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Differences between hole and electron doping of a two-leg CuO ladder
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Here we report results of a density-matrix-renormalization-group calculation of the charge, spin, and pairing
properties of a two-leg CuO Hubbard ladder. The outer oxygen atoms as well as the rung and leg oxygen atoms
are included along with near-neighbor and oxygen-hopping matrix elements. This model allows us to study the
effects of hole and electron doping on a system that is a charge-transfer insulator at a filling of one hole per Cu
and exhibits power law,d-wave-like pairing correlations when doped. In particular, we focus on the differences
between doping with holes and with electrons.
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I. INTRODUCTION

Two-leg CuO ladder materials are known to exhibit so
of the basic physical properties of the high-Tc cuprates. Un-
doped two-leg ladder materials are found to be spin-gapp
charge-transfer insulators1,2 and superconductivity has bee
observed in hole-doped ladders under high pressure3–5

Moreover, ladder models have proved amenable to nume
studies, allowing one to explore the relationship between
parameters in the model and physical properties such as
charge and spin gaps of the insulating state and the pa
correlations in the doped state.6,7 Here we continue this type
of theoretical study by examining the properties of a C
ladder using a density-matrix-renormalization-gro
~DMRG! analysis.8 We will focus on the differences betwee
hole and electron doping.

The geometry of the two-leg ladder that we will study
illustrated in Fig. 1. The Cu sites are characterized b
dx22y2 orbital, the rung O sites by apy orbital, and the leg O
sites by apx orbital. The hole Hamiltonian for this model i
given by

H5Dpd(
is

pis
† pis2tpd (

^ i j &s
~dis

† pj s1pj s
† dis!

2tpp (
^ i j &s

~pis
† pj s1pj s

† pis!1Ud(
i

di↑
† di↑di↓

† di↓

1Up(
i

pi↑
† pi↑pi↓

† pi↓ . ~1!

Here tpd is the one-hole hopping matrix element betwe
nearest-neighbor Cu and O sites and the first sum in Eq~1!
is over all nearest-neighbor sites. We will assume for s
plicity that tpd has the same value between all the Cu and
sites. The third term in Eq.~1! sums over all nearest
neighbor pairs of O sites andtpp is the hopping matrix ele-
ments between these sites. We have chosen the phases
orbitals such that the signs of the hopping matrix eleme
are constant and with the minus sign convention of Eq.~1!,
tpd.0 andtpp>0. The energy difference between the O a
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Cu sites isDpd5ep2ed.0 andUd , andUp are the on-site
Coulomb energies for Cu and O, respectively. In this mo
an undoped ladder corresponds to a density of one hole
Cu site. We will work in units wheretpd51 and take as
typical valuesUd58 andUp53, throughout.

Two of the authors previously studied a similar model9 in
which the outer O sites were missing and only the ne
neighbor Cu-O hoppingtpd was present. While this simpli
fied form allowed one to compare a charge-gap-insula
model with the traditional one-band Hubbard andt-J mod-
els, the absence of the outer O and thetpp hoppings altered
the electronic structure.10,11 In addition, the electron-doped
pairing response of the model appeared to be quite diffe
from the hole-doped behavior. Here, for the more realis
structure shown in Fig. 1, we return to the study of the tw
leg CuO ladder in which the charge-transfer nature of
insulating state is treated along with the effects of the oxyg
tpp hopping matrix elements. We also will study longer la
ders with up to 3232 Cu atoms corresponding to 226 total
and Cu sites.

We calculate the static properties of the model~1! numeri-
cally using the DMRG method.8 With this approach we ob-
tain accurate ground-state energies and expectation va

FIG. 1. Schematic lattice structure of a two-leg CuO ladd
Here the solid circles represent Cu(dx22y2) orbitals and the open
circles represent O(py) orbitals on the rungs and O(px) orbitals on
both legs. The orbital phases are chosen so that there is a hop
matrix elementtpd between nearest-neighbor Cu and O sites rep
sented by the solid lines and a hopping matrix elementtpp between
nearest-neighbor O sites represented by the dashed lines.
©2002 The American Physical Society09-1
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~such as correlation functions! for a fixed number of holes o
each spin. In the DMRG calculations, open-end bound
conditions are used so that when we discuss local quant
they will actually be averaged over the ladder and correla
functions will be calculated using distances taken about
midpoint. We have used up tom52000 density-matrix
eigenstates to build the DMRG basis. Using an extrapola
of DMRG ground-state energies to vanishing discard
weight,12 we have obtained ground state energies and g
that are accurate to parts in 1023tpd . Although the largest
source of errors in our calculations are finite size effects,
have been able to extrapolate a number of gap measurem
to an infinite-size ladder.

