PHYSICAL REVIEW B 66, 245303 (2002

Spin decay and quantum parallelism
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We study the time evolution of a single spin coupled inhomogeneously to a spin environment. Such a system
is realized by a single electron spin bound in a semiconductor nanostructure and interacting with surrounding
nuclear spins. We find striking dependencies on the type of initial state of the nuclear spin system. Simple
product states show a profoundly different behavior than randomly correlated states whose time evolution
provides an illustrative example of quantum parallelism and entanglement in a decoherence phenomenon.
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[. INTRODUCTION teraction are believed to be suppressed, although this issue
has not yet been clarified entirety.
The interest in electron spin dynamics in semiconductor Our approach here is based on numerical simulations of
structures has increased remarkably in the recent years, ge€ full quantum mechanical spin dynamics in sufficiently
erating the emerging field of spintronit& This key word small systems. These studies complement the earlier work of

summarizes efforts to use the spins of quantum objects rath&ef' 13, where approximation-free analytical results were

than or in combination with their charge for information pro- Obtained for the case of a fully polarized system of nuclel.
9 PrO” £6r a more general initial condition such as an unpolarized

cessing, or, even more ambitious, for quantum information,,jear spin system, low-order time-dependent perturbation
processing. Meanwhile, several proposals for quantum 'nforfheory was employed which unfortunately suffers from di-
mation processing usingelectron or nuclearspins have vergent terms in higher order.
been put forward:’ In our numerical simulations we observe a decay of the
In quantum information processing the coherence oOflectron spin as measured in terms of the expectation values
quantum bits is crucial. This issue becomes particularly |m'0f |tS Components_ We Study th|S phenomenon as a function
portant in solid state systems where the qubits are ususallyf the initial nuclear polarization, and the type of initial state
assumed to be affected by much more and much strongef the nuclear spin system. We compare the time evolutions
perturbating influences than in other experimental setups resf injtial states, where the nuclear system is in a simple ten-
lated to quantum information processing in various othelsor product state, with situations where the initial nuclear
fields of physics such as atomic physics, quantum optics, 0§tate is randomly correlated. A major result is that the time
NMR experiments. An important advantage solid state sysgyolution depends very significantly on the type of initial
tems have, however, is that they offer the possibility of scalstate of the spin environment. The time evolution of simple
ability once individual qubits and elementary gate operationsensor product states can be quite individual, while randomly
between them are estabilshed. Such a perspective is usualirrelated(and therefore highly entangledtates show a
not given in other quantum computation scenarios. very reproducible dynamics that mimics theerageover the
Motivated by these developments, in this work we inves+time evolutions of all possible tensor product states. This
tigate the time evolution of a single spfithat is coupled observation is an example giantum parallelisnin a deco-
inhomogeneously to a noninteracting environment of otheherence phenomenon.
spins. A natural realization of such a system is given by the The spin decay is accompanied by the generation of quan-
spin of a single electron in a semiconductor quantum dotum correlations between the electron spin and the nuclear
interacting with surrounding nuclear spins via hyperfinespins, illustrating a general concept of quantum information
coupling® Alternatively one can think of an electron bound theory where the decoherece of a quantum(titre the de-
to a phosphoros atom implantated into a silicon matorof  cay of the electron spjnis viewed as the result of the gen-
other combinations of impurities and host materials such aeration of entanglemerit.e., quantum correlationdetween
Siin a GaAs or Ge matrix. The time evolution of an electronthe qubit and its environment. We quantify this entanglement
spin under such circumstances is of fundamental interest insing well-established methods and concepts of quantum in-
its own right, and of particular relevance to the quantumformation theory. By this we also hope that studies of this
computing proposal of Refs. 3 and 5. In fact, very recently &ind will faciliate fruitful interactions between the commu-
series of studies of electron spin dynamics related to thaities of solid state physics and quantum infromation.
present one appearéd.’ Here we build on recent work of  Finally, we compare the results of the full quantum me-
Ref. 13, where the dynamics of an electron spin due to thehanical dynamics with simulations of a classical spin model
hyperfine interaction with nuclear spins in a semiconductothat arises as the classical limit of the underlying Hamil-
guantum dot was investigated. This scource of spin decatonian. This comparision shows that the spin decay observed
can be assumed to be the dominant one in a quantum dot the quantum system depends crucially on two properties
geometry where other mechanisms induced by spin-orbit inef the system(i) the inhomogeneity of the hyperfine contact
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interaction induced by the spatial variation of the electrondue to dipolar interaction is of order 16's, while the time
wave function, andii) the quantum mechanical nature of the scales considered in this work will be at least two orders of
dynamics allowing for nontrivial correlatiorigntanglement  magnitude smaller. We also mention a recent interesting nu-
between the electron spin and the nuclear spins. merical study by Dobrovitskiet al'® on spin dynamics
This paper is organized as follows: In Sec. Il we briefly stressing the role of entropy. There a central spin is coupled
describe the details of our modeling and technical aspects ghhomogeneously to an essentially non-interacting spin envi-
our numerical simulations. In Sec. Ill we report on our nu-ronment, where, differently from the present study, an Ising-
merical results. We discuss the role of different initial condi-|ike coupling was used. To allow for nontrivial dynamics, the
tions for the nuclear spin system, and the connection beauthors of Ref. 18 introduced a magnetic field perpendicular
tween decoherence and the generation of entanglemet thez direction of the Ising coupling.
observed in our simulations. We close with conclusions in  Model (1) was specifically studied recently in Ref. 13,
Sec. IV. where approximation-free analytical results were obtained
for the case of a fully polarized system of nuclei. For a more
Il. MODEL general initial conditions such as an unpolarized nuclear spin
. system, low-order time-dependent perturbation theory was
We consider a single spi# which is coupled inhomoge- employed, which unfortunately suffers from divergent terms
neously to a noninteracting environment of other spins:  in higher order. In this work we choose a different route and
perform finite-size exact diagonalizations from which we ob-
H=S. Z A ri _ (1) tain the full time evolution. o
i Since our Hamiltonian conserves the total sgisS

