
. ~36!

One can easily obtain an explicit expression of the sec
parametert from Eq. ~34!.

It should be noted that in the case of attraction betwe
particles composing aK pair, we have only the value of th
order parameter@Eq. ~28!#, which is independent of the mo
mentum of the relative motion. Therefore, to obtain t
chemical potential shift due to SC condensation one sho
formally write d152d2 . Then we have

m852
«0

4

~122y!

y~12y!
d2. ~37!

Thus the approximation we use here leads to the absenc
a term which is linear ind, and the chemical potential shif
turns out to be proportional tod2.

It should be noted that the necessity of thek dependence
of the SC gap and a corresponding displacement of
chemical potential from its value in the normal state w
established phenomenologically by Hirsch35 in his theory of
hole superconductivity. It is clear that ‘‘the gap slope’’ intro
duced by Hirsch is directly related to our simple discontin
ous solution of the gap equation, whereas the linear term
the chemical potential shift, arising just in the case wh
D2ÞD1 , corresponds to Hirsch’s ‘‘electron-hole symmetr
breaking term’’ the differencem8 being between the chemi
3-11
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cal potential values in the superconducting and the nor
state. One can see quite easily that, in the case of elec
hole asymmetry observed in tunnel current-bias characte
tics, such a chemical potential shift is a direct conseque
of the particle conservation law. Indeed, if one consider
redistribution of particles due to SC condensation inside
domainJK only, it becomes obvious that in the case wh
D2ÞD1 , the value 1/2 of the factorvKk

2 cannot correspond
to the position of the chemical potential relating to the n
mal state. Thus some chemical potential shift is neede
satisfy the condition that the number of transfers of ho
from JK

(2) must be equal to the number of transfers in
JK

(1) . The sign of such a shift is determined by the sign
the differenceD22D1 . Thus Hirsch’s statement thatm8
.0 is valid, generally speaking, in the case whenD2

.D1 . One can also note that the so-called superconduc
‘‘Fermi surface,’’ introduced in Ref. 35 as the locus ink
space of quasiparticle states of minimum energy, in a se
plays the role which, indeed, the PFC plays in the analysi
ARPES spectra and some other phenomena typical of HT
cuprates.

VII. CONDENSATION ENERGY

The existence of the solution of Eq.~28! for a SC order
parameter in a doping intervalx1,x,x2 does not mean tha
the SC state arises throughout, or at least in some part of,
interval. A phase transition from theN state into the SC stat
occurs under a necessary condition: namely, the conde
tion energy defined as a difference betweenN and SC state
values of the ground state energy must be positive.

A contribution into the ground state energy which is a
sociated with a condensation ofK pairs inside the domain
JK may only be written, as usual, in the form

E0S5 (
kPJK

jKk2
1

2 (
kPJK

2jKk
2 1DKk

2

AjKk
2 21DKk

2
. ~38!

Reducing the summation over momentum in Eq.~38! to
the integration overjKk , one has to take into account that th
energyjKk measured from the chemical potential of theN
phase varies within the interval2«K2<jKk<«K1 . There-
fore, taking into account the above-discussed chemical
tential shift due to SC condensation,m8, and the fact that the
SC order parameter has a discontinuity on the PFC, the
densation energy, correct to the terms of the order ofD2, can
be represented in the form

E0S5E0N2S4gK«0
2d~l̄1cd!, ~39!

where E0N52SgK«K
2 y2 is the corresponding contributio

into the ground state energy of theN phase. The parameter
l̄ and c are connected withl and t in Eq. ~35!, in accor-
dance with the relationsl̄52yl andc52yt1(11g2)/4.

The term (11g2)/4 may be formally related to a direc
contribution of the pairing interaction into the condensat
energy, whereas the contributions associated with the co
cientsl andt may be related to a renormalization of kinet
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energy of the relative motion ofK pairs, being a result of SC
condensation~it should be noted, however, that both cont
butions vanish when the coupling constant tends to zero!.

As it follows from Eq. ~39!, an energy gain due to th
condensation ofK pairs is possible when

l̄1cd.0. ~40!

It can be seen from Eq.~39! that this gain is mainly due to a
renormalization of the kinetic energy of the relative moti
of the K pair. Indeed, the chemical potential shift due to
rise of a condensate ofK pairs results in a correspondin
shift of the position of the PFC. Provided that the conditi
~40! is satisfied the PFC is shifted in a way that there is
extension of the partJK

(2) of the domainJK in which the
energy of the relative motion of theK pair is negative. The
ground state energy decreases due to a filling of the st
which arise as a result of such a PFC shift.