In Sec. II we discuss our results for a filling of one ho
per Cu, which corresponds to the undoped ladder. Our m
interest is in the effect of the site energy differenceDpd
5ep2ed and the oxygen hopping parametertpp . We will
examine the charge and spin magnitudes on the various
and the dependence of the charge and spin gaps onDpd and
tpp . WhenUd is large compared withDpd andDpd*2tpp ,
we find, as expected, that the ladder is a charge-transfe
sulator with a spin gap. By comparing the low-lying sp
states of the CuO model with a two-leg Heisenberg mod
we extract effective rung and leg exchange interactions
Sec. III, we examine the charge and spin magnitude distr
tions for the doped case and find that, for typical parame
characteristic of the cuprates, the doped holes tend to
spread out on the O lattice while doped electrons tend to
localized on the Cu sites. We also study the effect of dop
on the effective exchange interactions and on the local s
spin correlations. We then turn to a study of the pairing c
relations for both the hole-doped and the electron-doped
ders. We find a power-law behavior with negati
‘‘ d-wave-like’’ Cu rung-leg pair correlations for both ho
and electron doping. However, we find that the internal str
ture of a pair depends on whether the system is elec
doped or hole doped. In Sec. IV, we conclude with so
further comments relating these results to the general p
lem posed by the cuprate materials.

II. THE UNDOPED LADDER

We first investigate the properties of an undoped ladd
For local properties such as the charge and spin magni
distributions on the sites and the spin correlations betw
sites, a ladder containing 832 Cu sites is sufficiently long
In Fig. 2 we show the average ground-state hole occupa
of Cu sites^nCu&5^di↑

† di↑1di↓
† di↓& and of the various O

sites^nO&5^pi↑
† pi↑1pi↓

† pi↓& as a function oftpp andDpd . In
Fig. 2~a! the hole occupation is shown forDpd52.7 versus
tpp . As tpp increases, the hole occupation on the Cu s
decreases and that on the O sites increases. In Fig. 2~b!, the
hole occupation is shown fortpp50.5 versusDpd . Here as
Dpd increases, the hole occupation on the Cu sites incre
as expected. The hole occupation on the outer O site
typically about half that on the other O sites. Fortpp50.5
andDpd53, the holes are'70% on the Cu sites and 30%
on the O sites.

The average value of the square of the spin moment
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^Si
2&5 1

4 ^~C ia
† sabC ib!2& ~2!

on various sites is shown in Fig. 3 for the same paramet
HereC ia

† 5dia
† or pia

† depending on the site,s is the usual
Pauli spin matrix, and the indicesa andb are summed over
For Dpd53 and tpp50.5, the average spin moment on th
Cu site is 0.5. Dividing this by the average hole occupat
for the Cu gives a squared spin moment of order 0.7 co
pared with 3/4 for a Heisenberg spins51/2. With Ud58,
the spin moment is well formed on the Cu site and^SCu

2 &
simply trackŝ nCu&, the probability of having a hole on a C
site.

The charge gap of an undoped ladder withL32 Cu sites
is given by

Dc~L !5E0~12,L !1E0~22,L !22E0~0,L !, ~3!

whereE0(N,L) denotes the ground-state energy of a lad
of lengthL with N12L holes. Extrapolating the charge ga
from numerical data for up toL516, we find the results for
Dc(L→`) plotted in Fig. 4. Here Fig. 4~a! shows Dc(L
→`) versus tpp for various values ofDpd and Fig. 4~b!
shows Dc(L→`) versus Dpd for various values oftpp .
From these results, we see that in order to have a charge
we need Dpd*2tpp . Experimentally,13,14 Dc is of order
1.4–2 eV. If we taketpp;tpd/2, thenDpd'3 gives a realis-
tic charge gap withtpd'1.6 eV.10

FIG. 2. Hole densitŷ nCu& and ^nO& on the various sites of an
undoped ladder with 832 Cu atoms: Cu sites~solid circles!, rung
O(py) sites ~up triangles!, leg O(px) sites ~down triangles!, and
outer O sites~squares! versus~a! tpp for Dpd52.7 and~b! Dpd for
tpp50.5.