+Eiri , it is convenient to work in a subspace of givéh

The coupling is inhomogeneous since the constantgary having a dimension of

among the environment spirﬁs. For an electron spin resid-

ing in semiconductor quantum dot the coupling consténts N+1
are given byA,=Auvo|¥(r;)|% whereA is an overall cou- N=+1 . (3
pling parameter and, the inverse density of nuclei in the T—JZ

material. W (r;) is the electron envelope wave function at a ) ] ) . )
location ;i . This factor induces a spatial dependence of theTO obtain the time evolution of the total spin system with the

cupliong constant#; which is crucial for the spin dynamics. |c?|t|al st?te I%/Angl_:n a_tsu_bspac_(t-:thwttr;]_a gl\gen valire \:jve
For simplicity in the following we will consider a nuclear lagonalize the Famitonian within this subspace and com-

spin of lengthl = 3 in a spherical quantum dot. In our simu- pute the time evolution of C(_ar.ta_\in expectation values from
lations a given numbeN of nuclear spins is contained in a the elge_nsystem data. For |n|t|_al states havm_g a nonzero
sphere of radiuR=(3N/4mny)*3, whereny= 1/, is the overlap in several subspaces with differdhtthe time evo- .
density of nuclei. The electron wave function is given by lutions obtained in the dlffere_nt spaces have to be superim-
posed. The fact that the full eigensystem of the Hamiltonian
is required in this procedure is different from most other
numerical investigations of spin systems where, for reasons
of the physical questions being investigated, it is sufficient to
concentrate on the ground state and some low-lying excita-
tions. In our case we need the full eigensystem, and are
therefore restricted to system siz¢sand values ofl* yield-
ing dimensions of not more than a few thousand. However,
as we will explain in more detail below, our findings depend
neither on the restriction to a certain valueJfnor on the

32
e—rzl(R/a)z, (2)

V(2= ——
(W (r)] (W(R/a)z

where the parameterdescribes the confinement of the elec-
tron in the dot. In the following we shall use=2 and the
material parameters of gallium arsenide witimg
=45.55 nm 3. Therefore, a typical quantum dot contains