In this connection, one relevant optical experiment36 con-
sistent with the conception elaborating here should be no
An estimation of the superfluid densityrs , which is directly
connected with the IR reflection, indicates that, in seve
HTSC cuprates,rs significantly exceeds the value obtaine
from optical conductivity by means of Kramers-Kronig rel
tions under the condition that one takes into account an
ergy interval comparable to the SC gap.36 This contradiction
may be eliminated if one considerably extends the interva
integration. In conventional superconductors, as follo
from the BCS theory, each Cooper pair leads to an ene
gain of the order ofD. The energy width of the condensatio
region in the vicinity of the FC is of the same order. Ther
fore, the condensation energy turns out to be of the orde
D2. This explains the fact that, using Kramers-Kronig re
tions, we can restrict ourselves to a finite interval of integ
tion having a character energy width of aboutD. The pres-
ence of the linear term (;D) in the condensation energy i
Eq. ~39! clearly indicates that eachK pair also leads to an
energy gain of the order ofD, but that the contribution to
this gain is due to the vicinity of the PFC, giving a charac
energy width of aboutm8 which is usually larger compare
to D.

Let us define the condensation energy per unit area a

«c[~E0N2E0S!/4gK«0
2S5d~l̄1cd!, ~41!

and qualitatively study its dependence on the doping leve
Fig. 6, we represent a plot of the function@Eq. ~41!# calcu-
lated numerically for some values of the coupling parame
It is obvious that there exists a certain minimal value of t
parameter which corresponds to the beginning SC conde
tion. This conclusion is in agreement with a finite value
the scattering amplitude atv5v1 obtained in Sec. IV.

As one can see from Fig. 6, the calculated condensa
energy has a negative sign inside some region of the do
level. This fact is due mainly to the negative sign of t
chemical potential shiftm8, leading to a kinetic energy in
crease. One may believe that such a result is a consequ
of a special choice of the gap equation solution being d
continuous on the PFC and leading to an energy gain
3-12
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doping region where the condensation energy turns out t
positive. At another choice of the gap equation soluti
which varies with a momentum of the relative motion co
tinuously within an energy scale of the order ofD near the
PFC inside bothJK

(2) andJK
(1) , the values ofD2 andD1

are supposed to be unaffected; therefore, one may exp
gain in the condensation energy in the whole of the redu
doping interval, 0,y,1, in which the solution of the gap
equation exists. In this connection, it should be noted t
such a choice of the parametersD2 and D1 has to corre-
spond to more symmetric tunnel current-bias characteris
in an extremely underdoped regime in comparison with
optimal one.

The condensation energy and the transition tempera
corresponding to an extremely underdoped regime are ra
small, whereas the superconducting gap value is finite
large enough. Therefore, one must not consider as stri
the large value of the ratio 2D/TC observable in underdope
HTSC cuprates.37

VIII. SUMMARY AND CONCLUSIONS

The total energy increase which is due to a rise of P
and a corresponding redistribution of carriers in moment
space may be compensated for when~as appears to be jus
the case related to hole–doped HTSC cuprates! there is an
energy decrease due to a partial restoration of AF orderin
hole-depleted regions. An alternation of hole–depleted
-enriched regions in real space forms charge and spin sp
structures. Under definite conditions~in particular, in an un-
derdoped regime!, this structure, associated closely wi
short-range AF order fluctuations, becomes apparent a
quasiregular static or dynamic 1D stripe structure. Suc
phase separation,38 accompanied by a change in the filling
hole states in momentum space, may correspond to the m
mum of total energy of the electron system. Short-range
ordering, stabilizing stripes due to a redistribution of ho
pairs, is an intrinsic but possibly not unique attribute of su
a self-organization. For example, long-range orbital magn
ordering,39 known as a flux phase state, may play the sa
role as well. This phase is perhaps associated with the
called hidden-order-parameter region in the phase diagra40

A redistribution of carriers in momentum space may res
in the rise of a zero-excitation-energy line separating oc
pied and vacant states in a 2D Brillouin zone. We belie
that, first of all, a rise of vacant states inside and occup
states outside of the parent FC must lead to the formatio
pairs with total momenta corresponding to the largest ar
JK and JK8 with K and K8 along the antinodal directions
Such pairs have the largest binding energies and exist u
the temperatureT* of the beginning of the pseudogap r
gime. Then the lowering of the temperature fromT* to TC
results in a gradual rise of electron and hole pairs with to
momenta having different values and directions and co
sponding to some set of domainsJK and JK8 . Finally, at
T5TC , there is the beginning of a SC condensation of pa
into the state with the largest binding energy. SC conden
tion gives a start to transfers of differentK pairs into the the
state corresponding to the ‘‘antinodal’’ domainJK , only ac-
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companied by a rise of the phase coherence of the ‘‘an
odal’’ K pairs. Thus, as a final result, the zero-energy line
pair excitations arises inside the domainJK ~similarly, such
a line arises inside the corresponding domainJK8 outside of
the FC as well!. Just this line may be treated as ‘‘pair’’ Ferm
contour~PFC!.

