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Phonons and specific heat of linear dense phases of atoms physisorbed
in the grooves of carbon nanotube bundles

Antonio Šiber*
Institute of Physics, Bijenicˇka c. 46, P.O. Box 304, 10001 Zagreb, Croatia

~Received 17 September 2002; published 20 December 2002!

The vibrational properties~phonons! of a one-dimensional periodic phase of atoms physisorbed in the
external groove of the carbon nanotube bundle are studied. Analytical expressions for the phonon dispersion
relations are derived. The derived expressions are applied to Xe, Kr, and Ar adsorbates. The specific heat
pertaining to dense phases of these adsorbates is calculated.
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I. INTRODUCTION

Adsorption of gases in nanotube materials has been in
tigated extensively in recent years, both from t
experimental1–6 and theoretical7–13 standpoints. A very spe
cial geometry of the nanotube materials provides a poss
ity for realization of unique adsorbate phases with redu
effective dimensionality.9,10,13,14The behavior of adsorbate
depends on whether they are adsorbed within the tubes8 in
the interstitial channels,9 or in the grooves.10,11 For samples
consisting of nanotubes with closed ends, the adsorptio
the tube interior is not possible, and for sufficiently lar
adsorbates, the adsorption potential in the interstitial chan
is purely repulsive.7 Thus, for the case of large atoms a
sorbed in the material made of closed-end carbon nanotu
the only positions available for gas adsorption are
grooves of the bundles of carbon nanotubes.

In this paper we consider a dense, periodic phase of n
gas atoms physisorbed in the groove positions of a nano
bundle. This phase can be visualized as a one-dimensi
chain of atoms arranged in a periodic array within a groo
~see Fig. 1!. While the single particle properties of quantu
adsorbates in grooves have been considered in Ref. 1
this article we concentrate on the many-particle excitati
~phonons! of the dense, periodic adsorbate phase, that
cially depend on the interactions between adsorbates.

FIG. 1. A sketch of a small bundle of carbon nanotubes with
one-dimensional adsorbate phase in one of its grooves. The ch
of the coordinate system is denoted. The adsorbate atoms ar
noted by small dark circles.
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Recently, measurements of the specific heat of atoms
sorbed in nanotube materials have been reported.5,6 In this
respect, it is important to theoretically consider the spec
heat of a dense phase and its signature in the overall spe
heat of the sample~nanotube material1 adsorbates!.

The outline of the article is as follows. In Sec. II, w
present a simple lattice dynamics approach to the vibrati
of adsorbates in a groove. We show how the phonon frequ
cies are related to the interadsorbate interaction potential
the interaction of an adsorbate with the surrounding na
tube medium. In Sec. III, we apply the model from Sec. II
adsorption of Xe, Kr, and Ar atoms and we calculate t
characteristic vibrational frequencies pertaining to these
sorbates. In Sec. IV, we use this information to calculate
specific heat of dense adsorbate phases. Section V sum
rizes the main results.

II. VIBRATIONS OF DENSE PHASES
OF ADSORBATES IN THE GROOVES

To study the vibrations of the adsorbates in a groove
introduce a simplifying assumption of rigid substrate, i.e.,
do not consider phonons of the nanotube material. In
case, the total potential energyF of the adsorbate system i
given as

F5
1

2 (
l ,l 8

lÞ l 8

v~r l2r l 8!1(
l

V~r l !. ~1!

Here,v(r l2r l 8) represents the interaction between the ads
bates atr l and r l 8 positions. The indicesl and l 8 denote the
adsorbed atoms, andV(r l) represents the interaction of th
l th adsorbate with the surrounding nanotube medium~sub-
strate!. We assume that in the absence of vibrations, the
sorbates are positioned in an infinitely long one-dimensio
lattice ~with the lattice parametera, see Fig. 1! within a
groove. We also neglect all the interactions between the
sorbates which are not in the same groove. This is an ex
lent approximation, due to a large diameter of carbon na
tubes.

