
0

PHYSICAL REVIEW B 66, 235424 ~2002!
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Recent high-temperature studies of Raman-active modes in single-walled carbon nanotube~SWNT! bundles
report a softening of the radial and tangential band frequencies with increasing sample temperature. A few
speculations have been proposed in the past to explain the origin of these frequency downshifts. In the present
study, based on experimental data and the results of molecular dynamics simulations, we estimate the contri-
butions from three factors that may be responsible for the observed temperature dependence of the radial
breathing mode frequency@vRBM(T)#. These factors include thermal expansion of individual SWNTs in the
radial direction, softening of the C-C~intratubular! bonds, and softening of the van der Waals intertubular
interactions in SWNT bundles. Based on our analysis, we find that the first factor plays a minor role due to the
very small value of the radial thermal expansion coefficient of SWNTs. On the contrary, the temperature-
induced softening of the intra- and intertubular bonds contributes significantly to the temperature-dependent
shift of vRBM(T). For nanotubes with diameters (d)>1.34 nm, the contribution due to the radial thermal
expansion is<4% over the temperature range used in this study. Interestingly, this contribution increases to
>10% in the case of nanotubes havingd<0.89 nm due to the relatively larger curvature of these nanotubes.
The contributions from the softening of the intra- and intertubular bonds are approximately equal. These two
factors together contribute a total of about;95% and 90%, respectively, for SWNTs havingd>1.34 nm and
<0.89 nm.

DOI: 10.1103/PhysRevB.66.235424 PACS number~s!: 78.66.Tr, 61.48.1c
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I. INTRODUCTION

The temperature dependence of the Raman spectra of
mond, graphite, and carbon nanotubes has been rep
earlier.1–7 The shift in the Raman peak in diamond a
graphite is due to a change in the elastic modulus, which
occur from changes in the interatomic distance due to th
mal expansion~a volume effect! and a softening of the
modulus due to the increase in temperature~temperature ef-
fect!. Single-crystal graphite, or the closely related prist
highly oriented pyrolytic graphite~HOPG!, has a high ther-
mal conductivity; there is also no significant in-plane therm
expansion, and a small downshift in the Raman frequen
with increasing temperature is observed.1 The temperature
dependence of the Raman frequencies of pristine HOP
attributed to a pure temperature effect;(dv/dT)v by Tan
et al.1 In fact, in case of graphite, there is a negative therm
expansion. For polycrystalline or ion-implanted graphite,
structural disorder due to the presence of defects and im
rities causes a reduction in thermal conductivity. The o
served downshift in the C-C bond stretching Raman f
quency is large and arises due to both the volume
temperature effects. The same is true for diamond.2 Also, in
the case of carbon nanotubes, there are a few specula
about the cause of the temperature dependence of the R
spectra, attributing this to the stretching of carbon-carb
bonds, defects, and disorder in these materials as well a
the van der Waals interactions between nanotubes in
bundles.4,5,7 However, to the best of our knowledge, no d
0163-1829/2002/66~23!/235424~9!/$20.00 66 2354
ia-
ted

n
r-

l
es

is

l
e
u-
-
-
d

ns
an

n
to

he

tailed theoretical or experimental basis has been provide
support these speculations.

In graphite and carbon nanotubes, theG-band Raman vi-
brational modes (E2g-derived modes! are present due to th
in-plane vibrational movement of carbon atoms, which
volves a combination of stretching and bending of t
carbon-carbon ~C-C! bonds.8–10 The disorder-induced
D-band Raman vibrational mode (A1g), which is a highly
dispersive spectral feature,8–10 is also present in these mate
rials due to the collective in-plane vibrational movement
atoms towards and away from the center of the hexag
formed by the covalently (sp2) bonded carbon atoms.11

Therefore, theD-band mode involves stretching and bendi
of C-C bonds.11 The radial breathing mode is a unique fe
ture in the Raman spectrum of single-walled carbon na
tubes~SWNTs! and involves a collective vibrational move
ment of the carbon atoms towards and away from the cen
axis of a SWNT.12 The radial breathing mode oscillations a
associated with a periodicity imposed on a graphene shee
wrapping it into a finite-size~small diameter! tube. Conse-
quently, the associated radial breathing mode~RBM! wave-
length and frequency are directly related to the perimete
the nanotube. Based on this relationship, as the diamete
the nanotube increases, the RBM frequency (vRBM) shifts to
lower wave numbers.12 For larger and, particularly, multi-
walled tubes, the RBM frequency becomes very small~pro-
portional to the inverse of tube diameter12! and, at the same
time, the intensity of the radial breathing mode decreases
ultimately becomes undetectable by Raman spectrosc
©2002 The American Physical Society24-1
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measurements. In this context, a flat graphene sheet ca
considered as an infinite diameter tube for which the ra
breathing mode rigorously disappears. The schematic
Figs. 1~a!–1~c! show theG-band,D-band vibrational modes
and the RBM’s in SWNTs respectively.