FIG. 3. Local spin moment̂Si
2& on the various types of sites o

an undoped ladder with 832 Cu atoms: Cu sites~solid circles!,
rung O(py) sites ~up triangles!, leg O(px) sites ~down triangles!,
and outer O sites~squares! versus~a! tpp for Dpd52.7 and~b! Dpd

for tpp50.5.
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The lowest triplet spin excitation is gapped and localiz
on the Cu sites of the ladder~i.e., the spin density remain
zero on the O sites in the triplet state!. The spin gap is given
by

Ds~N,L !5E0S N

2
11,

N

2
21,L D2E0S N

2
,
N

2
,L D , ~4!

whereE0(N↑ ,N↓ ,L) is the ground-state energy of anL32
ladder withNs1L holes of spins5↑,↓. We first discuss the
spin gap of the undoped ladder (N50). In this case we
extrapolate the spin gap to an infinite ladder length us
data for up toL516. The dependence of the spin g
Ds(L→`) on tpp and Dpd is shown in Figs. 5~a! and 5~b!,
respectively. As for the charge gap, there is a spin gap on
Dpd*2tpp . For largeDpd the spin gap decreases due to
decrease in the effective exchange coupling as observe
our previous work.9 Thus the spin gap goes through a ma
mum at a finite value ofDpd.2tpd . Experimentally,6,10 Ds
;0.03–0.05 eV so that withtpd'1.6 eV, we needDs /tpd
.0.03. This confirms thattpp.0.5 andDpd.3 represent
appropriate choices, consistent with electronic band-struc
calculations.10

For a two-leg Heisenberg ladder, the spin gap is equa
approximately half of the exchange interaction. Thus fro
Fig. 5~a! we see that providedDpd*2tpp , the effective ex-
change interaction between Cu spins increases withtpp . For
example, forDpd52.5, the spin gap and hence the effecti
Cu-Cu exchange increase by 40% astpp goes from 0 to 0.5.

FIG. 4. Charge gap of undoped ladders extrapolated to an
nite ladder lengthL→`. ~a! As a function of tpp for Dpd50
~squares!, Dpd51 ~down triangles!, Dpd52.5 ~up triangles!, and
Dpd54 ~circles!. ~b! As a function ofDpd for tpp50 ~circles!, tpp

50.5 ~triangles!, andtpp51 ~squares!.

FIG. 5. Spin gap of undoped ladders extrapolated to an infi
ladder lengthL→`. ~a! As a function oftpp for Dpd51 ~circles!,
Dpd52.5 ~up triangles!, Dpd54 ~down triangles!, and Dpd57
~squares!. ~b! As a function ofDpd for tpp50 ~squares!, tpp50.5
~up triangles!, andtpp51 ~circles!.
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This is due to the additional exchange path through the
ions. This crucial role of the O-O hoppingtpp in giving a
large effective Cu-Cu exchange has been emphasized by
kes and Jefferson.15

The nearest-neighbor Cu spin-spin correlations^Si•Sj&
are antiferromagnetic in the undoped ladder. For a fix
value of tpp , 2^Si•Sj& increases withDpd and tends to the
value obtained for a two-leg Heisenberg ladder whenDpd
@tpp . This simply reflects the fact that increasingDpd
causes the holes to become more localized on the Cu site
shown by the increase in the Cu spin moments^Si

2& in Fig.
3~b!. For the same reason, for a fixed value ofDpd ,
2^Si•Sj& decreases with increasingtpp and vanishes for
tpp@Dpd . This decrease is due to the reduction of the lo
magnetic momentŝSi

2& on the Cu sites as the holes spre
further onto the O sites, as seen in Fig. 3~a!.

The low-energy properties of the spin degrees of freed
of the undopedd-p Hubbard model~1! can be mapped onto
an anisotropic Heisenberg ladder:

H5(̂
i j &

Ji j Si•Sj . ~5!

Here ^ i j & represent near-neighbor bonds along the legs
rungs of a two-leg ladder withJi j 5J' for the rungs andJi
for the legs. To estimate the parametersJ' andJi , we con-
sider the low-energy states of thed-p model for a Cu2LO5L
cluster (L32 Cu ladder!. Then by making a one-to-one co
respondence of the states of this system to theL32 Heisen-
berg ladder, we derive theJ' and Ji parameters of the an
isotropic Heisenberg Hamiltonian. These processes
performed for ladders of lengthL58, 12, and 16 with the
open boundary condition. We confirm that the low-lying sp
states of thed-p and Heisenberg clusters have the sa
quantum numbers and characters for all the three valuesL.
To make the mapping systematically with various syst
sizes, we extract the two lowest triplet excitation energi
Et15E0(Stot51)2E0(Stot50) and Et25E1(Stot51)
2E0(Stot50). Here,En(S5Stot) is the energy of thenth
excited state with total spinS. Then we determineJ' andJi
by fitting the excitation energiesEt1 and Et2 with results
obtained fromd-p clusters with the sameL. In this way, with
Dpd53 and tpp50.5, we find that J'50.06tpd
(;96 meV) andJi50.08tpd (;128 meV); both of which
are in a reasonable range as compared to experimenta
theoretical results.13,14,16

It is also interesting to examine the effect oftpp andDpd
on the effective exchange coupling anisotropy. From
nearest-neighbor Cu spin-spin correlation^Si•Sj& we define

