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Coherence peak in the spin susceptibility from nesting in spin-triplet superconductors:
A probe for line nodes in Sr2RuO4

Mayumi Yakiyama and Yasumasa Hasegawa
Department of Material Science, Graduate School of Science, Himeji Institute of Technology, Ako, Hyogo 678-1297, Japa

~Received 3 October 2002; published 16 January 2003!

We study the dynamical spin susceptibilityx(q,v) for spin-triplet superconductivity. We show that a large
peak atv52D appears in Imxzz(Q,v), wherez is the direction of thed vector for triplet pairing, if Fermi
surface has a nested part with the nesting vectorQ and the order parameters are1D and2D in this part of
the Fermi surface. If there are line nodes in the nested part of the Fermi surface, a peak appears in either
Imxzz(Q,v) or Imx12(Q,v), or both, depending on the perpendicular component of the nesting vector. The
comparison with inelastic neutron-scattering experiments can determine the position of the line nodes in triplet
superconductor Sr2RuO4.
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I. INTRODUCTION

The superconductivity in Sr2RuO4 ~Ref. 1! has been re-
vealed to be unconventional by many experiments; it is s
triplet,2,3 it breaks time-reversal symmetry,4 and its energy
gap has line nodes.5–8

Triplet superconductivity with horizontal line nodes of th
energy gap has been proposed9 to explain these experiments
The absence of the angle dependence of the thermal con
tivity within the a-b plane11,10 shows that the line nodes ru
horizontally on the Fermi surface. Angle-resolved ultrasou
attenuation experiment7 is compatible with the horizonta
line nodes.

The Fermi surface of Sr2RuO4 consists of three cylindri-
cal surfaces nameda, b, and g,12,13 as predicted by the
band calculation.14,15 The hybridization of thedxz and dyz
orbits of ruthenium with thepp orbit of oxygen makes two
one-dimensional bands, if the mixing of these bands is
glected. If small mixing is taken into account, we get ho
like a and electronlikeb, but the nesting of the Fermi su
faces survives as predicted,16 and is confirmed by the
inelastic neutron-scattering experiments.17 The g surface is
constructed by thedxy orbital of Ruthenium and is two di
mensional.

Nomura and Yamada18 have studied the two-dimension
three-band Hubbard model in the third-order perturbat
theory, and obtained that triplet superconductivity is sta
lized mainly in the two-dimensional band. They also o
tained the line-node-like power-law behavior in the tempe
ture dependence of the specific heat due to the ver
nodelike energy gap in thea andb bands. In their treatment
the momentum dependence of the gap is determined a
transition temperatureTc . The spin-triplet state such as

d~k!5 ẑD sinkxsinky~sinkx1 i sinky! ~1!

or

d~k!5 ẑD~cos2kx2cos2ky!~sinkx1 i sinky! ~2!

whered(k) is thed vector, should be mixed with
0163-1829/2003/67~1!/014512~7!/$20.00 67 0145
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ẑD8~sinky1 i sinkx! ~3!

or

ẑD8~sinkx2 i sinky! ~4!

at T,Tc and the vertical line nodes will disappear.9,19

Zhitomirsky and Rice19 proposed the mechanism for th
horizontal line nodes that while the active band has a
energy gap, the interband proximity effect makes the ho
zontal line nodes in the passive band. They assumed tha
two-dimensional band is active and that the line nodes ar
one-dimensional bands.

On the other hand, it has been shown that spin-trip
superconductivity is induced in the quasi-one-dimensio
bands by the antiferromagnetic spin fluctuation if the antif
romagnetic spin fluctuation is anisotropic in the sp
space.20,21 If this is the case, the one-dimensional bands
expected to have a full energy gap and the two-dimensio
band has line nodes.

Therefore, the determination of the gap structure is imp
tant to understand the mechanism of unconventional su
conductivity in Sr2RuO4. Bulk measurements such as sp
cific heat, nuclear magnetic resonance, and ther
conductivity cannot distinguish which part of the Fermi su
face has the line nodes,a, b, or g.

In the inelastic neutron-scattering experiments, imagin
part of the dynamical spin susceptibility, Imx(q,v), is ob-
served, from which we can get the information of the sup
conducting order parameter. The so-called 41-meV pea
the spin-singletd-wave superconducting state of YBa2Cu3O7
~Refs. 22–26! has been observed. Many theoretic
studies27–37 have been done to explain the peak structure
inelastic neutron scattering.

