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Floquet states and persistent-current transitions in a mesoscopic ring

M. Moskalet$ and M. Bittiker?
IDepartment of Metal and Semiconductor Physics, National Technical University “Kharkov Polytechnical Institute,” Kharkov, Ukraine
2Departement de Physique Trque, Universitede Genge, CH-1211 Gene 4, Switzerland
(Received 10 July 2002; published 31 December 2002

We consider the effect of an oscillating potential on the single-particle spectrum and the time-averaged
persistent current of a one-dimensional phase-coherent mesoscopic ring with a magnetic flux. We show that in
a ring with an even number of spinless electrons the oscillating potential has a strong effect on the persistent
current when the excited side bands are close to the eigenlevels of a pure ring. Resonant enhancement of side
bands of the Floquet state generates a sign change of the persistent current.
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Mesoscopic systems subject to a periodic in time, external N w2 9 2
driving force are now of considerable interest. This is illus- HX == 5= o —i—— == +V(1)3(x),
) 2m ox L &,
trated by work concerning low frequency ac-transpart,
hoton-assisted tunnelirig® and quantum pumping® This
P J d pumping V(t)=2LV cog wt). 1)

list could easily be extended. Electrons interacting with a
time-dependent potentfatan gain or loss energy and thus Here ®,=h/e is the magnetic flux quantum. To solve this

the electron system has no stationary states and, in particula?rquation we will use the method of Floguet functidh&
there is no stationary ground state. However, if the externa '

potential is periodic in time we can describe the state of &€cause the Hamiltoniad depends on time, the system has
system using the Floguet functidf;22which is a superpo- N _statlonary eigenstates. Since the Ha_m|lton|an is periodic
sition of wave functions with energies shifted bjiw (here N fime, the states of Eq1) can, according to the Floguet
nis an integerw is the frequency of the driving potential th_eorem, b_e repr_esented as a superposition of wave functions
The existence of many componeriside bandsof a wave Wit energies shifted by w:

function has a strong effect on the properties of a mesoscopic
system. For instance, side bands open up additional channels
for transmission through the mesoscopic system—photon-
assisted transmissiqsee, e.g., Refs. 11 and )1Zhe exis-

tence of side bands is also a necessary condition for pumping By analogy with a pure ring problem we choose the func-

‘PE(X,I)Ze_iEt/ﬁ Z lﬂn(X)e_inwt. (2)

charge through an unbiased mesoscopic sahiple. tions ¢,(x) in the following form:
The aim of the present paper is to investigate the proper- "
ties of a phase-coherent mesoscopic ring in the Floquet state. () = 2T PIPI(KIL) (g giknxy b g iknX) 3)
n n n .

We are interested in the coherent properties of the Floquet

state of a ring structure with an oscillating potential. In a ringyerek . = 2mE, /42 andE, = E+ nf . The coordinate is

structure the wave functions must not only be periodic ingjrected along the ring €x<L. Note, that for the evanes-
time but also periodic in space. As a consequence, a ring, ifent  modes E,<0) we set k,=ix, with &,

the presence of an Aharonov-Bohm flti®, exhibits a per- _ SmIE, /A2,
sistent current>™'° The persistent current is a signature of 5. o r?ng the Floguet eigenfunctioh. must be periodic
. 2 .
the coherence of the ground state of a mesoscopic®!ing. iy ' addition its derivative is discontinuous at the delta

Therefor_e, It Is intersting _to investigate how th? per3|st§n unction barrier. Thusb ¢ is subject to the following bound-
current is affected by a time-dependent potential. We fin ry conditions:

that under certain conditions the system exhibits transitions
between the different components of the Floquet state. Our

X : Ve(x,t)=¥e(x+L,t),
analysis shows that the absolute value of the amplitudes of e(X.0) el )
the side bands of the Floquet states are strong functions of

frequency and of flux. As a consequence, the persistent cur- dWg(X,t) IVe(x,t) _2m
rent displays transitions as a function of frequency and flux. IX X T ?V(t)WE(O’t)'
Let us consider the time-dependent Sclinger equation X=+0 x=L-o 4)

for an electron wave functio (x,t) on a circle of circum-

ferencel threaded by an Aharonov-Bohm magnetic fl’x  These boundary conditions define the discrete set of Floquet
with an oscillatings-function potential eigenenergie&(!) (wherel is an integerand corresponding
Floquet eigenfunction¥ ¢y which are characteristic for the
ring problem. The quantization of the Floquet energy in a
finite-size system is quite analogous to the quantization of an