R5
^Si•Sj& rung

^Si•Sj& leg
, ~6!

where we use an average of^Si•Sj& over the ladder. For a
Heisenberg ladder~5! with an exchange couplingJ' on the
rungs andJi on the legs,R versusJ' /Ji is shown in Fig.
6~a!. Various experimental and theoretical estimates13,14,16

suggest that values ofJ' /Ji ranging from 0.5 to 1.0 are
appropriate for two-leg CuO ladders. Figure 6~a! shows that

fi-

e

9-3



x-
am
r

r

ti

s
th
e

ist
re
i-
u
ll
e

su
C
th
a

a
en

n

e

the
f

go
hole
ctron
oes
ne

on-
ard
e

o-
Fig.

e,

u
go

er-

rage
r
ites
ike-
ent

est-

o
gs

tion
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this corresponds to values ofR varying from 0.6 to 1.2. The
ratio R obtained for our CuO ladder is shown versustpp and
Dpd in Figs. 6~b! and 6~c!, respectively. We see that the e
change coupling anisotropy is again consistent with par
eter valuesDpd'3 andtpp'0.5. In the absence of the oute
O sites, the anisotropy ratioR becomes significantly large
than the values shown in Figs. 6~b! and 6~c! for 0,tpp<1.
In the charge-transfer insulating phase, one finds an effec
exchange coupling ratioJ' /Ji.1 for realistic parameters, in
disagreement with most experimental and theoretical e
mates. Thus, it appears that it is important to include
outer O sites in order to obtain a qualitatively correct d
scription of two-leg CuO ladders.

The dependence of the charge and spin magnitude d
butions, the charge and spin gaps, and the spin-spin cor
tions on the parameterstpp andDpd can be understood qual
tatively. Fortpp*Dpd/2, the holes are delocalized on all C
and O sites and the undoped CuO ladder is in a meta
phase. ForDpd*2tpp , the holes tend to be localized on th
Cu sites and the undoped system is a charge-transfer in
tor. Low-energy spin excitations involve the holes on the
sites only. Thus, the spin degrees of freedom localized on
Cu sites lead to an effective two-leg spin ladder. Here,
noted, we are working in units wheretpd51, Ud58, and
Up53. We have seen that the magnitudes of the charge
spin gaps as well as the site charge densities, spin mom
and effective exchange couplings are consistent withDpd
53 andtpp50.5. We will now examine what happens whe
such a CuO ladder is doped with holes and electrons.

III. THE DOPED LADDER

Turning to the doped situation, we investigate the prop
ties of the model~1! with Dpd53, Ud58, Up53, and
tpp50.5 for various hole concentrations~per Cu atom!

FIG. 6. RatioR between nearest-neighbor spin correlations
rungs and legs:~a! For a two-leg Heisenberg ladder with 100 run
as a function ofJ' /Ji ; for an undoped CuO ladder with 832 Cu
sites~b! versustpp and ~c! versusDpd .
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x511N/(2L), whereN is the number of doped holes (N
.0, x.1) or doped electrons (N,0, x,1) in a ladder with
L32 Cu atoms. Results for the site occupations versus
doping are shown in Fig. 7~a!. Here, we see that the slope o
the hole occupation on the Cu site versusx changes atx
51. For electron doping, the electrons are more likely to
on the Cu site than are the holes when the system is
doped. For the parameters we have chosen, an added ele
goes about 80% onto a Cu site while an added hole g
about 90% onto the O sites. This is, of course, what o
would expect for a charge-transfer insulator. This is also c
sistent with Monte Carlo results for the three-band Hubb
model17,18 as well as our previous DMRG results for th
CuO ladder.9 The variation of the local squared spin m
ments on the different sites versus doping are shown in
7~b!. As discussed previously, in the charge-transfer regim
whereUd is large compared toDpd and Dpd is larger than
several timestpp , the spin moments are mainly on the C
sites. When the system is electron doped, the electrons
onto the Cu sites eliminating their moments. Thus, the av
age moment on the Cu sites depends uponx in the same way
as the Cu site occupation̂nCu&, and ^SCu

2 &/^nCu& remains
essentially constant, of order 0.7. The change in the ave
moment shown in Fig. 7~b! simply reflects the fact that fo
the electron-doped case, spin moments at individual Cu s
are removed when electrons are added to those sites. L
wise, for the hole-doped situation the average spin mom
on the Cu sites increases only slightly asx increases and a
few more Cu sites have holes.

In Fig. 8 we have plotted the average value of the near
neighbor Cu spin-spin correlations^Si•Sj& on the rungs and

n

FIG. 7. ~a! The hole densityn and ~b! the square of the spin
moment^Si

2& on the various types of sites of a ladder with 1632
Cu atoms as a function of fillingx: Cu sites~solid circles!, rung
O(py) sites ~up triangles!, leg O(px) sites ~down triangles!, and
outer O sites~squares!.