The RBM frequency (vRBM) shows a strong dependenc
on the SWNT diameter.13 Also, vRBM shifts to higher wave
numbers when SWNTs are close packed into bundles
effect associated with van der Waals forces, acting betw
nanotubes in a bundle.13 In addition to the above-mentione
factors, the RBM frequency (vRBM) of SWNTs depends
upon the strength of carbon-carbon interatomic force c
stants. The latter effect has typically not been explored m
in the case of nanotubes.

In this paper, from a systematic analysis of the tempe
ture dependence ofvRBM , we estimate the contribution

FIG. 1. Raman vibration modes in carbon nanotubes: An
plane hexagon formed by carbon atoms is shown in~a! and~b!. The
arrows in all three figures show the direction of the vibration
motion of carbon atoms.~a! G-band (E2g) mode ~common to
graphite!. ~b! D-band mode~common to disordered carbons an
polycrystalline graphite!. ~c! RBM mode ~unique to SWNTs,
fullerenes!.
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from each of these three factors in SWNT bundles. In ad
tion to vRBM , we measure the temperature dependence
the high-frequency modes associated with stretching
bending of C-C bonds, allowing us to evaluate the tempe
ture dependence of C-C force constants. In Sec. II, the
periments are discussed, in which we measured the temp
ture dependence of the Raman spectra of SWNT bundle
Sec. III, we present the results from the molecular dynam
simulations of the thermal expansion of individual SWNTs
the radial direction. This study demonstrates that, while
corresponding coefficient of thermal expansion is very sm
consistent with the results of a recent x-ray diffracti
study,14 the elastic constants exhibit significant softeni
with increasing temperature, due to the stretching and be
ing of C-C bonds. In Sec. IV, we present a quantitative ana
sis of the role of the various factors contributing to the te
perature dependence ofvRBM . Based on this analysis, w
conclude that the softening of the C-C force constants i
SWNT and the van der Waals forces acting between SWN
in bundles are predominantly responsible for t
temperature-induced downshift invRBM . Our results on the
contribution from the relaxation of the van der Waals inte
actions between SWNTs in bundles to the temperature
pendence ofvRBM are consistent with those discussed ear
by Thomsenet al.7

II. EXPERIMENTAL AND RESULTS

The SWNT, approximately 94 at. % pure, synthesized
the High Pressure Carbon Monoxide~HiPco! process,15 were
purchased from Carbon Nano-technologies, Inc. The SWN
were used for the present analysis without any further p
fication. A programmable hot-stage THMS 600, purchas
from Linkam Scientific Instruments Ltd., was used forin situ
heating and cooling of the SWNTs. The SWNT powder w
lightly hand pressed into a pellet. The pellet was placed i
small quartz crucible, which was kept on a silver holder
side the hot stage. It was then heated and cooled in the
stage, in flowing argon gas near atmospheric pressure, f
299 to 773 K. The samples were heated and cooled a
K/min, and Raman spectra were taken during heating
cooling cycles at the following temperatures: 299, 37
473, 573, 673, and 773 K. The sample was held at eac
these temperatures for 10 min while Raman spectra w
taken. At each temperature the spectra were taken at
different, randomly chosen locations on the sample.