5 IV (x,t)
energy in the time-independent problem. In addition, each

g =H(x,t)¥(x,t),
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Floguet state can be occupied by only one electlmtause d
of the Pauli principlg and thus the wave functioW gz must D COS<27T¢#) —cogkpL). (11
be normalized °
We can write the solution of Eq10) in the form of a con-
T L L i i
Ef dtf AW =S f dx| 2= 1. 5 tinued fraction
Tlo 0 n Jo )
sin(k,L)
Here T=2n/w. Furthermore, note that usually the Floquet Xn= 2 . (12
energyE is determined within the interval9E<#% w. How- k,D,— R E
ever, in our problem it is convenient not to reduce the dis- v?h o
crete set oE" to this interval. Knz1Dns1— P,
Substituting Eqs(2) and (3) into Eqgs.(4) we obtain the Kn+oDpeo— =

following relations between coefficients, and b,, of the
Floguet functionW ¢ corresponding to the Floquet enefBy  Hereh, . ;= sin(,L)sin(k,+1L).
Note that from the numerical calculations it follows that

anAytb,B,=0, in each particular case we need to take into account only the
limited number|n|<ng.x of side bands. Therefore we can
a,An—b,By putx. +1)=0 [see Eq(10)] and, thus, cut the continued
Vo fraction Eq.(12).
=i e meP0(a, 1+ by tan;1tbnig). Using the quantities,, and Eq.(9) we can express argy,
" through thea,
(6) . n
Here we have introduced a,=agv" Bn M . n#0. (13

Bo Sin(knL)j 22, 0

The corresponding relation betwebp andb, can be easily
B,=e 27 ®/®o_ g iknl obtained from the above equation and Eg).
Now we can write down the equations containing oay
andbg. Using Eqs(6) for n=0 and expressing-; andb..;
(7) in terms ofay andb,, respectively, we get

A = e—27Ti(I>/<I>0_ eiknL
n ’

_mLV
v= ﬁz .

a0A0+ boBOZ O,

Equationg6) couple amplitudes of different index As a
consequence we obtain an infinite system of uniform linear 20 e
equations for the coefficientss, and b, (n=0,+1, 8pAg—boBo=—i T © O(x—1+X41)(ag+bo).
+2,...). Tohave a nontrivial solution the corresponding (14)
(infinite range determinant must be equal to zero. This con-_ ) . .
dition defines the allowed values of the Floquet energy ana’h|s_system of equations has a nontrivial solution if its de-
the corresponding set of coefficiersts andb,, . terminant equals zero

Using the method of continued fractidhshe calculation

of an infinite range determinant can be greatly simplified. To k| cog 27— | —cog koL ) [ — v?(X_1+ X 1)sin(keL)=0.
this end we rewrite the first equation of E@6) as follows: Do 15
An ) The solutionsk{) (1=0,+1,+2,...) of this (dispersion

by=—a,5 .
" "B, equation gives us a set of allowed Floquet eigenenergies

D=(#k{")?/(2m) and corresponding side bands!’
EO+nto.

Note that in the absence of an oscillating barrie=Q)

we obtain the well-known spectrum of a perfect ring with a

(
Substituting the above relation into the second equation OIE
Egs. (6) we obtain a recursive equation for the coefficients™
a,. It is convenient to introduce new quantitigs (n+0)

1 a, sin(k,L) Bpz: © magnetic flux
Xp=— , _
n vV apzi sm(anlL) Bn h2 @ 5
(M) = _
Here and hereafter the upp@ower) sign is forn=1 (n< EV(®)= 2mL2( + (DO) . (16)

—1). In terms of thex, the recursive equation reads
For a weak potentiah{— 0) the Floquet energies are close to

sin(k,L) those given by Eq(16).
X D 7 skl : (10) The main componenicorresponding to the enerds))
nDn= 27 SIN(KnL)Xn 1 of the Floguet wave function has a large amplitudé?
where and/orb{’~1. This is due to constructive interference in the
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ring. In the general case, the amplitudes of side bdods  tum mechanical current. From the discussion given above, it
responding to energies{’, n+0) are small due to destruc- follows that the oscillating potential has in general a weak
tive interference. Mathematically the effect of interference ineffect on the wave function, which is mainly determined by
aring is described by E@15) (for the main componehand  interference due to the ring geometry. But as we already
by the denominator in Eq10) (for the side bands How-  mentioned this is not the case at resonance when the differ-
ever, there is a speci@lesonantcase when the amplitude of ence between two Floquet eigenenergies is an integer num-
a particular side band with an energf{) is comparable with ~ ber of the energy quantumo. _

the amplitudes of the main componeabrresponding to the The resonant frequencies are determined by the level

energyE®). This is the case when the ener&ﬂ) of the spacing. _In the perfect ring_investigated here the spectrum
r has special features. Especially at zero flax multiples of

side band is close to another Floguet eigenen&fjy. Note  &,/2) we have levels crossing each other. Consequently for

that at the same time the corresponding side uaﬁa is  small flux there are two energy scales which determine the
close toE® ' resonant frequencies. The first scale is @laege level spac-