If the interaction with the substrate were vanishing
small, the problem would reduce to three-dimensional vib
tions of an unsupported chain of atoms. This problem can
easily solved analytically as shown, e.g., in Ref. 15. Ev
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with the external fieldV, the problem can be analyticall
solved, following the lattice dynamics approach.15–17 The
eigenfrequencies of the adsorbate system can be found
the matrix equation

@D~q!2Mv~q!2#e~q!50, ~2!

whereM is the adsorbate mass,v(q) is the vibrational fre-
quency,q is the phonon wave vector parallel to the groov
ande(q) is the 3D phonon polarization vector. Note that t
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phonon wave vectorq is a one-dimensional quantity sinc
the adsorbate lattice exhibits a 1D translational invarian
The polarization vectore(q) is a three-dimensional quantit
since the displacements of adsorbate atoms in all three
tial directions are allowed. If we take into account only pa
interactionsv between the nearest neighboring adsorba
and neglect the discrete nature of the tubes surroundin
groove by effectively ‘‘smearing’’ the carbon atoms along t
tube surface,7,8 the 333 dynamical matrix,D(q) is given as
D5F 2b@12cos~qa!#1 f xx f xy f xz

f xy 2a@12cos~qa!#1 f yy f yz

f xz f yz 2a@12cos~qa!#1 f zz

G . ~3!
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The x axis is oriented along the chain of adsorbates, thy
axis passes through the centers of the two tubes surroun
a groove, and thez axis in perpendicular to bothx andy axes
and points outward from the bundle, as denoted in Fig
The external force constantsf m,n are given by

f m,n5S ]2V

]m]n D
0

,m,n5x,y,z, ~4!

where the subscript zero signifies that the derivatives sho
be taken at the equilibrium position of the adsorbate. As
tubes surrounding a groove are assumed to be smooth
external potential,V(r l) does not depend on the adsorbatex
coordinate and there is no external~substrate induced! restor-
ing force associated with the adsorbate displacements in
x direction. That is why allf m,n constants withm5x or n
5x vanish in Eq.~3!. Additionally, due to the symmetry o
the external potential with respect to the displacements
allel to the line joining the centers of the two tubes surrou
ing a groove (y direction, see Fig. 1!, the constantf yz also
vanishes.

The force constants associated with the adsorb
adsorbate interactions@a andb in Eq. ~3!# are given as

a5
1

a S dv
dr D

r 5a

,

b5S d2v

d2r
D

r 5a

, ~5!

where r is the coordinate of relative distance between
neighboring adsorbates. The phonon dispersion relati
v(q) for 2p/a<q<p/a, obtained as the solutions to E
~2! with f xx5 f xy5 f xz5 f yz50 are given as

vL~q!52Ab

M
sinS qa

2 D ,
ing
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vT1~q!5Af yy12a@12cos~qa!#

M
,

vT2~q!5Af zz12a@12cos~qa!#

M
, ~6!

where the subscriptsL,T1,T2 denote the longitudinal~L!
and the two transverse phonon branches (T1,T2). TheL,T1
andT2 modes are polarized exclusively inx,y, andz direc-
tions, respectively. Similar equations have been derived
Ref. 12. The authors of this reference considered an isotr
oscillator model,V(x,y,z)5 f̄ @(y2y0)21(z2z0)2#/2. The
two transverse modes are degenerate in this approxima
which, however, is not always the case, because gene
f yyÞ f zz, as will be shown in the next section.

A brief comment concerning the neglect of corrugation
the holding potential, i.e., discreteness of the nanotube, i
order here. If the adsorbate phase is commensurate with
holding potential provided by the substrate, the longitudi
mode will exhibit a zone center gap which can be related
the magnitude of the corrugation. This effect has been
perimentally confirmed for Xe overlayers on Cu~111!
surface22,23 and should in principle be observable for a
commensurate systems.

III. VIBRATIONS OF Xe, Kr, AND Ar ADSORBATES

The ingredients necessary for the calculation of phon
modes are obviously the force constantsa,b and f yy , f zz.
The first two can be calculated from the presumably kno
interadsorbate interaction potential, while thef-force con-
stants can be calculated from the asdsorbate-substrate
action potential.

The adsorbate-substrate interaction can be calculated
superposition of the adsorbate-nanotube interactions. I
sufficient to consider only the two nanotubes surrounding
groove, since the interaction of adsorbate atom with ot
nanotubes is vanishingly small due to a large diameter of
carbon nanotubes typically encountered in experiment28
4-2
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Neglecting the discrete nature of the carbon nanotube,
adsorbate-single wall nanotube interaction can be wri
as7,8

V~r!53pues2F21

32S s

RD 10

h11M11~h!2S s

RD 4

h5M5~h!G ,
~7!

where e and s are the energy and range parameter of
effective adsorbate-carbon site interaction which is assu
to be of a Lennard-Jones form. The variabler denotes the
distance of the adsorbate atom from the axis of the tube,u is
the effective coverage of C atoms on the tube surfaceu
50.38 1/Å2), R is the tube radius, and the variableh is
defined ash5R/r whenr.R. The functionMn(h) is de-
fined as

Mn~h!5E
0

p df

~11h222h cosf!n/2
. ~8!