Raman spectra were collected with a Renishaw S2
Raman spectroscope using an argon-ion laser~514 nm! at a
laser power of 2.5 mW with three data accumulations an
detector data acquisition time of;10 s. A power density of
33105 W/cm2 was used in our experiments, and the las
heating effects at these power levels were found to be m
mal. The RBM peaks, the high-frequency graphitic in-pla
stretching mode~G-band! peak, and the disorder-induce
mode~D-band! peak were monitored. The Raman peak p
sitions at various temperatures were determined by a p
fitting procedure that used standard software and a mi
Gaussian-Lorentzian function for the peak shape.
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Figures 2~a! and 2~b! show a typical Raman spectrum o
our SWNT sample taken at room temperature. The t
prominent peaks with a peak position of;182 and 264 cm21

in Fig. 2~a! are the two RBM peaks which have been co
sidered in the present analysis. The two peaks from Fig.~b!
at peak positions;1592 and 1332 cm21 belong to theG
band (vG1) ~Refs. 10 and 12! andD band, respectively, and
are considered in the present analysis. Figures 3~a!–3~d!
show a reversible linear shift with temperature of the t
RBM frequencies, an in-plane graphitic mode~G–band! fre-
quency and the disorder-induced mode~D-band! frequency.
The two RBM peaks, with a peak position of'182 and 264
cm21 at room temperature, which we refer to asv182 and
v264, correspond to the tube diameters of approximat
1.34 and 0.89 nm, respectively. These diameters are ca
lated using the relationship betweenvRBM and tube diamete
for SWNT bundles.13 Our values of (dv/dT) of the RBM
and G-band frequencies of SWNTs, based on the slopes
the lines in Figs. 3~a! and 3~c!, are somewhat lower than th
corresponding reported values.5 This difference maybe be
cause our HiPco-SWNT samples were not purified and w
used as received, whereas the samples in Ref. 5 were pu
and, hence, possibly might have undergone some chem
treatment, thereby. Thus our samples contained metallic
purities which maybe one of the factors contributing to t
difference in the temperature dependence between our
and that reported in Ref. 5. However, our results were rep
ducible, along with a good data fit and a low scatter in
data, showing high correlation coefficients (R2) of more than
;0.93. Therefore, these values@from Figs. 3~a!–3~c!#, along

FIG. 2. Standard room-temperature Raman spectrum of
received HiPco SWNTs taken atElaser52.41 eV. ~a! Raman spec-
trum showing RBM peaks.~b! Raman spectrum showingG-band
andD-band peaks.
23542
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FIG. 3. Temperature dependence of Raman frequencies
SWNT plotted as wave number~cm21! vs temperature~K!. ~a!
Temperature dependence ofv182 RBM frequency.~b! Temperature
dependence ofv264 RBM frequency.~c! Temperature dependenc
of G-band (E2g) frequency.~d! Temperature dependence ofD-band
frequency.
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with the values obtained from the more scattered data of
D-band peak@Fig. 3~d!#, are used in the analysis presented
Sec. IV. In the same way as described above, we also plo
the temperature dependence of the peaks at 1565 c21

(vG2 for semi conducting tubes! ~Refs. 10 and 12! and
1525 cm21 (vG2 for metallic tubes! ~Refs. 10 and 12! wave
numbers, and their temperature dependence in term
dv/dT was obtained from the slopes of the~linear! plots to
be about20.0238 and20.0226 cm21/K, respectively. The
temperature dependence of theG-band (vG1) and D-band
modes@Figs. 3~c! and 3~d!# are used below to evaluate th
softening of the C-C force constants with temperature.

In order to obtain a measure of the relative change
vRBM , we define the temperature coefficient of the RB
frequency, asav5@(dv/dT)/v(T5300 K)#. It is obtained
from the slope of the plot ofv (N) vs T ~Fig. 4!, wherev (N)
is the normalized RBM frequency obtained by dividingv(T)
at any temperature~Fig. 3! by the room-temperaturev(T
5300 K). Such a coefficient forv182 can be calculated from
the slope of thev182(N) vs T plot in Fig. 4 and is found to be
a182>2.4831025/K. This value represents the combined e
fect of all the factors responsible for the relative shift
vRBM with temperature. Similarly, the temperature coe
cient forv264 can be calculated from the slope of thev264(N)
vs T plot in Fig. 4 and is found to bea264>3.4131025/K.
Although in the present analysis we do not take into acco
the effect of the tube chirality, we think that the nanotubes
the present analysis are a mixture of semiconducting
metallic tubes based on the line shape of the tangen
band.16,17

III. MOLECULAR DYNAMICS SIMULATIONS

To provide a better understanding and explanation of
experimental data described in the previous section an
assess the role of the radial thermal expansion of SWNT
the temperature-induced downshift ofvRBM , we performed

FIG. 4. v (N) vs temperature:v (N) is the normalized RBM
frequency5v(T)/v(300 K), which is obtained from Fig. 3 by nor
malizing the RBM frequencies at different temperatures, with
spect to the respective room-temperature RBM frequency. In
plot are shownv182(N) vs temperature andv264(N) vs temperature,
which are the normalized frequencies obtained from the data
Figs. 3~a! and 3~b!, respectively.
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a series of molecular dynamics~MD! simulations of indi-
vidual SWNTs with various diameters.