Dynamical susceptibility for the spin-triplet supercondu
tivity has been studied theoretically.38,39 Recently, the reso-
nance peak in Imx(q,v) is shown to be a sign of the triple
superconductivity.40–42 The order parameter assumed
these papers, however, does not seem to be consistent
experiments in Sr2RuO4.
©2003 The American Physical Society12-1
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In this paper we show the general form of the dynami
spin susceptibilityx i j (q,v) in the unitary states of the triple
superconductivity and calculate it in the system which h
the nested Fermi surface with and without line nodes in
nested part of the Fermi surface. We show that the posi
of the line nodes can be determined by the inelastic neut
scattering experiment, which observes the imaginary par
the dynamical susceptibility.17,43,44

II. DYNAMICAL SPIN SUSCEPTIBILITY
OF SPIN-TRIPLET SUPERCONDUCTIVITY

The dynamical spin susceptibility is given by38–41

x i j
0 ~q,ivm!52

1

4
T(

n,k
Tr„â i Ĝ~k,i en!â j

3Ĝ~k1q,i en1 ivm!…. ~5!

Here vm52mpT and en5(2n11)pT are Matsubara fre-
quencies (m andn are integers!, andâ andĜ(k,i en) are the
434 Nambu representations of the spin and Green’s fu
tion, respectively; i.e.,

â i5S s i 0

0 sys isyD 5
11rz

2
s i1

12rz

2
sys isy, ~6!

wheres i ( i 5x, y, or z) is a Pauli matrix, and

Ĝ~k,i en!5S G~k,i en! F~k,i en!

F†~k,i en! 2G~2k,2 i en!
D . ~7!

The 232 matrix Green’s functionG(k,i en) and the anoma-
lous Green’s functionF(k,i en) are given as the Fourier co
efficients for

Ga,b~k,t!52^Ttaka~t!akb
† ~0!& ~8!

and

Fa,b~k,t!5^Ttaka~t!a2kb~0!&, ~9!

respectively.
In this paper we consider the weak-coupling theory

the spin-triplet superconductivity. We take account of the
teractionU by the random-phase approximation~RPA!,

x i j ~q,v!5
x i j

0 ~q,v!

12Ux i j
0 ~q,v!

, ~10!

but the essential properties, such as a peak in Imx i i (q,v),
are already seen in the absence of the interaction effect

The order parameter is given by thed vector asDab(k)
5 i („d(k)•s…sy)ab . We study the unitary statesd* (k)
3d(k)50 in this paper, since experimental results can
explained by the unitary states. Then we perform the su
mation overn in Eq. ~5!, and get
01451
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x i j
0 ~q,v!5

1

4 (
aa8bb8

saa8
i sbb8

j (
k

$Caa8bb8
(1)

~k,q!

3D (2)~k,q,v!~ f ~Ek8!2 f ~Ek!!1Caa8bb8
(2)

~k,q!

3D (1)~k,q,v!~12 f ~Ek8!2 f ~Ek!!%, ~11!

where

Caa8bb8
(6)

~k,q!5
dab8da8b

2

6
dab8da8bjkjk82Re„Dab* ~k!Da8b8~k8!…

2EkEk8

,

~12!

D (6)~k,q,v!5
1

Ek6Ek81v1 iG
1

1

Ek6Ek82v2 iG
,

~13!

k85k1q, and the analytic continuationivm→v1 iG with
G→10 has been done.

We taked vector parallel to thez axis as indicated by
experiments,2,3 to obtainx i j

0 50 for iÞ j and

x i i
0 ~q,v!5

1

2 (
k

$C̃ii
(1)~k,q!D (2)~k,q!„f ~Ek8!2 f ~Ek!…

1C̃ii
(2)~k,q!D (1)~k,q!„12 f ~Ek8!2 f ~Ek!…%,

~14!

where

C̃xx
(6)~k,q!5C̃yy

(6)~k,q!5C̃12
(6) ~k,q!

5
1

2
6

jkjk82Re„dz* ~k!dz~k8!…

2EkEk8

, ~15!

and

C̃zz
(6)~k,q!5

1

2
6

jkjk81Re„dz* ~k!dz~k8!…

2EkEk8

. ~16!

Depending on the sign of Re„dz* (k)dz(k8)… in the

coherence factorC̃ii
(2) in Eqs. ~15! and ~16!, a peak will

appear in either Imx12(q,v) or Imxzz(q,v), i.e., if
Re„dz* (k)dz(k8)….0 @,0#, a coherence peak appears
x12(q,v) @xzz(q,v)#, as we will show in the following
section.