FIG. 8. The average nearest-neighbor Cu spin-spin correla
function ^Si•Sj& on the rungs~solid circles! and legs~open circles!
versusx calculated on ladders with 1632 Cu sites.
9-4
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DIFFERENCES BETWEEN HOLE AND ELECTRON . . . PHYSICAL REVIEW B66, 245109 ~2002!
legs versus doping. As electrons are doped onto the la
and spin moments are removed from the Cu sites, the m
nitude of thê Si•Sj& correlations decrease on both the run
and the legs. Similar results are observed for the near
neighbor spin-spin correlations in thet-J model on a two-leg
ladder as the hole concentration increases.

However, as holes are added to the CuO Hubbard mo
~1! andx increases, the rung spin-spin correlations decre
more rapidly than those along the legs. As we have seen
added holes tend to go onto the O sites, which frustrates19 or
screens the exchange coupling between the Cu spin
rough estimate of this can be seen by considering a Cu4O12
cluster with one hole or electron added. Calculating the lo
lying states of the cluster and comparing the excitation en
gies with a four-sitet-Jeff system, we find thatJeff /tpd is
50% smaller for the one-hole (x51.25) case relative to its
value for the one-electron (x50.75) case. Thus, in the hole
doped system, the effective exchange interaction between
spin moments on the Cu sites is weakened. Because
effective exchange is initially larger along the legs th
across the rungs, the rung correlations decrease more ra
than those along the legs. We note that the anisotropy in
reduction of the spin-spin correlations as a function of d
ing is much stronger than in at-J model on a two-leg ladder
even if one uses a strongly anisotropic exchange coup
J'ÞJi .

The average values of the nearest-neighbor Cu-O s
spin correlations increase rapidly with the number of holes
the ladder. For hole doping the appearance of strong nea
neighbor Cu-O spin correlations corresponds to the form
tion of a Zhang-Rice singlet20 in an isotropic two-
dimensional CuO2 lattice. In the two-leg CuO ladder
however, the strength of the Cu-O spin-spin correlation
pends on the type of the O site considered. Rung Cu-O s
spin correlations increase less rapidly than the other o
with increasing hole concentrationx. This confirms the
higher frustration of antiferromagnetic correlations in t
rung direction than in the leg direction when an addition
hole is placed between the two holes localized on near
neighbor Cu sites. Correspondingly, for hole doping the sp
spin correlation between a Cu site and its outer O site
creases faster than for the other nearest-neighbor
because of the absence of frustration for this type of O si

Turning next to the pairing correlations, we have calc
lated the Cu rung-rung pair field correlation function

D~, !5^D i 1,D i
†& ~7!

with

D i
†5di1↑

† di2↓
† 2di1↓

† di2↑
† . ~8!

Here,dils
† creates an electron of spins on the i th rung and

the l51 or 2 leg of the ladder. The pair field has
‘‘ d-wave-like’’ structure in the sense that the rung-leg Cu-
pair field correlation function has a negative sign while t
rung-rung or leg-leg pairing correlations are positive. W
have also examined other pair field correlation functions c
responding to pairs on diagonal Cu sites or pairs on O s
and found that they are either qualitatively similar to the
24510
er
g-
s
st-

el
se
he

A

-
r-

he
his

dly
he
-

g

n-
n
st-
-

-
n-
es

l
t-
-
-
es
s.
-

u

r-
s

rung-rung pair field correlations or decrease much fas
Some results for the rung-rung pair field correlation functi
D(,) versus, are shown in Fig. 9 for a ladder containin
3232 Cu sites. We have normalizedD(,) with respect to its
value at ,54. The pair field correlations in the undope
system decay rapidly~exponentially! with distance while, as
shown in the inset, the pair correlations when two electro
are added or removed exhibit an approximate power-law
cay. ~Qualitatively similar pair field correlation function
have been calculated in at-J two-leg ladder with two doped
holes.! While the decay of the normalized rung-rung pa
field correlations for the two-electron- and two-hole-dop
ladders are similar in the CuO Hubbard model~1!, the size of
the rung-rung Cu pairing correlations are a factor of 4 lar
for the electron-doped case relative to the hole-doped o
This reflects the fact that for electron doping the added c
riers go primarily onto the Cu sites, while for hole dopin
they go primarily onto the O sites. For higher doping (0.
<x<1.25) the Cu rung-rung pair field correlations are ve
similar to those shown in Fig. 9 for doped holes or electro

To determine whether doped holes or electrons fo
bound pairs, we have first calculated the binding energy
two doped holes and electrons. The pair binding energ
defined as