?rbzutt)N :n:jof n;ngl)ei"nF(i)"r thr? ?rI]teTart];\gzscinnarlcl) ofran iﬁlec'specific coupling constants induced by the quantum dot ge-
on bound to stiicon, the nu of nuclear spins ometry. In fact, qualitatively the same results are obtained

effectively coupled to the electron spin is smaller. The BohrWhen working in the full Hilbert space, or if the coupling

rﬁ?ﬁ“ﬁﬁ;ﬂi;ﬁ%ﬁﬁiﬂrﬁ s:'ec(ggognsg?:]% Ir?a?b?aultast; nﬂéﬁzgarameters are chosen at random from a uniform distribu-
W ; ' u u ion. On the other hand, it is essential that the coupling is

of ~°Si this leads to values dfl of about a few hundred. To inhomogeneous, leading to a time evolution which is for all

umslgnéﬁ;r;el;; ssilraﬁljllgtiii)glsﬁ\r/:/beu;l(;g ?hgngzﬂi :); d?gigirrjﬁae ractical time scales aperiodic and in this sense irreversible.
’ he case of homogeneous coupling with A|l being the

ri of the ith nucleus according to r;=[3(i same is readil : o
o : y solved analytically and generates periodic
—1/2)/(47no)]¥3, with i ranging from 1 toN. o o
Hamiltonian(1) does not include the direct dipolar inter- dynamics with recurrence tirme=4mNA/A.

action between_nuclear spins. This interaction is weaker by IIl. RESULTS EOR THE TIME EVOLUTION OF SPINS

orders of magnitude than the scaeof the hyperfine cou-

pling, which is of the order 10° eV in GaAs® In this ma- In the time evolutions to be discussed below the initial
terial the characteristic tim&,y for the nuclear spin decay state will always be a simple direct product of the state of the
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-0.1
03 J=25 1 J=15 FIG. 2. Upper panelg:S’(t)) for a system of siz&=19 being
23 ’ ‘ ‘ T ‘ ‘ ‘ ] initially in a randomly correlated nuclear spin state in the subspace
0.1 N\W . with J?=7. The two panels represent two different randomly cho-
0'3 F ’V\Wjjmg sen initial conditions. Lower panels: Analogous dataNer 14 and
_0'5 =0.5 =05 a completely unpolarized nuclear spin systelf=(—1/2). In both

0 100 200 300 0 100 200 300 400 cases the simulation data does practically not depend on the initial
time [h/(2rA)] condition.

evolved expectation valugS’(t)) for an initially randomly
FIG. 1. The time evolution of the electron spin in a system of correlated system and different degrees of its polarization

N=14 nuclear spins for different degrees of polarization of the(characterized by?). In all cases{S*(t)) decreases in mag-
randomly correlated nuclear system and coupling constants inducetitude. With decreasing polarization the decay becomes more
by the quantum dot geometry. In the top left panel the nuclear spinpronounced, and the oscillations accompanying this process
are fully polarized in the initial state with the electron spin pointing are suppressed. Note that it is the decay of the envelope in
opposite to themJ?*=13/2). In the following panels the number of these graphs but not the fast oscillation itself that signals the
flipped nuclear spins in the initial state is gradually increased. Thalecay of the spin. The distance between two neighboring
case of an initially fully unpolarizedbut randomly correlatgd maxima of the oscillations can depend slightly on the initial
nuclear system is reached in the bottom right padé=(—1/2).  state and the coupling constants in the Hamiltonian. How-
Here and in the following we take spins to be dimensionless, i.eever, a good estimate of this effective period is usually given
measured in units of. by T=4x#/A sinceA/2 is an estimaténeglecting quantum

fluctuationg for the width of the spectrum, i.e., the differ-
nuclear or environmental spin system, and the electron spiance between the largest and smallest eigenvalues of the
with the latter pointing downward along the direction.  Hamiltonian.
Therefore, the nuclear spins and the electron spin are initially
uncorrelated. For the nuclear spin system itself we consider 4
two types of initial conditions which give rise to significantly
different time evolutions.