To determine the Floquet wave functitifcs) we need to N9 AW =g —E® that is a common feature of all finite-
Know ag) [then the coefficientd!) agl) and bﬁ') can be size systems. For a small enough sample O the corre-

i i =ADjp | —2
found from Eqgs(8) and(13)]. We find this coefficient from spi)ond_lrnhg resonznt frleq_uegc%/ IS la(;gﬁA thA Ifi~L fic fl
the normalization condition Eq5). Substituting Eqs(2), —ec. Ihe Second scale 1S detérmined by th€ magnetic Tiux

: : dependent separatioff)(®)=E!(®)—E(P) between
(3, (8), and(13) into Bq. (5) we obtain levels which are degenerafi@ pairg at zero flux(or at mul-
1 sirR(kOL/2— 7®/ D) tiples of ®¢/2) given byE<'>(Q)=E<—'>(0) [see Eq.(16)].
|a§,')|2:— T | , (17)  This energy scale is a specific feature of ballistic, perfect,
L zOsir?(k{'L) ringlike structures. Thath resonance!)(®)=n# e occurs
where (in the case of a weak potentiat
O ¢
0 PO _2AV @ 23
= >0 2nj___>n (2 @ -
z sirf(k{)L) T sinz(kﬂ)L)jlll X7l " o
(18  Note that at this condition thath side bandE({ " is in
and resonance witE() and vice versa: the-nth side bancE‘"),

is in resonance wittiE( ",
n 0 ) From Eq.(23) we can see that at small magnetic fldpx
&y’ =1-cogky’L)co 2773 —0 the resonant frequency is small even for a small ring.
0 Thus we conclude that even a slowbdiabatically
{ D
cos 2w o,
oscillating potential can essentially influence electronic prop-
Next we consider the current carried by the Floquet staterties of a ring at smallb—0 (or at ®—®d,/2) magnetic
Wen. We will concentrate on the time-averagett) current  fluxes. This regime is of interest in the present paper. In what
I 4c. To this end we integrate the quantum mechanical currerfollows we describe numerical results concerning the Floquet
) states in a ring with a small magnetic flux.
€ Let us consider a ring at zero magnetic flux with a delta-
- —AvV¥* (20 i ) 2 , 4
m function potential oscillating with a f|x<|ad freqllj)eg(zy. In
(where A=®/L is a vector potentialover the time period this cas((la) 'the Floqyet eigenenergies) = (7iky))*/ (2m)
T=27lo [whereky’ is a solution of Eq(15)] are the same as for a
pure ring, Eq(16). This is because the time-averaged poten-
1(T tial is zero.
I&'2=$f dtifWen(x,t)], (21 Further, we choose some pair of degenerated =0)

0 Floquet energie§" andE("". Because of interference the
and obtain main component), of the Floquet wave function has a con-
siderable amplitudeby’~1/L, a§ "~ 1/L (all other coeffi-
cients are close to zeroNow we increase the magnetic flux
which causes the leveE!)(®) andE(D(®) first to follow
the energies of a pure ring, EQL6). However, close to the
Note that the evanescent modes do not contribute to the cufirst resonanceb ~® % w/(2A") they “interact” with the
rent; therefore we sum over the propagating modes onlygorresponding side bandEfl') andE(_')l, respectively and
(EV>0). show an avoided crossing behavior.

Now we can analyze the effect of an oscillating potential Close to resonance, because of constructive interference
on the electron wave function and the corresponding quaren the ring, the amplitude of the wave function correspond-

sin(k{"L)
kOL

—cos{kﬂ)L)}. (19) w<Alf, (24)

e 7Y
ax X

_eh
I[\If]mﬁ

(0=

de ka2~ [b{[?). (22)
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FIG. 1. The dependence of the Floquet eigenenétgy: E(
and some side bandg,=E" +n#w (solid lines;n=-2, —1, 0,
+1) on the magnetic flub. The width of the solid lines is pro-

portional to the probability of occupation of the corresponding side,

band. The energy and magnetic flux are given in unitsegf
=47%%%/(2mL?) and ®y,=h/e, respectively. The parameters are
=2, hw=0.1¢y, v=0.05. In addition the Floquet eigenenergy
E(D with side bandsrf= —1;0;+1;+ 2) are also depicted by thin
dotted lines. For comparison the eigenenergigl$ = ®/d,)? of a
pure ring are depicted by thin dashed lines.

ing to the first side band considerably increa®es")
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FIG. 2. Persistent current in a ring with an eviefen, (Ne=4;
solid line) and an odd 44 (N.=5; dashed linenumber of elec-
trons. The current is given in units 6§=eh/(mL?). The param-
eters are the same as in Fig. 1.