Dpb~L !52E0~61,L !2E0~62,L !2E0~0,L !, ~9!

whereE0(N,L) is the ground-state energy of a ladder wi
L32 Cu site andN12L holes. We could not extrapolat
Dpb(L) to theL→` limit because finite-size effects are to
irregular. However, we have found thatDpb(L→`) is cer-
tainly positive both for hole and electron doping. Therefo
we expect two doped holes or electrons to build a bound
in the CuO Hubbard ladder for the parameters we use h
As in our previous work,9 the binding energy of two doped
holes is of the order of the spin gap of the undoped ladd
For instance, for a 1632 Cu site ladder we have obtaine
Dpb'0.02tpd , to be compared with the spin gapDs(L
→`)50.03tpd . The binding energy of two electrons,Dpb
'0.04tpd , is also of the order of the spin gap in the undop
ladder but twice as large as the hole pair binding energy

FIG. 9. The Cu rung-rung pair field correlation functionD(,)
5^D i 1,D i

†& versus, for a 3232 Cu ladder. Here, we have nor
malizedD(,) to its value at,54. Circles, squares, and triangle
correspond to an undoped ladder, a ladder doped with two ho
and with two electrons, respectively. Inset: Same data~normalized
to their ,51 value! on a log-log scale. The lines have slope21/2,
21, and22.
9-5
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our previous investigation of the two-leg CuO ladder,9 we
found a vanishing pair binding energy for electron dopin
To understand this change we have calculated the pair b
ing energy as a function of the various model parameters
ladder with 832 Cu sites. It appears that the difference b
tween the present result and the previous one9 is due to the
nearest-neighbor O hoppingtpp . In fact, tpp.0 is necessary
to obtain a finite pair binding energy in the electron-dop
ladder. When the CuO model is reduced to a simple, o
band Hubbard model,tpp.0 leads to an effective next-nea
neighbor hoppingt8 that favors pairing when the system
electron doped.21 In addition, as previously discussed,tpp
.0 leads to an enhanced Cu-Cu effective exchange.

In order to have a more detailed picture of the differen
between the electron- and hole-doped pairs, we have in
tigated their internal structure. In at-J model or a spin-
fermion model, it is easy to measure correlations betw
doped charges because there are no other itinerant ch
~i.e., there are no charge fluctuations in the undoped syst!.
In the CuO Hubbard model~1!, however, bare electron
electron and hole-hole correlation functions give little info
mation about the correlations between two doped cha
because they are dominated by the quantum fluctuation
the other charges. Therefore, we have to project out
ground state of Eq.~1! onto a subspace with no charge flu
tuation. For that purpose we consider a perturbation exp
sion in tpd and tpp of the Hamiltonian~1! with Ud.Dpd
.0 andx close to 1. The ground state of the unperturba
Hamiltonian (tpd5tpp50) is degenerate. For electron do
ing, the ground state has at most one hole on each Cu
and no hole on any O site. The projection operator onto
ground-state subspace is

Pe5)
i

~12di↑
† di↑di↓

† di↓!)
j

~pj↑pj↑
† pj↓pj↓

† !. ~10!

For hole doping, there is exactly one hole on each Cu
and no doubly occupied O site in the ground state of
unperturbated Hamiltonian. The projection operator onto
ground-state subspace is

Ph5)
i

~Si↑
d 1Si↓

d !)
j

~12pj↑
† pj↑pj↓

† pj↓!, ~11!

where Sis
d 5dis

† disdi ,2sdi ,2s
† . Using perturbation theory

one could then derive effective Hamiltonians~a generalized
t-J model and a generalized spin-fermion model, resp
tively! in the subspace defined byPe and Ph , which ap-
proximately describe the low-energy properties of the C
model~1! in the regimetpd ,tpp!Dpd,Ud for electron dop-
ing and hole doping, respectively. Therefore, for the realis
parametersDpd53tpd56tpp , we calculate the ground stat
uc& of Eq. ~1! and then use the projected statesPeuc& and
Phuc& to determine the correlations between doped carr
~electrons or holes!.

