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Electronic spin precession in semiconductor quantum dots with spin-orbit coupling
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The electronic spin precession in semiconductor dots is strongly affected by the spin-orbit coupling. We
present a theory of the electronic spin resonance at low magnetic fields that predicts a strong dependence on the
dot occupation, the magnetic field and the spin-orbit coupling strength. Coulomb interaction effects are also
taken into account in a numerical approach.
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In recent years the spin properties of non-magnetic se
conductors have attracted an increasing attention, not
for the fundamental physics behind the subject but also
the future technological applications of the electronic spin
spin-based devices.1 The available experimental techniqu
allow for a precise observation of spin dynamics in a w
range of semiconductor structures. Actually, spin preces
can be monitored with femtosecond resolution using ti
resolved Faraday rotation, as reported in Ref. 2 for Ga
quantum wells and in Ref. 3 for CdSe excitonic quantu
dots. Another exciting possibility comes from spatially r
solved spin detection, achieved in Ref. 4 for organic m
ecules on a graphitic surface by combining the spatial re
lution of scanning-tunneling microscopy~STM! with the
spin sensitivity of electron-spin resonance~ESR!.

In this work we report a theoretical study of the sp
precessional properties of electrons confined to a mo
GaAs quantum dot, including spin-orbit~SO! coupling. This
mechanism gives rise to a rich variety of spin precessio
frequencies, depending on the orbital state of the electr
even in the absence of a vertical magnetic field; as comp
to the Larmor frequency for systems without SO coupling

In order to model a GaAs quantum dot with SO coupli
for the standard~001! plane,5 we add to the Hamiltonian the
Dresselhaus term originating from the bulk inversion asy
metry

HD5
lD

\ (
i 51

N

@Pxsx2Pysy# i , ~1!

where the s ’s are the Pauli matrices andP52 i\¹
1(e/c)A represents the canonical momentum containing
vector potentialA —within the symmetric gauge for a vert
cal magnetic fieldB one hasA5(B/2)(2y,x). The intensity
of the SO term depends on the effective dot heightz0 as6

lD'g(p/z0)2 whereg is a material dependent constant th
for GaAs takes the valueg527.5eVÅ3.7 In the present
work we shall considerlD parameters in the rang
@0.44,1.08#31029 eV cm, in the same order of magnitud
of those found in the literature for GaAs/AlGaA
heterojunctions8 (0.2531029 eV cm for electrons, 0.6
31029 eV cm for holes!.
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The lack ofz-inversion symmetry in the nanostructure
the cause of the so-called Rashba9 SO term lR(Pysx
2Pxsy)/\. However, since this term can be unitari
transformed10 to Eq. ~1!, it only amounts to a redefinition o
the coupling constantlD for the energy levels at weak SO
strengths and, for simplicity, it will not be considered belo
in an explicit way.

In the following, the dot vertical extent only determine
the SO coupling strengthlD , the electronic motion is other
wise considered bidimensional in a lateral confinement
tential with circular symmetryV(r ). Taking into account the
ZeemanHZ and spatialH0 energies and neglecting for th
moment electron-electron interaction, the full Hamiltoni
readsH5H01HD1HZ , where

H05(
i 51

N F P2

2m*
1V~r !G

i

, ~2!

HZ5(
i 51

N F1

2
g* mBBszG

i

. ~3!

In Eqs.~2! and~3! mB denotes the Bohr magneton whilem*
and g* are, respectively, the effective mass and gyrom
netic factor for the conduction band of bulk GaAs, i.e.,m*
50.067me andg* 520.44.

ForH0@HD@HZ a diagonalization in spin space to ord
lD

2 can be obtained by means of a unitary transformation10 to

a new HamiltonianH̃5U1HU, with

H̃5(
i 51

N F P2

2m*
1V~r !1lD

2 m*

\3
~xPy2yPx!sz

1
1

2
g* mBBszG

i

2NlD
2 m*

\2
1O~lD

3 !. ~4!

In the new intrinsic reference frame the eigenstates are o
als with well defined spin and spatial angular momentum
z direction, i.e.,wnl6(r )x6(h), where h5↑,↓ and szx6

56x6 . Note that the spatial parts also depend on the s
label since the effective radial confinement in Eq.~4! is dif-
ferent for x1 and x2 orbitals. When these eigenstates a
©2002 The American Physical Society22-1
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transformed back to the laboratory frame, spin and ang
momentum become ill defined, but they deviate little fro
the well defined intrinsic values. Therefore, we shall ret
the intrinsic labels (nl6) to characterize the laboratory
frame eigenstates

xnl1~r ,h![wnl1~r !S 1

2 ilD

m*

\2
re2 ifD ,

xnl2~r ,h![wnl2~r !S 2 ilD

m*

\2
reif

1
D . ~5!

Using this approach, in Ref. 11 we showed that the st
spin of odd-N quantum dots alternates between up and do
states as a consequence of the SO coupling when the
netic field and/or the SO coupling strength are varied. Ot
static properties have been studied by Governale12 using a
SO coupling of the Rashba type. Here we shall focus on
dynamical spin evolution in a model quantum dot when
the system parameters are kept fixed.