We used an empirical bond order potential due
Tersoff,18 capable of describing bothsp2 and sp3 carbon-
carbon bonding and reproducing well the elastic proper
of diamond and in-plane graphite as well as the phonon sp
tra of diamond. As an alternative to the Tersoff potential,
could have used the Tersoff-Brenner potential, which p
vides a more accurate description of the carbon-ba
systems.19 However, a real shortcoming of the Tersoff pote
tial is associated with problems involving chemical rea
tions, i.e., bond breaking and bond forming or systems w
mixed (sp2,sp3) bonding. In that case, the use of th
Tersoff-Brenner potential is imperative. In our modelin
studies we only analyze thermomechanical properties
sp2-bonded carbon nanotubes with no changes in th
chemistry. For these types of problems, both the Tersoff
Tersoff-Brenner potentials are equally accurate. As a ma
of fact, even the empirical force constant models involvi
just springs connecting atoms provide a faithful descript
of the radial breathing mode.20 Throughout the analysis, we
used a MD simulations stepDt51.7310216 s, which con-
serves the energy to five significant figures over 10 000Dt in
a microcanonical simulation ensemble.

We first studied the thermal expansion of individual~not
bundled! ~5,5! and~10,10! SWNTs having diameters of 0.7
and 1.40 nm, respectively. In order to mimic the high-asp
ratio of SWNTs we used periodic boundary conditions in t
axial direction. A constant-stress algorithm was applied
the axial direction, allowing the tube to expand or contract
order to maintain zero internal pressure. Furthermore,
used a velocity-rescaling algorithm to maintain constant te
perature, and the data at each temperature were obtaine
the averages over 100 000 MD simulations steps, procee
by 50 000 equilibration steps. The thermal expansion dat
the axial direction were simply obtained by monitoring t
time-averaged length of the periodic simulation box. T
data on the radial thermal expansion were obtained by m
toring the average~over all atoms and time! atomic distance
from the tube center axis. As mentioned above, the diam
of ~10, 10! tubes used in our MD simulations is (d)
;1.40 nm. The diameter of our HiPco SWNTs, as obtain
experimentally from the 182-cm21 Raman peak, isd
;1.34 nm. The diameter of the SWNTs used by the auth
in Ref. 14, ranges from (d);1.36 to 1.40 nm. All of these
diameters mentioned above are approximately equal. He
we can compare the thermal expansion results of our si
lations to the thermal expansion results of Ref. 14 as d
cussed below. This comparison is approximate because
purely based on the similarity of diameters of nanotubes
the nanotube helicity is not considered here.

These data on the calculated axial and radial thermal
pansion for~5,5! and~10,10! nanotubes are shown in Fig. 5
For both tubes, the radial thermal expansion coeffici
a r (theoretical) is smaller than the axial thermal expansion co
ficient aa(theoretical), signifying the effect of curvature on th
thermal expansion properties. The calculated values
a r (theoretical) are 0.3531025/K and 0.0831025/K for ~5,5!
and ~10,10! SWNTs, respectively. The corresponding calc
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lated values for the axial thermal expansionaa(theoretical) are
0.3931025/K and 0.2431025/K. These results are consis
tent with the results from recent x-ray diffraction studies14 of
d;1.34 nm diameter SWNTs. In particular, the radial th
mal expansion coefficient14 (a r>20.1560.231025/K)
was observed to be slightly smaller than the ax
expansion14 (aa>060.131025/K). Another effect of the
curvature is the fact that the smaller diameter tubes gene
are predicted to exhibit a largera r andaa than larger diam-
eter tubes. As the diameter of a nanotube becomes large
larger, the thermal expansion coefficients become sma
and smaller and more negative, approachingaa of
graphite,21 ;21.331025/K.

The above-mentioned simulation results and the res
from published x-ray diffraction experiments demonstr
that the thermal expansion of SWNTs, particularly in t
radial direction, is extremely small and thus will have a m
nor effect on the change in radial breathing mode freque
with temperature.