Figure 10~a! shows the electron-electron correlation fun
tion
24510
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Ce
n~m!5

^cuPeEnEn1mPeuc&

^cuPeEnPeuc&
, ~12!

where En5dn↑dn↑
† dn↓dn↓

† , calculated in a ladder with 32
32 Cu atoms and two doped electrons.Ce

n(m) measures the
correlation between two added electrons on the Cu si
Note that the most probable arrangement for the two e
trons is on diagonal nearest-neighbor sites, which is sim
to what is seen int-J ladders. Results for the hole-doped ca
are shown in Fig. 10~b!. Here the hole-hole correlation func
tion is given by

Ch
n~m!5

K cUPh(
s

HnsHn1m,2sPhUcL
K cUPh(

s
HnsPhUcL , ~13!

where the operator

Hns5
1

4 (̂
n j&

pj s
† pj s ~14!

measures the probability of finding a hole in an O4 orbital
around the Cu site with indexn ~the sum runs over the fou
nearest-neighbor O sites of this Cu site!. We average the
density over four O sites around each Cu site becaus
doped hole is locked in a singlet state with another hole o
Cu site as in a CuO4 cluster~i.e., in a Zhang-Rice singlet20!.
This also facilitates the comparison with the electron-dop
case and thet-J two-leg ladder.Ch

n(m) measures the corre
lation between two added holes in O4 orbitals around differ-
ent Cu sites. Figure 10~b! shows that the most probable a
rangement for the holes is on diagonal next-nearest-neigh
O4 orbitals.

For larger distancem, both Ce
n(m) and Ch

n(m) decrease
approximately as exp(2umu/j) with correlation lengths~in
units of the distance between two Cu rungs! je'3.3 andjh
'2.9, respectively. Note that these correlation lengths c
not be interpreted as the pair size because the expone
decay sets in only form*je,h . The average distance be
tween doped carriers is given by

FIG. 10. The projected correlation functionsCe,h( l ) for ~a! the
Cu sites of a two-electron-doped ladder and~b! the O4 orbitals of a
two-hole doped ladder. The distancel is measured along the ladde
in units of the interval between two Cu rungs. Open and so
circles correspond to correlations between doped charges on
same leg and on different legs, respectively.
9-6
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m̄e,h5

(
m

umuCe,h~m!

(
m

Ce,h~m!

, ~15!

which yieldsm̄e'4.5 andm̄h'4.8 for the electron and hole
pair, respectively.

A more intuitive picture of the difference in the intern
pair structure between electron and hole doping is show
Fig. 11. Here, we show the probabilityCe(m) @Ch(m)# of
finding the second doped electron~hole! at a Cu site~in a O4
orbital! when the first doped electron~hole! is located on the
Cu site ~in the O4 orbital! marked by an open circle. Th
electron pair appears to be denser than the hole pair whic
qualitatively consistent with the larger binding energy~9!
calculated for the electron-doped case.

As we use open boundary conditions, the correlat
functionsCe,h

n (m) depend on the position~i.e., the indexn)
of the first doped carrier~electron or hole!. We have checked
the pair structure for different ladder sizes and at differ
positions on the ladder and have found significant variati
close to the ladder ends. In Fig. 11 we show the pair struc
in the middle of a ladder with 3232 Cu sites as finite-size
and boundary effects are minimal there. We believe t
structure to be representative of the pair structure in an
nite ladder.

As in the undoped ladder, the lowest triplet excitation
the doped ladder is gapped and involves only holes on the
sites. The spin gap~4! for the doped system versusx is
shown in Fig. 12. Here, we have extrapolated the spin
Ds(L) to L→` for fixed hole concentrationsx50, 61/8,
and 61/4 using numerical results for up toL532. For the
limit x→1 we have extrapolated the spin gapDs(L) to L
→` for the two-hole- and the two-electron-doped ladd
with up to L532. One sees that the value of the spin gap
thex→1 limit differs from thex51 undoped value. That is
the q5(p,p) magnon in the undoped system (x51) has a
gap of order 0.03, while in the doped system the spin gap

FIG. 11. A schematic view of the density-density correlatio
showing the structure of a pair in~a! an electron-doped ladder an
~b! a hole-doped ladder. Here, one carrier~doped electron or hole!
is located at the siten marked by an open circle~around the middle
of the ladder!. The radius of the solid circles is proportional to th
probability Ce

n(m) @Ch
n(m)# of finding the second doped electro

~hole! on that site. Only the central part of ladders with 3232 Cu
sites is shown.
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x→1 is of order 0.018. This behavior is similar to what h
been found previously in studies oft-t8-J ladders.22

An examination of the spin structure of theSz51 state
containing two doped electrons or holes shows that the s
and added carriers are spatially correlated. Thus, the spin
is set by the energy of a bound magnon-carrier pair.
instance, Fig. 13 shows the spin density~on the Cu sites! of
the Sz51 state with two doped carriers~electrons or holes!,
when these doped carriers are in the configuration with
highest probabilityCe,h(m) ~the pair structure of the triple
states is similar to that of the singlet states shown in Fig. 1!.
For electron doping, the spin structure shown in Fig. 13
very similar to that found int-t8-J two-leg ladders.22 For
hole doping, however, the spin structure is quite differe
which is only in part due to the difference in the carri
configuration. Even if we use the same carrier configurat
as for the electron-doped case~i.e., two doped carriers on
nearest-neighbor diagonal sites!, the spin structure of the
hole-doped system is different from that found in t
electron-doped system ort-J model. In particular, we note
that there is a small spin density on the Cu sites in the ce
of the O4 orbitals where the holes are located, which sho
that in the magnon-carrier pair, holes on Cu and O sites
no longer completely locked in a Zhang-Rice singlet.