III. COHERENCE PEAK FROM THE NESTED FERMI
SURFACE

In order to study the coherence peak in Sr2RuO4, we take
the simple three-band model where there are two o
dimensional bands and a two-dimensional band, i.e.,

ek
(1)522t1cos~kx!1e01, ~17!
2-2



t

1.

e
su
er
c
ti-

-

u
ns
th

an

b

rs

on

s,

.
mil-

in
r
ant

the
on-

and

s

in
art

at

-

in

l

COHERENCE PEAK IN THE SPIN SUSCEPTIBILITY . . . PHYSICAL REVIEW B67, 014512 ~2003!
ek
(2)522t1cos~ky!1e01, ~18!

ek
(3)522t3@cos~kx!1cos~ky!#24t38cos~kx!cos~ky!1e03,

~19!

where the lattice constant is taken to be 1. We set parame
as t150.31 eV, e01520.24 eV, t350.44 eV, t3850.14 eV,
and e03520.14 eV. The Fermi surface is shown in Fig.
We set the wave vectorq to be the nesting vectorQ. The z
component ofQ is arbitrary if d(k) does not depend onkz .
Since Imx i i

0 (Q,v) is dominated by the contribution from th
one-dimensional bands, we consider the dynamical spin
ceptibility only for the one-dimensional bands in this pap

For the normal state with perfectly nested Fermi surfa
(jk852jk), the imaginary part of the dynamical suscep
bility is

Imxnormal
0 ~Q,v!5

p

2
N~0!F122 f S v

2 D G , ~20!

where f (v/2) is the Fermi distribution function, and a con
stant density of statesN(0) is assumed.

We study three possible cases for the triplet supercond
tivity. In the first case~caseA) the constant energy gap ope
in the one-dimensional bands, while the line nodes are in
two-dimensional band. In the second case~caseB) we as-
sume that the order parameter in the one-dimensional b
depends only onkz as coskz. In the last case~caseC), the
order parameter in the one-dimensional bands depends
on ky andkz , and it is zero in the horizontal line nodes.

A. CaseA

First we study caseA, where we take the order paramete
as

d1z~k!5D1sinkx , ~21!

d2z~k!5 iD1sinky , ~22!

and

d3z~k!5D3S sin
kx

2
cos

ky

2
1 i cos

kx

2
sin

ky

2 D cos
kz

2
. ~23!

FIG. 1. Fermi surface atkz50 and the nesting vectorQ.
01451
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In caseA, Cooper pairs are formed between the electrons
the nearest sites in the conducting plane@r i and r i1
(6a,0,0), r i1(0,6a,0)] for the one-dimensional electron
and Cooper pairs are formed between the electrons onr i and
r i1(6a/2,6b/2,6c/2) for the two-dimensional electrons
These order parameters can be realized if the pairing Ha
tonian is taken as19

H85 (
k,k8,s,s8

S g11$sinkxsinkx8aks
† a2k2s

† a2k82s8aks8

1sinkysinky8bks
† b2k2s

† b2k82s8bks8%

1g13H sinkxsin
kx8

2
cos

ky8

2
cos

kz8

2

3~aks
† a2k2s

† c2k82s8ck8s81H.c.!

1sinkycos
kx8

2
sin

ky8

2
cos

kz8

2

3~bks
† b2k2s

† c2k82s8ck8s81H.c.!J D , ~24!

whereaks
† andbks

† , are creation operators for the electron
one-dimensional bands andcks

† is the creation operator fo
the two-dimensional band. In the above, only terms relev
to the spin-triplet superconductivity withd(k)i ẑ are in-
cluded. The terms proportional tog11 describe the attractive
interaction between electrons with up and down spins in
one-dimensional bands, which makes the triplet superc
ductivity with d vector parallel to thez axis. Theg13 terms
represent the pair hoppings between one-dimensional
two-dimensional Fermi surface.

In this case Imx i i
0 (Q,v) from the one-dimensional band i

obtained as

Imxzz
0 ~Q,v!5H 0 if v,2D

p

2
N~0!

v

Av22~2D!2
tanh

v

4T
if v>2D

,

~25!

Imx12
0 ~Q,v!5H 0 if v,2D

p

2
N~0!

Av22~2D!2

v
tanh

v

4T
if v>2D

,

~26!

whereD5D1sinkF is the energy gap on the Fermi surface
the one-dimensional bands. In Fig. 2 we plot imaginary p
of the dynamical susceptibility normalized by (p/2)N(0) as
a function ofv at T50 for the superconducting state and
a finite temperature for the normal state (T50.1D). Since
the coherence factorC̃zz

(2)(k,Q) is 1, Imxzz
0 (Q,v) diverges

at v52D as the density of states in thes-wave superconduc
tivity.