At first sight these small thermal expansion coefficie
might be thought to also imply that the temperatu
dependent change in the C-C bond length and bond ang
also very small. In such a case, the effective C-C bond s

FIG. 5. Thermal expansion of the C-C bond length and of~5,5!
and~10,10! SWNTs in the radial and axial directions obtained usi
molecular dynamics simulations. The schematic above the fig
depicts how bond bending leads to the contraction of the end-to
distance. This effect competes with the thermal expansion of
C-C bond length in determining the overall thermal expansion.
23542
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ness~spring constant! should also remain constant. This co
jecture originates from a simple model in which the bo
energy is described by a harmonic spring and a small an
monic term.2,22 The anharmonic term is responsible for bo
the thermal expansion of the bond length and the lowering
the bond stiffness.

In order to elucidate the above-described issue in our M
simulations, we monitored directly the average~over all C-C
bonds and simulation times! length of the C-C bond as a
function of temperature. The data in Fig. 5 show that the C
bond length expands at a much higher rate than the ra
and axial tube dimensions; the thermal expansion coeffic
associated with the change in C-C bond length isaCC57.1
60.231026/K. This result illustrates that the
anharmonicity-related bond-stretching effect is not the o
one that controls the radial and axial thermal expansion
havior. This rather surprising result is associated with the f
that while, with increased temperature, the C-C bond len
increases, the amplitude of the out-of-plane atomic vib
tions also increases. As depicted in the schematic diagram
the top of Fig. 5, these out-of-plane vibrations tend to co
tract the tube. It is the competition between the bon
stretching-related expansion and the out-of-plane bo
bending-related contraction that determines the overall ra
and axial thermal expansion of SWNTs~Fig. 5!. It turns out
that for SWNTs, as is the case for the graphite in-plane
pansion, bond-stretching and bond-bending effects alm
cancel each other out, leading to very low and, in fact, ne
tive thermal expansion coefficients.

Now we turn our attention to directly simulate the rad
breathing mode. To achieve this, we first equilibrated a~10,
10! nanotube~with a diameter of;1.40 nm at constant tem
perature! and then suddenly increased the radial displa
ment of all C atoms by 0.5%. At this instant we switched
a constant-energy simulation algorithm, where atoms evo
freely according to Newton’s equation of motion, with n
perturbations associated with the thermostat. Then we m
tored the average value of the tube radius as a function
time. Finally, to connect more directly with the experime
on the temperature dependence of the Raman spectra
performed a Fourier transformS(vN) of the time-dependen
tube radius.

The results obtained in the above-described procedure
several temperatures are shown in Fig. 6. The data are
malized such that the peak position atT5300 K ~corre-
sponding to room temperature! is normalized to unity and
vN5v(T)/v(T5300 K). Figure 6 clearly shows that th
peak position shifts to lowervN with increasing temperature
as is also observed in the experiment. Further quantita
analysis reveals that the temperature coefficient ofdvN /dT
is of the order of2531025/K and negative in sign. This
calculated value is much larger than the corresponding
perimental value ofa182522.4731025/K, but of the cor-
rect sign. The fact that the relative change inv is signifi-
cantly larger in the simulation than in experiment is n
surprising considering that we use an empirical interatom
potential, which was not fitted with respect to anharmo
properties. Also, in the classical MD simulations, all of th
vibrational modes~phonons! are excited at all temperature
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whereas in the experiment, quantization of the energy le
freezes out high-energy~frequency! modes at low tempera
tures.

In view of the above-presented results, we conclude
only a small part of the temperature dependence of the
quency change of the radial breathing mode can be attrib
to the very small change in the tube diameter. In turn,
only possible factor capable of explaining the change of
RBM frequency is the temperature change of the C-C b
force constant~tube bundling effects are not present in o
simulations, since we only consider individual tubes!. We
will discuss this issue in detail in the next section.