N=14 J=4.5

-0.1
A. Product states versus randomly correlated states -03 tensor product tensor product |
. . - initial state initi
We investigate two types of initial states for the nuclear A initial state
spin system which differ crucially in their corrrelation prop- ¥, ‘g'? ‘ ‘ ‘ ‘ ' '
v . E J

erties and also, as we shall see below, as a consequence

this in their time evolution(i) The nuclear spins are initially
in a simple tensor product state. Jf is fixed to a certain 01 M[W\/\N\/\A/\/M\/V\f‘w
value such a state consists of eigenstatedofor each average over initial nuclear

nuclear spiri. If this restriction is not applied tensor product %3 tensor product | state randomly 1
states consisting of more general spin-coherent states ar initial states correlated
possible.(_ii_) The nuclear spin statieyy) is initially a linear -05 0 100 200 300 0 100 200 300 400
superposition| xn) = =ra1|T), where the sum goes over all time [h/(2TA)]

tensor product st_ate#sT) _Conszlstlng .Of elgenstateﬁz, : . FIG. 3. Upper panels: time evolution of the electron g(8f(t))

€{1,... N}, and s, for _f')_(edJ ! res_t“Cted to the appropri- for a system with 14 nuclear spins being initially in an uncorrelated

ate sub_space. The Coef_f|(:|e_ra1t$ In th'_s_ entangled pure s_tate tensor product state in the subspdée 9/2. The oscillation period

are subject to a normalization condition and chosen either a4 the time scale of the decay are consistent with the péfriod

random or coherentlyfor example, they can have the same — 477/A and the scaléiN/A identified in Ref. 13. Lower left

phases panel: data of the same type as above but averaged over all possible
As we shall see shortly, a single tensor product state, olincorrelated initial states with?=9/2. Here again, the time scale

the one hand, and a randomly correlated nuclear state, on th@ the decay is consistent with the scale/N/A identified in Ref.

other hand, generate strikingly different time evolutions for13. Lower right panell S¥(t)) for the same system being initially in

the electron spin. Figure 1 shows numerical data for timea randomly chosen correlated state.
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When the nuclear spin system is initially in a randomly sense our system has a self-averaging property. This can be
correlated state the time evolution (8%(t)) is very repro- checked explicitly by reducing this randomness. The left
ducible in the sense that it depends only very weakly on th@anel of Fig. 4 shows the time evolution of a randomly cor-
particular representation of the initial random state. This igelated state where the amplitudes are restricted to have
illustrated in Flg 2, where the results of different initial ran- non-negati\/e real and imaginary parts_ This time evolution
dom configurations are compared for two different systemyrns out to be reproducible similarly to as above i.e., it does
sizes and degrees of polarization. not depend on the concrete realization of the initial random

This behavior of randomly correlated initial states sharplysiate but is clearly different from the former case since the

contrasts with the time evolution of simple tensor productanceliation of off-diagonal contributions is inhibitédFor
nuclear spin state. The upper two panels of Fig. 3 show th

. . ! 2 8omparison, in the right panel we show data in which the
time evolution of the electron spin for two initial tensor

. amplitudes in the initial nuclear spin state have a random
product states. In the lower right panel we compare thes P P

data with the time evolution of a representative of the ran-Shase but are restricted to have the same modulus. Here the

domly correlated initial condition. In the former case the proper averaging process tak_es placg again. The results de-
time evolution depends significantly on the concrete initialSCrIbed so far Were.obtamed n certqm subspace¥” @ind
tensor product state, and the decay of the electron spin od2" the form of coupling constant; as induced by the quan-
curs typically clearly more slowly than in the case of antum dot geometry. However, our findings do not depend on
initially randomly correlated nuclear spin system. f[h_e_se choices. We have also_ performed _S|mulat|ons were the
In the lower left panel of Fig. 3 we show the time evolu- initial state has an overlap in the full Hilbert space. For a
tion of the electron spin averaged over all nuclear tensofandomly correlated initial nuclear spin state the only differ-
product state$’ Comparing the two lower panels one seesence is that now transverse compongi®{t)), and(S’(t))
that these data are very close to the time evolution of a raref the electron spin also evolve. However, these are tiny in
domly correlated state. This observation is also made fomagnitude and oscillate around zero. For an initial tensor,
other system sizes and degrees of polarization, and consfiroduct states these transverse components can become siz-
tutes an example ajuantum parallelisni® The time evolu-  able, and the time evolution again strongly depends on the
tion of each initially uncorrelatedand therefore classical- concrete initial tensor product state. Moreover, as mentioned
like) nuclear state is present in the evolution of a linearearlier, the exact form of the coupling constants is also not
superposition of all such states. In other words, the time evocruycial as long as they are sufficiently inhomogeneous. For
lutions of all uncorrelated classical-like states are perfomeghstance, we obtain qualitatively the same results if we