The conception of the PFC and hyperbolic pairing enab
one to explain qualitatively some general features of ph
diagrams and many surprising experimental data relating
HTSC cuprates. In particular, the rise of both SC a
pseudogap states may be considered as a manifestatio
hyperbolic metrics of momentum space and screened C
lomb repulsion between holes. Therefore, both the SC
and the pseudogap must have one and the same energy
and theird-type ‘‘orbital’’ symmetry, in fact, is determined
by the crystal symmetry. A character spatial scale of a p
both in QSS and SC states~the coherence length! is of the
order of a few interatomic distances.1

Thus we believe that the SC gap and the pseudogap h
one and the same origin in the sense that they may be a
ciated with pairs with large total momentum. Neverthele
one can think that the pseudogap regime has a nonsupe
ducting character because it is due to a rise of pairs w
different total momenta, whereas the SC regime arises a
the condensation of these pairs into a state with a defi
total momentum and a rise of the phase coherence. In
connection, it should be emphasized that our point of vi
relating to the origin of the pseudogap does not contra
the conclusion20 concerning the different natures of the S
gap and the pseudogap.

As evidence in favor of the PFC conception, one m
consider an interpretation of two interesting experiments,
lating to an examination of the electronic spectrum of seve
HTSC cuprates with the help of the ARPES technique.
this case, when the energy of an excited electron is near
Fermi level EF ~less than about 100 meV!, ARPES data41

indicate unequivocally that the electronic structure has a
character and the FC remains in the well-known form o
square with rounded corners.7 If an electron is excited far
from EF ~about 500 meV! the electronic structure become
1D rather than 2D. It should be noted that a simple cro
shaped form of the FC, in fact, is derived not directly fro
experimental data but offered as a result of motivated spe
lations based on the simplest 1D stripe model. Such a fa
surprising conclusion is entirely consistent with the conc
of the PFC introduced here. In fact, if the SC pairing con
tions are satisfied on the isoline of the kinetic energy of
relative motion of theK pair as a continuation of the PFC
and if some piece of this isoline is situated close enou
~about 500 meV! to the FC, just this piece provides an exc
tation energy minimum outside the FC.

One can believe that the so-called ‘‘dip-hump structur
in the ARPES spectra42 is more evidence in favor of the
concept of the PFC: a hump, arising~just in the case of the
antinodal direction corresponding to the maximal value
JK) at energies which are essentially more than the ene
related to the quasiparticle peak, may be associated with
excitations in the form of pairs near the PFC.

Another one unusual feature of HTSC cuprates with
3-13
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d-type symmetry of the SC gap can be qualitatively int
preted in the framework of the PFC conception. It is believ
that impurity scattering has to lead to an essential reduc
of TC , because the scattering of a pair into regions of m
mentum space corresponding to nodal directions mean
fact, a break of the pair. In this sense, nonmagnetic imp
ties play a role similar to that which play magnetic impuriti
in conventional superconductors. However, the experime
fact is that the HTSC cuprates are weakly sensitive to im
rity content. Thus there are no experimental data which w
confirmed such a ‘‘destructive’’ influence of impurities o
the SC state. In this connection, it should be noted that
reconcile such a statement with the experiment, one ha
suppose that any interaction resulting in a scattering of C
per pair in ad-type superconductor, including the interactio
which leads to a binding in the pair itself, must posses
peculiar feature, namely, the scattering into ‘‘nodal region
has to be more weak in comparison with the scattering
‘‘antinodal regions’’ ~the so-called ‘‘forward scattering’’!.43

Using the PFC conception, it is not necessary to consider
peculiar feature of scattering as far as there are kinem
constraints which forbid the scattering into the region of m
mentum space outside the domainJK , in particular, into
regions which correspond to the nodes of the SC gap.