In order to illustrate the temperature effect of the for
constant change more directly, we present in Fig. 7 the t
perature dependence of Young’s modulus calculated from
stress-strain curves obtained in the MD simulations of~10,
10! tubes. Also, analogous to the previous analysis, we n
malize the calculated Young’s modulus by its correspond
value atT5300 K. The temperature-dependent relaxation
the elastic modulus of various materials has been dem
strated earlier, where it was shown that the modulus
creases linearly with increasing temperature.23–25 Figure 7

FIG. 6. Fourier transformS(vN) of the amplitude of the radia
breathing mode of the model~10,10! carbon nanotube obtaine
in MD simulations forT51, 300, and 500 K. The frequency i
normalized such that the peak position is atT5300 K occurs at
vN51.

FIG. 7. Young’s modulus normalized by its value atT
5300 K, for the~10, 10! carbon nanotube.
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illustrates that the calculated~normalized! Young’s modulus
of nanotubes decreases with increasing temperature; the
sociated temperature coefficient@dY(T)/dT#/Y(T5300 K)
is equal to;2731025/K, which is of similar order to the
simulated temperature coefficient ofvRBM . This provides
further evidence that the temperature-dependent softenin
the C-C bond stiffness and the related elastic properties
an important role in the temperature change ofvRBM . In
contrast, the diameter change associated with the the
expansion of the lattice plays only a secondary role.

IV. THEORETICAL ANALYSIS AND DISCUSSION

Having discussed the relative temperature-dependen
fects of the thermal expansion of the nanotube diameter
of the relaxation of the interatomic force constants on
temperature-dependent shift of thevRBM of SWNTs, we now
attempt to obtain a theoretical understanding and quantifi
tion of the relative contributions of these effects.

We start with a formulation of a model representing bo
the strong covalent C-C bonds within each tube and the w
van der Waals forces acting between the tubes. The weak
der Waals forces lead to a bundling of the SWNTs into clo
packed structures that form a triangular lattice.5,14,15 The
model, as depicted in Fig. 8, involves an effective intratub
lar spring constantkintra representing the net force exerted o
a carbon atom from all the other atoms in the SWNT. T
model also involves an effective intertubular spring const
kinter representing the interactions between tubes in
bundle.

FIG. 8. Spring model for adjacent tubes inside a SWNT bund
The intertube spring is a function of the weak van der Waals in
actions between two SWNTs. The intratube spring is a function
~1! mainly, the interatomic~carbon-carbon! bonds of a SWNT and
~2! the diameter of the SWNT (K intraspring.K interspring). ~R! is the
radius of the SWNT, measured as the distance between the cen
mass of the tube and the tube wall;~a! is the distance between th
tube walls.
4-6
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As depicted in the schematic in Fig. 8, the forces fro
these two springs both contribute to the RBM frequen
ThusvRBM can be expressed in terms of the frequencies
these two springs as

vRBM5Av intra
2 1v inter

2 . ~1!

Consequently, the temperature dependence ofvRBM can be
expressed in terms of the temperature dependence of the
quencies of these two springs, as follows:

dvRBM

dT
5

]vRBM

]v intra

dv intra

dT
1

]vRBM

]v inter

dv inter

dT
. ~2!

Finding partial derivatives with the use of Eq.~1! yields

dvRBM

dT
5

v intra

vRBM

dv intra

dT
1

v inter

vRBM

dv inter

dT
. ~3!

In order to illustrate the magnitude ofv intra andv inter, we
use the experimental data13 for d;1.34 nm tubes, stating
that thevRBM5182 cm21 involving tubes in a bundle is 14
wave numbers higher than the RBM frequency of separa
tubes, v intra5168 cm21. Using Eq. ~1! one gets v inter
'70 cm21.

First, let us discuss the temperature depende
@dv intra/dT#. Sincev intra represents the frequency of vibra
tion of a cylinder in the RBM mode, it really depends on t
stiffness of the C-C bonds and on the tube diameterd. A
simple vibrational analysis yields22

v intra5A
AkCC

d
, ~4!

where kCC is the spring constant associated with the C
bond and is a function of the in-plane C-C bond-stretch
force constant~K! and the bond-bending force constant~H!,
andA is a proportionality constant. Therefore, the tempe
ture dependence ofv intra will be a function of the tempera
ture dependence of the interatomic force constants and
change in tube diameter due to thermal expansion. It ca
quantified in a form analogous to Eq.~2! as

dv intra

dT
5

]v intra

]d

dd

dT
1

]v intra

]kCC

dkCC

dT
. ~5!