ring with an odd numbelN, of (spinles$ electrons
)
IOdd: - Nelo_, |(I)|<(I)0/2 (26)
o

However, this is not the case for a ring with an even

~1/L andb{;"~1/L. The same occurs at the higher reso-number of electrons. In this case the current,is mainly
nances. Thus we can say that at the resonance the Floguéatermined by the “unpaired” electron in the highest occu-
state corresponds to an electron equally distributed betwedried Floquet state. As we discussed above the current carried
two states with energies shifted Ifiw (for the nth reso- by this electron oscillates with a large amplitude. In the low
nance. This is evident from Fig. 1 where we depict the de-frequency limit[see Eq.(24)] of interest here the period
pendence of the Floguet energ§’ and some side bands on d®~®gfw/(2A1) of these oscillations is much smaller
the magnetic flux. The width of the solid lines is proportional than the magnetic flux quantud.

to the square of the absolute value of the amplitidbe In Fig. 2 we depict the dependence of the persistent cur-
probability of occupationof the side band of the Floquet rent on the magnetic flux in a ring with fout g,y and five
state. (o9 electrons.

We see that with increasing magnetic flux the particle We would like to emphasize that the behavior of the per-
belonging to some Floquet eigenstate undergoes a transitigistent current in a ring with an even number of electrons is
between states with an opposite direction of movement. Fodlue to an interplay between the interference in a ring and the
instance, let us assume that at zero magnetic®#ax0 the  excitation of side bands by an oscillating potential. The per-
particle is in stateEg) with ag)zo andb8)=1/L and thus it sistent Curre_nt refl_ects the b_eha_vior of a s_ingle Floguet state.
carries a diamagnetic curreh§g<0 [see Eq.(22)]. Then The interaction with an o_scnlatlng potential cannot lead to
after the first resonancesee Fig. 1 it passes into the state transitions between the different Floquet states. As a conse-
E(_I)1 with a(_')1=1/L and b(_')lzo. In this case the particle quence.the particle stays in the same Floquet state when_ the
carries a paramagnetic currdrﬁ‘@>0. Correspondingly, af- magnetic qu_x changes. Because of mte_rferen_ce the_ particle
ter the second resonanc® ¢ @ w/A") the particle un- losses or gains some energy quakita, which brings it into
dergoes a transition into the staid). with al) =0 and the_approprlate substate of the Floquet state when the mag-
bD —1/L and it . . i +1 i +1 t and netic flux goes through t_he resonant vajue.

+1 and it again carries a diamagnetic current, and SO y,yeyer, the interaction with an environment can lead to
Ransitions between different Floguet states. In this case the
particle will relax to the lowest unoccupied Floquet state
corresponding to a given value of a magnetic flux and the
peculiarities ofl o, Will be diminished. This effect will be
considered elsewhere.

We remark on an essential difference between the oscilla-
tions of the persistent current investigated here and the os-
cillations of a persistent current with a period ®f. In the
where l,=el/(mL?). Therefore the oscillating delta- ballistic case the energy is quadratic in the magnetic flux Eq.
function potential has no effect on the persistent current in 416) and the properties of a rin@n particular, the persistent

current carried by théspinles$ electrons on the ring.

Surprisingly, the pair of electrons occupying two Floquet
satesE(") andE("") carry exactly the same current as in the
case of a pure ring:

®
|gg+|§,;'>:—z|oao, (25)
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curreny become periodic inP (with a period of®y) only  ring with disordet. The only difference from the perfect ring
because of the relaxation to the state with a minimum energgase is tha{in the low frequency limit the transitions are
(for a more detailed discussion see Ref).28 contrast, the due to many photon processes> 1.

oscillations of interest heresee Fig. 2 occur if only the In conclusion, within the framework of the Floquet states
system stays at the same Floquet statben the magnetic approach we have considered the effect of an oscillating
flux changes S-function potential on the persistent current in a ring of

In the present paper we have considered a perfect ringyoninteracting spinless electrons threaded by a magnetic
But the effect under consideration is quite general because ff;,x \we have found an unusual strong parity effect in a weak

is due to a competition between the quantum mechanicgh,netic flux. The current in a ring with an odd number of
interference and the excitation of side bands by an OSC'"at'n%Iectrons is diamagnetic and exactly the same as in a pure

scatterer. In particular, in the presence of disorder there is nﬁng In contrast the current in a ring with an even number of

level degeneracl® However, the oscillating scatterer can . A , . :
) o . lectrons oscillates in sign with a large amplitude and with a
still generate transitions between the different components g . .
small (compared withd,) period.

the Floquet statéand thus can affect the persistent curéint
only an appropriate resonant condition is fulfilleds w This work was supported by the Swiss National Science
=EO(®)—E*I(D) [hereE")(dD) are energy levels in a Foundation.
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