A problem connected with a strong anisotropy of revers
relaxation times, that is the existence of so-called ‘‘hot’’ a
‘‘cold’’ spots on the Fermi surface,43,44 can also be qualita
tively solved in the framework of the PFC conception. I
deed, a rise ofK pairs results in their free in-plane motio
without a change of charge density, whereas a characte
the interaction of paired carriers may be changed essenti
this interaction, being inside antinodal regions, turns ou
be more weak as compared to the interaction of unpa
carriers inside nodal regions.1

The idea we use here is based, in the main, on the fact
the PFC should be ‘‘opened’’; that is, due to a rise of strip
and hyperbolic metrics of momentum space, some piec
the FC turns out to be the same as a line of zero kin
energy of the relative motion of a hole pair with a lar
momentum. If such a line corresponding to a certainK is
close enough to a rather large piece of the real FC~such a
case may occur, for example, just atn!1 and u2kF2Ku
!kF) the pairing mechanism discussed here may also
possible even without any hole redistribution both in m
mentum space~between the domainsJK and JK8) and in
real space~that, is without a rise of a stripe structure!. In this
case, the value of«K1 plays the role of a cutoff paramete
since it must appear in the arguments of the logarithm
functions in Eq.~30! together with the SC gap paramete
D2 andD1 . In a sense, the pairing problem becomes ana
gous to that which arises in the case of Cooper pairing
weak ferromagnets.6 This statement is consistent with th
results presented in Secs. III and IV. That is, atn→0 and
v1→0 ~it is obvious that the parameterv1→0 plays the role
of an energy distance between the FC and the line of z
energy of pair relative motion!, the imaginary part of the SC
pole of the scattering amplitude~which is proportional to the
SC gap parameter! necessarily exceeds the real part of t
pole due to a logarithmic singularity ofBK2(v) at v→0.
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Thus one can assume the possibility of the existence of c
tals with such a form of the FC which optimally conforms
the form and energy position of a line of zero kinetic ener
of the relative motion of a hole pair with certain large tot
momentum~one can consider simple hyperbolic lines us
here as a certain limiting case!. As a simple example in be
half of such a statement, one can consider a two-band m
of a cuprate compound45 in which the FC consists of two
simply connected parts. If one part of a doubly connected
is the same as a piece of the boundary of the domainJK for
a certainK, this mutual line just is the PFC for givenJK . As
a result, in such crystals, the pairing mechanism discus
here may dominate~possibly even without the AF state in th
neighborhood of the SC state, and thus without a rise
stripes as may occur in cuprate compounds with more t
one CuO2 plane in the unit cell46!. Note that, in the frame-
work of the model,45 the order parameter changes sign a
transfer between the bands. In real space it correspond
different signs of the order parameter on the two conduct
planes, taking into account in the model. Apparently, this i
general property of any two-band model with repulsion b
tween particles composing a pair.47 It should also be noted
that the consideration of the so-calledh pairing48 in the
framework of a one-dimensional Hubbard model with p
hopping interaction~the Penson-Kolb-Hubbard model!49 re-
sults in a sign alternation of SC order parameter defined
the sites of atomic linear chain.

It should be noted that a superconducting state with
large (K'2kF) total pair momentum was previousl
studied50 in the framework of the microscopic model of th
coexistence of superconductivity and antiferromagnetism
the charge-density-wave~a structural phase transition; i
such a case, the momentumK'2kF turns into a vector of the
reciprocal lattice!. In this model, a state with a large pa
momentum arises as a result of the coexistence of AF or
ing and Cooper pairs with zero total momentum. Pheno
enologically, such transitions may be considered as a br
of corresponding symmetry. Zhang51 assembled AF and
d-wave SC order parameters into a five-dimensional vec
and postulated the symmetry of order parameter unified
such a way under rotations of an SO~5! group. However, to
obtain the closed Lie algebra of fermion pairing and partic
hole operators describing antiferromagnetism and super
ductivity, one has to consider a more general symmetry t
SO~5! symmetry, for example, the SU~4! symmetry.52 Such a
more general approach leads directly to a rise of the com
nents of the unified order parameter corresponding to p
with large~of the order of the AF vector! total momentum.52

Thus one may conclude that theK pairs introduced in our
paper in a microscopic way are fully consistent with rath
general symmetry constraints. Note that if the vectorK co-
incides with the AF vector exactly, the SC order parame
due to the rise ofK pairs, and the AF~triplet! order param-
eter turn out to be connected to another SC order param
corresponding to pairs with zero total momentum. A sm
difference betweenK and the AF vector leads to a small tot
momentum of these pairs. Such pairs may be a in singlet
state~conventional Cooper pairs! or in a triplet spin state.
The case we discuss in this paper corresponds just to
3-14
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latter of the two possibilities, namely, triplet AF order coe
ists with singlet SC order due toK pairs and triplet SC orde
due to the pairs with small total momentum.

The phenomenological approach used here to take
count of the influence of AF fluctuations on carrier pairi
enables one to interpret qualitatively the key experimen
data relating to HTSC cuprates. We believe that the princ
conception of hyperbolic pairing and a rise of the pair Fer
contour is an inherent feature of a cuprate electron syst
which has become apparent both in the band scheme an
appropriate models of strongly correlated systems, suc
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Russia.
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