The first term in the above equation is related to the th
mal expansion of a SWNT in the radial direction and,
combining Eqs.~4! and ~5!, gives

]v intra

]d

dd

dT
52v intraa r , ~6!

wherea r51/d dd/dT is the radial thermal expansion coe
ficient. Inserting Eq.~6! into Eq. ~5! and then Eq.~5! into
Eqs.~2! and~3!, the contribution todvRBM /dT @see Eq.~2!#
from the nanotube diameter change can be expressed a

]vRBM

]v intra

]v intra

]d

dd

dT
5

v intra

vRBM
v intraa r . ~7!
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The contribution described by the above equation is sm
due to the small value of theua r u<231026/K. For example,
in the case ofv182, the contribution from the change in th
tube diameter~obtained by usingvRBM5182 cm21, v intra
5168 cm21, a r;131026/K from the x-ray diffraction
studies14! is at the most;4% of the total observed chang
dvRBM /dT when the value obtained using Eq.~7! is com-
pared with the slope of the line in Fig. 3~a!.

In order to evaluate the effect of the temperature dep
dence ofdvRBM /dT associated with the intratubular intera
tions, the second term in Eq.~5! needs to be evaluated. W
first rewrite the formula given by Eq.~4! in terms of the
elastic moduli and the mass density of the graphite refere
material, given by26

v intra5
1

pcdAr
AC11

2 2C12
2

C11
, ~8!

wherer is the density of graphite,C11 and C12 are the in-
plane elastic moduli, andc is the speed of light in cm/s
which converts the Raman wave number expressed in c21

units to the frequency expressed in s21 units.C11 andC12 are
related to the C-C bond-stretching force constant~K! and
bond-bending force constant~H! through the following rela-
tionships, originally given for graphite27 and used by us for
the SWNT as a reasonable approximation:

C115Kr 0
2N0

K118H

2K112H
, C125Kr 0

2N0

K26H

2K112H
. ~9!

In the above equations,r 0 is the interatomic C-C distanc
~;1.42 Å!,27 and N0 is the atomic number density (N0
;1.1431023 atoms/cm3).27 The in-plane force constantsK
andH can be obtained from theG-band~;1592 cm21! and
D-band ~;1332 cm21! frequencies according to th
relationships11

f ~D band!5A3K

mC
, f ~G band!5A3K118H

mC
.

~10!

In the above relationships,mC is the mass of a carbon atom
f is the frequency of vibration52pcv, wherev is the wave
number measured from the Raman spectrum, andc is the
speed of light, which, as discussed above, converts thev into
cm21 units to f into s21 units. It is known that theD band is
highly dispersive; its frequency changes when the laser
ergy changes. However, since the laser energy is 2.41
throughout our experiment, theD-band shift measured in thi
work does not take dispersion into account and can be
lated only to the temperature-dependent relaxation of
spring constants at constantElaser>2.41 eV. We expect the
temperature dependence of the dispersion]2v/]Elaser]T to
be a second-order effect.

Now we can express the contribution todvRBM /dT due
to the changes in C-C force constants associated with
second term in Eq.~5!, in terms of (dK/dT) and (dH/dT)
obtained from the measuredD- and G-band Raman peak
and Eq.~9! ~see Fig. 9!. Using familiar derivative equalities
4-7



m

g
th
el
-

ce
e

r

E
he
N

of

can

an-

n-
c-

for
te

ent

t

to

of
ng

tu-
the
ult

ate
r di-
-
of

the
di-
ma-
r-

he
ns.
ely
our
he-

n
te
K

in
ing

RARAVIKAR et al. PHYSICAL REVIEW B 66, 235424 ~2002!
the contribution of the C-C force constants to thedvRBM /dT
given by Eq.~3! is evaluated as

]vRBM

]v intra
F]v intra~K,H !

]K

dK

dT
1

] intra~K,H !

]H

dH

dTG , ~11!

where the values ofK and H, as well as (dK/dT) and
(dH/dT), can be obtained from Figs. 9~a! and 9~b!, and the
partial derivatives can be obtained analytically, in turn, fro
Eqs.~1!, ~8!, and~9!.

In contrast to the contribution from the diameter chan
due to thermal expansion, the contribution arising from
softening of the C-C bonds is significant due to the relativ
large changes in theK andH force constants with tempera
ture. Equation~11!, applied forv182, leads to the evaluation
of the contribution from the change in the intratubular for
constant, equal to;50% of the total observed chang
dvRBM /dT.