The external potential can be constructed as a sum of
adsorbate interactions with two tubes surrounding a groo
From the thus constructed potential, the relevant exte
force constants can be obtained using Eq.~4!.

To illustrate the shape of the holding external potent
we plot in Fig. 2 the potential for Xe adsorbate along they
andz directions. In this figure and in all subsequent calcu
tions, we consider single wall carbon nanotubes with
diameter of 13.8 Å, arranged within a bundle in a triangu
lattice with the lattice constant of 17 Å.28 The origin of the
coordinate system is chosen in such a way that the cente
the two tubes surrounding a groove are positioned aty
50 Å, z50 Å) and (y517.0 Å, z50 Å). The parameters
of the Xe-C site potential are obtained from the so-cal
combination rules, as explained in Ref. 7. We adopt all
relevant parameters of adsorbate-adsorbate and adsor

FIG. 2. Full lines: External potential for Xe atom in the groov
~a! Potential along thez direction. ~b! Potential along they direc-
tion. Both curves pass through the absolute minimum of the po
tial located at (y58.5 Å, z56.38 Å). Dashed lines: Harmonic ap
proximation to the potential.
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substrate interactions from Table I of Ref. 7. Since the t
curves displayed in panels~a! and~b! of Fig. 2 pass through
the absolute minimum of the external potential (y58.5 Å,
z56.38 Å), the external force constants can be obtained
second derivatives of the potential curves presented in Fi
at their minimum positions. Note that the potential is sign
cantly more anharmonic in thez than in they direction which
means that the harmonic approximation to the potentia
less satisfactory in thez direction as can be seen from in
spection of thin dashed lines in Fig. 2 which represent
harmonic approximation. It should be mentioned that
minimum value of the potential we obtain is consistent w
the one reported in Ref. 7. However, the binding energy o
single Xe adsorbate in this potential is not consistent with
experimental result2 (2282611 meV) which is lower than
the absolute minimum of the potential we obtain her
(2225 meV). A possible small difference in the tube sep
rations at the surface of the bundle with respect to the co
sponding separation in the bundle interior may be resp
sible for this discrepancy. In addition, as shown a
discussed in Ref. 10, small changes in the adsorbate-ca
site effective potential may cause relatively large change
the adsorbate binding energy.

The total adsorbate-adsorbate interaction encompasse
rect adsorbate-adsorbate interaction and the indirect inte
tion mediated by the polarizable substrate material and o
adsorbates.18,19 This interaction is generally different from
the corresponding interaction between the atoms in the
phase. The most critical adsorbates to be considered in
remainder of this paper are Xe adatoms which have the h
est polarizability of all the adsorbates we shall consid
While the substrate mediated forces can be calculated f
planar substrate material, it is more difficult to calcula
them and assess their importance for the substrate of pre
interest, i.e., a bundle of carbon nanotubes. This issue
been discussed in the case of interstitial adsorption in R
20.

Even though the many body forces should play a role
dynamics of Xe monolayers on crystal surfaces,18 it is often
found that the gas phase Xe-Xe potentials provide very r
able phonon dispersions.18,21 This is in part due to the fac
that phonon dispersions are not determined by the pote
itself, but by its derivatives which may be less influenced
many-body effects. The only exception to this ‘‘rule’’ seem
to be the somewhat puzzling dynamics of Xe overlayers
Cu surfaces.22–27 In all the calculations to be presented, w
shall assume that the adsorbate-adsorbate interactions c
well represented by the corresponding gas phase potent

We shall model the adsorbate-adsorbate interaction
by the Lennard-Jones potential 4egg@(sgg /r )12

2(sgg /r )6#, where r is the interadsorbate separation, a
egg andsgg are the energy and range parameters of the
tential, respectively. The equilibrium positions of the ads
bates can be found from the static equilibrium condition, i
by minimizing expression~1! with respect to the lattice pa
rametera. Following this procedure, we find that the 1
lattice parameter is given by

n-
4-3
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a5sggpS 1382

675675D
1/6

'1.1193sgg . ~9!

The force constantsa andb @Eq. ~5!# are then given as

a520.1665
egg

sgg
2

,

b560.615
egg

sgg
2

. ~10!