in parallel in the time evolution of the randomly correlated choose the coupling parameters randomly from a uniform
state. An experimental consequence of this observation igistribution.

that if the electron spin dynamics would be detected on an e a1s0 note that coupling a magnetic field to the electron
array of independent quantum dots, one could not distinguisgy,;, 1155 only a quantitative influence on our results. Here

\r/;?ggrirl thceorr:ggteeeg zfl?nngteumncgrrggctgdd?énvggrs n:gg;\lljlg gain the time dependence of tensor product initial nuclear
y P tate is very individual, while a randomly correlated states

state. In other words, the spin dynamics of a randomly core jves very reproducible results that mimic closely the aver-
related pure state of the nuclear system in a single dot canndt yrep y

be distinguished from a mixed state of an ensemble of dots. age over tensor product states.

The observation that the time evolution of a randomly
correlated state quite closely mimics the average over all
tensor product initial conditions relies on the cancellation of

off-diagonal termsa aTr(U,Tlé(t)IU,T'% T+T’, due to In circumstances of quantum information processing the

the randomness in the phases of the coefficientsIn this ~ decay of a qubit is usually viewed as some “decoherence”
process due to the environment attacking the quantum infor-

04 ‘ ‘ ‘ ‘ ‘ mation. As seen above, the spin decay is generically slower
‘ , if the spin environment is initially in a uncorrelated state.

N=19 J'=7 This finding suggests that it is advantageous for protecting
] guantum information to disentangle the environment that un-
avoidably interacts with the qubit system.

A “decoherence” process of the above kind can be
viewed as the generation of entanglement between a qubit
‘ ‘ ‘ ‘ ‘ and its environment. The system investigated here provides
0 100 200 300 O 100 200 300 400 an illustrative example of this statement. The entanglement

time [h/(2rA)] in the total statéW(t)) between the central electron spin and

FIG. 4. Time evolution of(S%(t)) for two types of initially ~ itS environment can be measured by the von Neumann en-
randomly correlated nuclear spin states. In the left panel the amplitropy of the partial density matrix, where either the electron
tudes a are restricted to have non-negative real and imaginaryor the environment has been traced out from the pure-state
parts, while in the right panel they have all the same modulus budlensity matrix| W (t) (W (t)|.%? Tracing out the nuclear sys-
completely random phases. tem we have

B. Decoherence and the generation of entanglement

|
b
o
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1 . of a system of eight nuclear spin placed on the edges of a
> T{SW) (S7(1) cube. The highly correlate@r entangledicharacter of these
4) states can be detected by following the individual nuclear

B 1 spins in terms of their expectation valugd|(t))|. This
(S™(1) 5 —(S(V) quantity decays from its initial value of 1(th a tensor prod-
uct initial state, on a time scale determined by the dipolar
interaction?® to values typically close to zero. According to
This matrix has eigenvalues . =1/2+|(S(t))|, and the the entanglement measualiscussed above, this indicates a

measure of entanglement readd|W(t))]=—\,log\,  strong entanglement between each nuclear $piand its
—M\_log\_. Thus the formation of expectation values environment of all other nuclear spins. In both cases the
[(S(t))|#1/2 [or, in the case of fixedl?, just [(SX(t))| initial state of the full system can be prepared by injecting
#1/2], is a manifestation of the entanglement between thé1€ €lectron to the quantum dot from an external lead, or the
electron spin and the nuclear spin system. The maximurglectron state can be prepared by cooling in a magnetic field
entanglementE=log 2, is achieved if the electron spin has @nd ESR techniques. _

decayed completely as measured by the expectation values We finally consider the nuclear spin correlatQxqt)

of its components{S(t))=0. The generation of quantum = {I*(1)1*(0)), =3I, which can be measured directly by
entanglement between the electron spin and the nuclear spcal NMR-like measurements such as magnetic resonance