Now we discuss the contribution from the temperatu
dependence of the frequency,v inter, due to softening of the
intertube spring and corresponding to the second term in
~2!. An estimate of this contribution can be obtained for t
relationship between the thermal expansion of SW

FIG. 9. Temperature dependence of interatomic force consta
Each data point is an average of the data points taken at each
perature, while heating and cooling the sample from 299 to 773
These data points are derived from those in Figs. 3~c! and 3~d! and
using Eq. ~10!. ~a! Temperature dependence of bond-stretch
force constant~K!. ~b! Temperature dependence of bond-bend
force constant~H!.
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bundles and the temperature dependence ofv inter, since both
effects, in this case, are controlled by the anharmonicity
the intertubular interactions.

For isotropic solids, the above-discussed relationship
be written in the following form2

v inter~T!5v inter~TR!expS 23gE
TR

T

a~T!dTD , ~12!

whereg is the Grüneisen constant andTR is room tempera-
ture. The Gru¨neisen constant is related to the thermal exp
sion coefficient via22,28

g5
aV

xCV
, ~13!

whereV is the molar volume,x is the bulk compressibility,
andCV is the heat capacity.

SWNT bundles exhibit a large thermal expansion, co
trolled by the weak intertube forces, but only in the dire
tions perpendicular to the tube axis. Therefore, Eqs.~12! and
~13! are not strictly applicable, since they were derived
isotropic solids. However, they still provide a good estima
for the behavior of SWNT bundles.

Considering that the argument of the exponent in Eq.~12!
is much smaller than unity, by first expanding the expon
and then taking the temperature derivative ofv inter, one ob-
tains

dv inter~T!

dT
523v inter~TR!ga. ~14!

Using Eq.~13!, with the experimental value of the coefficien
of thermal expansion of SWNT bundles,14 a50.75
31025/K, and their bulk compressibility,29 x
;0.0024 GPa21, the Grüneisen constant can be calculated
be equal to;3.6, where we takeV as the molar volume for
;1.34 nm tubes,V5(12 g)/(1.33 g/cm3)>9 cm3, and the
heat capacity,Cv;7.8 J/mol K, at room temperature.30

Finally, using Eq.~14!, the temperature dependence
v inter for v182 can be evaluated. The value so obtained, alo
with v inter570 cm21 inserted into Eq.~3!, is approximately
equal to the contribution due to the relaxation of the intra
bular force constants. These two contributions, that is,
relaxation of the intra- and intertubular forces, together res
in ;95% of the total observed changedvRBM /dT. It should
be noted that these individual contributions are approxim
values, obtained using several assumptions. The smalle
ameter tubes, such asd;0.89 nm tubes, have larger curva
ture than thed;1.34 nm tubes. Hence a direct application
equations, such as Eqs.~9! and ~10!, for solving Eq.~11!,
may be less accurate in predicting the contribution due to
relaxation of the intratubular force constants for smaller
ameter tubes. Also, our analysis, to a first-degree approxi
tion, is mostly diameter dependent, although it will be inte
esting to take into account the effect of the helicity of t
nanotubes on the intratubular and intertubular contributio
We predict that these contributions may be approximat
independent of the helicity of the nanotubes, because
equations do not involve parameters which describe the

ts:
m-
.

g

4-8
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licity. Nevertheless, our estimate, as of now, shows that
dominant contribution to the shift in the RBM frequenc
originates from the softening of the intra- and intertubu
forces, and that the contributions from each of these
factors are approximately equal.

V. CONCLUSIONS

Based on our estimates for each of the three contribu
factors to the temperature dependence ofvRBM(T), we find
that the dominant contributions result from temperatu
induced softening of the intratubular C-C bond strength a
from the SWNT intertubular~van der Waals! interactions.
Furthermore, these factors contribute approximately equ
to the total change ofvRBM(T) with temperature. In contras
the small value for the thermal expansion of SWNTs lead
a smaller contribution to the temperature-dependent cha
of vRBM(T). As demonstrated by the results of the molecu
dynamics simulations, this small value of the thermal exp
sion originates from the almost exact cancellation of the
fect of the C-C bond length expansion and bond-bendi
related contraction.

The temperature coefficient of the normalized RBM fr
quency,v264(T)/v264(300 K), of tubes withd;0.89 nm is
about 30% greater than that observed for tubes withd
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