In Fig. 3 we plot the dynamical susceptibility obtained
RPA with parametersD150.001 eV, T50.0001 eV, G
50.0001 eV, andU50.175 eV for the one-dimensiona
2-3
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band @Eq. ~17! and sinkF'0.922]. A peak appears atv
52D1sinkF'0.00184 eV only in Imxzz(Q,v).

B. CaseB

Next we study caseB. We assume horizontal line node
on the one-dimensional Fermi surface as

d1z~k!5D1sinkxcoskz, ~27!

d2z~k!5 iD1sinkycoskz . ~28!

In this case the Cooper pairs in the one-dimensional ba
are formed between electrons onr and r1(0,0,6c). Al-
though this order parameter is not likely to be realized
Sr2RuO4, we study this case to show the mechanism of re
nance peak. In this case if we takeQz50 or p, line nodes
are connected byQ as shown in Fig. 4. ForQz50, we
obtain that

FIG. 2. Imaginary part of the dynamical susceptibility norm
ized by (p/2)N(0) in caseA @full gap on one-dimensional Ferm
surface, Eqs.~21! and~22!#. We takeT50 for the superconducting
state and we take finiteT for the normal state.~Sincev andT are
scaled byD, we takeT50.1D for the normal state.!

FIG. 3. Imaginary part of the dynamical susceptibility in caseA
@full gap on one-dimensional Fermi surface, Eqs.~21! and ~22!#
calculated in RPA. We takeD150.001 eV, T50.0001 eV, G
50.0001 eV, andU50.175 eV.
01451
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-

Imxzz
0 ~Q,v!55

N~0!FFarcsinS v

2D D US 2D

v D 2G tanh
v

4T

if v,2D

N~0!KF S 2D

v D 2G tanh
v

4T

if v>2D
~29!

Imx12
0 ~Q,v!55

N~0!EFarcsinS v

2D D US 2D

v D 2G tanh
v

4T

if v,2D

N~0!EF S 2D

v D 2G tanh
v

4T

if v>2D;
~30!

whereF(fum) andE(fum) are incomplete elliptic integrals
of the first and the second kinds, andK(m) and E(m) are
complete elliptic integrals of the first and second kinds,
spectively. As shown in the top panel of Fig. 5, Imxzz

0 (Q,v)
diverges atv52D as the density of states for supercondu
tivity with line nodes. ForQz5p, Imxzz

0 and Imx12
0 are

exchanged.
For Qz5p/2, we get atT50

Imxzz
0 ~Q,v!5Imx12

0 ~Q,v!

55
0 if v,D

N~0!FS arcsinF S v

D D 2

21GU 1

@~v/D!221#2D
if D<v,A2D

KS 1

@~v/D!221#2D
if v>A2D.

~31!

FIG. 4. Nesting vectorQ in the caseB @horizontal line nodes on
one-dimensional Fermi surface, Eqs.~27! and~28!#. Thick solid and
thin dashed lines show the side view of the Fermi surface on wh
order parameter is positive and negative, respectively. Solid arr
(Qz50) and dashed arrows (Qz5p) are the nesting vectors.
2-4
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In the RPA we get essentially the same result as show
Fig. 6.

For QzÞ0, p/2, and p, ud1z(k)u1ud1z(k8)u at kz5kF
has two local maxima of 2D1sinkFucos(Qz/2)u and
2D1sinkFusin(Qz/2)u. If Re@d1z* (k)d1z(k8)#.0 at kz , ~where
ud1z(k)u1ud1z(k8)u becomes local maximum!, then a peak
appears in Imx12(Q,v), else a peak appears i
Imxzz(Q,v). In Fig. 7 we plot the RPA result forQ5p/4. A
peak is seen atv52D1cosp/8'0.0017 in Imxzz(Q,v) and
a small peak is seen atv52D1cosp/8'0.0007 in
Imx12(Q,v).

C. CaseC

Finally, we study caseC. Here we assume the order p
rameter in the one-dimensional bands to be

d1z~k!5d2z~k!5D1S sin
kx

2
cos

ky

2
1 i cos

kx

2
sin

ky

2 D cos
kz

2
.

~32!

FIG. 5. Imaginary part of the dynamical susceptibility in caseB
@line nodes in one-dimensional Fermi surface, Eqs.~27! and ~28!#.
We take the same parameters as in Fig. 2.