Force constanta determines the dispersion of the transve
modes. It is negative due to the fact that the lattice param
a is smaller than the equilibrium separation of the bina
Lennard-Jones potential (1.122sgg). Note also thatuau
!ubu, which means that the transverse modes have ne
gible dispersion in comparison with the longitudinal mod

If the adsorbates form a chain that is commensurate w
the substrate corrugation, the periodicity of the on
dimensional chain of atoms may be different from the o
obtained here by neglecting the substrate corrugation. In
case, all the force constants may change. On the other h
for the incommensurate chain, our model should provide
liable results.

In Table I, we summarize the lattice parameters and
force constants needed for calculation of the phonons in
specific cases of Xe, Kr, and Ar atoms adsorbed in a groo
We also summarize the mode frequencies at the Brillo
zone center (q50) and the zone edge (q5p/a). As can be
seen from the table, the transverse modes for all adsorb
considered have completely negligible dispersion through
the Brillouin zone. We also find thatvT1(q),vT2(q) which
is a consequence of a specific shape of the potential ex
enced by adsorbates in the groove. This means that the
tential is ‘‘softer’’ with respect to adsorbate displacements
the z direction ~see Fig. 2!.

TABLE I. Force constants and phonon frequencies ofL, T1,
andT2 modes~Brillouin zone center and Brillouin zone edge! for
Xe, Kr, and Ar adsorbates in groove positions of the carbon na
tube bundle.

Xe Kr Ar
a @Å# 4.59 4.03 3.81
f yy @N/m# 7.13 6.50 5.58
f zz @N/m# 4.01 3.19 2.58
a @N/m# 20.003 20.003 20.0024
b @N/m# 1.10 1.10 0.87
\vL(q50) @meV# 0 0 0
\vL(q5p/a) @meV# 3.06 3.83 4.93
\vT1(q50) @meV# 3.899 4.660 6.253
\vT1(q5p/a) @meV# 3.895 4.655 6.247
\vT2(q50) @meV# 2.924 3.264 4.251
\vT2(q5p/a) @meV# 2.919 3.258 4.244
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IV. SPECIFIC HEAT OF DENSE ONE-DIMENSIONAL
ADSORBATE PHASES

Knowing the dispersion relations for the adsorba
phonons, we can now proceed to calculate the specific
pertaining to a dense phase of the adsorbates in a gro
The heat capacity at constant volume,CV , for a collection of
independent oscillators~phonons! is given by17

CV5kB(
i

S \v i

kBTD 2

e\v i /kBT

~e\v i /kBT21!2
, ~11!

where kB is the Boltzmann constant,T is the temperature
and indexi counts the harmonic oscillators of frequenci
v i . In our case, the indexi is replaced by the phonon wav
vector, q and the phonon branch indexs (s5L,T1,T2).
Relation~11! is thus rewritten as

CV5
NkBa

p (
s
E

0

p/aF\vs~q!

kBT G2

e\vs(q)/kBT

@e\vs(q)/kBT21#2
dq, ~12!

where we have transformed the sum over wave vectors
an integral as(q→(Lx/p)*0

p/adq. Here,Lx is the length of
the adsorbate chain~or groove! and the number of adsorbate
within a particular groove isN5Lx /a. It is easy to check
that in the limit of high temperatures@kBT@\vs(q), s
5L,T1,T2#, the specific heat in Eq.~12! reduces to its clas-
sical valueCV53NkB .

In Fig. 3 we plot the specific heat for Xe, Kr, and A
adsorbates obtained from Eq.~12! by using information on
the adsorbate phonons summarized in Eq.~6! and Table I. As
can be seen, at high temperatures all the three curves te
the classical limit.

To separate the influence of transverse modes, we plo
Fig. 4 the three different contributions to the specific heat

o-

FIG. 3. Specific heat of Xe~thick full line!, Kr ~thick dashed
line!, and Ar ~thick dotted line! adsorbate chains in a groove as
function of the temperature. The thin full line represents the lin
low-temperature behavior of specific heat for Ar as predicted by
~13!, with \vL(q5p/a)54.93 meV~see Table I!.
4-4
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a chain of Xe atoms, i.e., in the sum in Eq.~12! we consider
only one mode~either L, T1, or T2). As can be inferred
from this figure, the low-temperature behavior of the spec
heat (T,4 K) is completely determined by the longitudin
mode. At temperatures higher than about 4 K~for Xe!, all the
modes in the sum in Eq.~12! must be considered. Due to th
fact that the transverse modes have higher frequencies fo
and Ar adsorbates, their contribution to the specific heat
comes significant at somewhat higher temperatures. The
cific heat at low temperatures, where only theL mode con-
tributes, is proportional to the temperature and the follow
relation holds:
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9A. Šiber and H. Buljan, Phys. Rev. B66, 075415~2002!.
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