N H 6 H VA _
system, signaled by a reduced value(8{t)), is the main force m_|crosqop§. In a subspace of gived” and the elec
and crucial difference between the quantum system studie OP fp'JQ_pOS'?tt'”g Tzlia:ll% doxvnwal-rdt. th!s-tqlljarltltty reflilds
here and its classical “counterpart” described by a system o (M=I ()X ). A realistic initial state wi

Landau-Lifshitz equations. These equations can be obtain Ve its dominant weight in a series of subspaces .With neigh-
from the Heisenberg equations of motion for the quantu oring J* centered around some value. Then the time evolu-

> . > > N tion of (S*(t)) is very similar in these subspaces, and the
SySte.mﬂS/’?t:'[H’S]/h and ﬁ"/&t:'[H.’li]/h’ _by_ PE  dynamics of the total nuclear spin can be mapped out by
forming expectation values of both sides within spin-

; : mfeasuring the electron spin, and vice versa.
coherent states and assuming that the expectation values o

all operator products factorizes to products of expectation

values. This procedure becomes exact in the classicalifmit.

The resulting equations no longer contain operators, but just V. CONCLUSIONS

describe the dynamics of three-component vectolsssical ) ) ) )
sping of fixed length. We have performed simulations of N Summary we have studied the dynamics of a single spin
such a classical spin system by solving the Landau-Lifshit£OUPled inhomogeneously to a spin environment. As the
equation via the fourth-order Runge-Kutta scheme. As a reMin result the time evolution depends sensitively on the
sult, the central classical spin performs an irregular chaoti®/Pe Of initial state of the spin environment. While the time
motion which does not show any similarity to the results for€volution of simple tensor product states can be quite indi-
the quantum spi-case. In particular all qualitative features vidual, randomly correlated states show very a reproducible
of quantum effects, such as the generation of entanglemefyn@mics that mimics thaverageover the time evolutions
(signaled by a decay of spins as measured by their expecth all possible tensor product states. This observation consti-

tion values, are not present in such a time evolution. There-{Ut€S an example ofuantum parallelismin a decoherence

fore, the Landau-Lifshitz equation provides only a ratherp_henomen.on. This effect is clearly seen for all finite system
poor description of the underlying quantum system. sizes studied here, and can therefore also be expected to be

Let us now briefly discuss how the different initial condi- Present in realistic quantum dot systems containing about

tions can be prepared experimentally. A tensor product initiaN = 10° nuclei, and also in the thermodynamic linNt—ce.
state can be produced by applying a magnetic field and hav- 'h€ decay of a single spin in terms of its expectation
ing the underlying crystal lattice at a temperature highva!ues is d_ue to the formatlon.ehtangllemenbetvyeen this
enough such that spin-lattice relaxation processes to thePin and its environment. Since this decay is generally
nuclear spins are efficient. These interactions with the phoS/ower if the spin environment is initially in a simple tensor
non environment will effectively perform projection-type pr(_)duct statéi.e., no entanglemgnfc among the environmental
measurements on each spin, and force the system to be irSRINS. Our results suggest that it is advantagous for protect-
state close to a tensor product of nuclear states pointing !9 quantum information tdisentanglethe environment. We
each of the two direction along the field axis. Another pos-8XPect this result to be of a quite general nature, i.e., it
sibilty is the use of all-optical NMR techniques, as describecdhould also be valid for other systems consisting of some
in Ref. 25. A randomly correlated nuclear state, on the othef€ntral quantum object coupled to a bath of other quantum
hand, can be achieved by cooling down the lattice to temdegrees of freedom.

peratures where phonon processes are suppressed. Then the

highly anisotropi_c and Io.ng—ranged dipolar_interaqtion \{vill ACKNOWLEDGMENTS

produce a sufficiently “disordered” state with a highly ir-

regular pattern of amplitudes when expressed in the tensor This work was supported by the Swiss NSF, NCCR Nano-
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