FIG. 6. Imaginary part of the dynamical susceptibility in caseB
@line nodes in one-dimensional Fermi surface, Eqs.~27! and ~28!#
calculated in RPA. We take the same parameters as in Fig. 3.
01451
in

This type of superconductivity is realized if the two
dimensional band is active and the one-dimensional ba
are passive.19 In this case theG andZ points in Fig. 1 are not
equivalent and the order parameter is zero atkz56p,
63p. We calculate Imx i i (Q,v) numerically and plot
Imx i i (Q,v) as a function ofv in Fig. 8. The small coher-
ence peak exists atv'1.5D1. In this case Re@dz* (k)dz(k
1q)# changes sign fork on the Fermi surface~Fig. 9!. The
small coherence peak inx12(Q,v) for Qz50 and that in
xzz(Q,v) for Qz52p can be understood as follows. Atkx
5kF'0.63p and Q5(2p22kF ,2p22kF ,Qz), the maxi-
mum value of

ud1z~k!u1ud1z~k8!u

5
D1

2 S Ucos
kz

2 UA12coskFcosky

1Ucos
kz1Qz

2 UA12coskFcos~ky22kF! D
~33!

is approximately 1.52D1 at ky'1.62p andkz50, if Qz50
or 2p. Since Re„d1z* (k)d1z(k8)….0 (,0) atky'1.62p and

FIG. 7. Imaginary part of the dynamical susceptibility in caseB
@line nodes in one-dimensional Fermi surface, Eqs.~27! and ~28!#
calculated in RPA. We take the same parameters as in Fig. 3.

FIG. 8. Imaginary part of the dynamical susceptibility in caseC
@line nodes on one-dimensional Fermi surface, Eq.~32!#. We take
D150.001 eV,T50.0001 eV, andG50.0001 eV.
2-5
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kz50 for Qz50 (Qz52p), Imx12(zz)(Q,v) has a peak a
v'1.52D1.

IV. COMPARISON WITH SPIN-SINGLET
SUPERCONDUCTIVITY

Equation~11! can be also applied for the spin-singlet ca
when the order parameter is written asDab(k)
5 isab

y D(k). As expected, we get the isotropic coheren
factor

(
aa8bb8

saa8
i sbb8

j Caa8bb8
(6)

5d i j S 16
jkjk81Re~D* ~k!D~k8!!

EkEk8
D . ~34!

A peak appears in Imx i i (q,v), only if Re(D* (k)D(k8))
,0, which is the case for thed-wave paring with q

FIG. 9. Imaginary part of the dynamical susceptibility in caseC
@line nodes on one-dimensional Fermi surface, Eq.~32!# calculated
in RPA. We take the same parameters as in Fig. 3.
G

.

.J

,
.

.

r,

d
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e

'(p,p,qz) in high Tc cuprates.24,27,30,33,36,45Note that the
dynamical spin susceptibilityx12

0 (q,v) @Eq. ~15!# for the
spin-triplet superconductivity is similar to the dynamic
chargesusceptibility in the spin-singlet superconductivity.46

V. CONCLUSION

We study the dynamical spin susceptibility for the sp
triplet superconductivity. The resonance peak appears e
in Imxzz(q,v) or Imx12(q,v) from the nesting part of the
Fermi surface. We have shown that the existence of the
nodes on the quasi-one-dimensional Fermi surface dra
cally changes the dynamical susceptibility, which can be
served by inelastic neutron-scattering experiments.

Coherence peak appears in Imx12(Q,v) if
Re„dz* (k)dz(k1Q)….0 or in Imxzz(Q,v) if
Re„dz* (k)dz(k1Q)…,0. When Re„dz* (k)dz(k1Q)…
changes sign in the nested part of the Fermi surface, a co
ence peak can appear in both Imxzz(Q,v) and
Imx12(Q,v), but the divergence becomes weaker and e
ily smeared out. The position of the line nodes on the Fe
surface, if line nodes exist in the nested part of the Fe
surface, will be observed by scanningQz in the inelastic
neutron scattering.

Recently, the resonance peak was searched in Sr2RuO4 by
inelastic neutron scattering,43,44 but no changes have bee
observed belowTc yet. We take the amplitude of the orde
parameter in the one-dimensional band asD150.001 eV in
the RPA calculation. If the one-dimensional band is pass
the value may be smaller and the observation will be di
cult. The gap structure, however, will be observed by exp
ments with better resolutions using better single crystals

Recently, Mukudaet al.47 reported on a different depen
dence of the relaxation in ruthenium and oxide nuclear qu
rupole resonance. This difference may be explained by
difference ofx12(q,v) andxzz(q,v) in the spin triplet su-
perconductivity.
T.
ys.

T.

P.
a,

g,
.
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