IV. CONCLUSION

Using the density-matrix renormalization group, we ha
studied the structure of the charge, spin, and pairing corr

FIG. 12. TheL→` extrapolated spin gapDs versus hole con-
centrationx. The open squares denote hole doping while the
angles denote electron doping. The undopedx51 case is shown as
the open circle.

FIG. 13. A schematic view of a magnon in~a! an electron-doped
ladder and~b! a hole-doped ladder. Here, both doped carriers~elec-
trons or holes! are located at the positions~Cu sites or O4 orbitals!
marked by open circles around the middle of a ladder with 1632
and 2532 Cu sites, respectively. The length of the arrows is p
portional to the spin density on the corresponding Cu site.
9-7
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tions for a Hubbard-like model of a two-leg CuO ladder. Th
model allowed us to examine the differences between e
tron and hole doping that occur in a charge-transfer insula
For the undoped ladder, where there is one hole per Cu
found that parameters obtained from electronic-struct
downfolding calculations10,11 lead to reasonable charge an
spin gaps. A typical parameter set in units of the Cu-O h
ping tpd were a near-neighbor oxygen-oxygen hoppingtpp
50.5, an oxygen-copper site energy differenceDpd53, and
on-site Cu and O Coulomb repulsionsUd58 and Up53,
respectively. With these parameters, the charge gap is d
mined primarily byDpd rather thanUd and the spin gap is
set by the effective Cu-Cu exchange. We have found that
O-O hoppingtpp plays a significant role in giving a larg
effective Cu-Cu exchange interaction.

For the undoped ladder, we found that the holes w
distributed'70% on the Cu sites and 30% on the O sit
The large on-site Coulomb interaction on the Cu site lead
the spin moment being dominantly on the Cu site. Basica
if the hole is on a Cu site, the square of the spin mom
~0.7! has nearly its full value of 3/4. When electrons a
added, they go primarily onto the Cu sites~of order 80% of
the added charge goes onto the Cu sites!. This is seen in both
the decrease in the average Cu site hole occupation an
decrease in the average spin moment. Note that the dec
in the spin moment simply reflects the fact that there
fewer Cu21 sites in the electron-doped system. Alternative
when holes are added~electrons are removed!, they go pri-
marily onto the O sites~of order 20% of the holes go ont
the Cu with 80% going onto the surrounding O sites!. This
leaves the local spin moments on the Cu sites.

Thus, the undoped CuO ladder is a spin-gapped insul
with a charge gap set by the oxygen-copper site energy
ference. Magnetically the undoped ladder is essentiall
Heisenberg ladder made up of hole spins localized on the
sites. When the ladder is electron doped, some of the h
~and spins! on the Cu sites are removed and pairing corre
tions develop. Because the doped electrons go primarily o
the Cu sites, the electron-doped system is closer to the
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band Hubbard ort-J models. When the ladder is hole dope
the holes go dominantly onto the O sites leading to a lo
density gas of fermions delocalized over the O-site latt
and interacting by spin exchange with the localized spins
the Cu sites. The local magnetic moments remain essent
unchanged on the Cu sites, but the O holes frustrate
exchange coupling between the spins on the Cu sites.

This local, strong-coupling picture focuses on the diffe
ences between the electron- and hole-doped ladders. Ne
theless, on low-energy scales, the spin gap and pairing
relations of the electron- and hole-doped systems are q
similar. Both exhibitd-wave-like power-law pairing correla
tions in which the pair field Cu-Cu rung-leg correlations a
negative. The spin gap for both dopings is associated wi
bound magnon pair. However, the internal structure of
pairs differ for electron and hole doping.

We expect to observequalitativelysimilar results in other
doped CuO charge-transfer insulators. In particular, the
ferences in the charge and magnetic properties and the i
nal structure of pairs for hole and electron doping are pr
ably found in two-dimensional cuprate systems~high-TC
superconductors! too. Although, the parameters used in th
work are also realistic for the two-dimensional cuprate s
tems, ourquantitativeresults for two-leg ladders should no
be generalized to these systems. Our calculations show
quantitative results for ladders depend significantly on
detail of the CuO lattice geometry, such as the presenc
absence of the outer O sites, and thus could be very diffe
for a two-dimensional lattice. Therefore, to explain quanti
tively the experimentally observed differences between ho
and electron-doped layered cuprates, one should carry
numerical calculations for two-dimensional lattices.
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