In order to excite the electronic spin precession one ne
to perturb the ground state spin configuration. The usual w
to achieve this consists in applying a horizontal magne
field for a certain time interval that rotates the spin and tr
gers the precessional motion. By performing a spin rotat
about an arbitrary horizontal axis of the above given spin
and decomposing the result in the stationary basis~5!, we
observe some interesting features. In absence of SO cou
(lD50) the only allowed transitions are the spin flips (nl
1)↔(nl2), leading to an in-plane spin precession at t
usual Larmor frequencyvL5ug* umBB/\. This is a well-
known result valid even when spin-independent interacti
are present.13 When SO coupling is considered, besides
pure spin flips other transitions involving additional chang
in l and/orn are allowed. In addition to monopolard l 50,
dipolar d l 561 and quadrupolard l 52 spin flip transitions
also contribute with different weights. As we shall show b
low the d l 50 transitions of the pure Larmor mode are s
the dominant ones in the precessional spectrum with SO
pling; the dipolar ones are weaker by more than an orde
magnitude while the quadrupolar spin flip excitations tu
out to be negligible in all cases studied. It is worth to po
out that even transitions between orbitals with differenn
could contribute because of the nonorthogonality of1 and
2 radial functions, although these will normally involve hig
energies and low strengths due to the small deviation fr
pure orthogonality.

To quantify the SO coupling effect we shall assume
parabolic confinement potential whose eigenenergies
eigenstates are analytically known:14

V~r !5
1

2
m* v0

2~x21y2!. ~6!
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With the above analysis the lowestd l 50 spin-flip mode,
that we shall call the SO precessional modevP , has a fre-
quency, in the lowlD limit

vP5UvL12llD
2

m*

\4
2~2n1u l u11!

lD
2 vc

Av0
21

vc
2

4

m*

\4U .

~7!

The SO precessional modevP is the dominant excitation in
the spin rotation spectrum and it can be considered in a n
ral way as the modification of the pure Larmor modevL by
the SO coupling. Note that in Eq.~7! we have introduced the
usual cyclotron frequencyvc5eB/(m* c) and thatl is the
angular momentum in the intrinsic frame of the precessi
ally active orbital, i.e., that with spin flips allowed by th
Pauli principle; normally the highest or the second high
occupied level in an odd-N dot. EvenN systems will gener-
ally not possess a net spin at low enough magnetic fie
HD@HZ .

Equation~7! already allows us to point out several inte
esting predictions:~a! At B50 the SO precessional fre
quency does not vanish whenlÞ0, with the offset indicating
the SO coupling intensity.~b! In general, positive and nega
tive l orbitals will display differentB dispersions for a fixed
lD . ~c! When the precessionally active orbital changes d
to an internal rearrangement the SO precessional freque
will display a discontinuity.

It is worth to mention that aB50 offset similar to the one
mentioned above was observed in GaAs quantum wells
ready in 1983~Ref. 15! and that a zero-field level splitting in
quantum dots was also discussed in Ref. 6. Note that s
the SO coupling term is time reversal invariant Kramers
generacy is preserved atB50 and, therefore, the preces
sional offset can be found only when the transition involv
nonconjugate states.

The validity of the precedingO(lD
2 ) analysis can be

tested with direct numerical calculations which avoid the a
proximate diagonalization procedure. To this end, we h
implemented in a spatial grid the solution to the tim
dependent Schro¨dinger equation, labeling the discrete set
orbitals by an indexj,

i\
]

]t
x j~r ,h!5(

h8
hsp~r ,hh8!x j~r ,h8!, ~8!

where we have defined the single-particle Hamiltonian fr

H[(
i 51

N

hsp~r i ,h ih i8!. ~9!

A ‘‘real time’’ simulation of the precession can be performe
by taking the stationary solutions to Eq.~8!, rotate in spin
space with a given horizontal axis~say thex axis! and use the
resulting perturbed spinors as starting point for the time e
lution. Figure 1 displays one such simulation for aN57
quantum dot. The analysis is based on thex component of
the total spin, in time~lower panel! and energy~upper panel!
domains. The different features discussed above in the
2-2
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ELECTRONIC SPIN PRECESSION IN SEMICONDUCTOR . . . PHYSICAL REVIEW B66, 235322 ~2002!
lytical model are nicely manifested by the numerical signa
From Fig. 1 we can also see quantitatively the strength of
SO precessional mode with respect to the doubly split up
and lower branches of the dipole modes. The minor ene
differences between the numerical and analytical peak p
tions can be attributed to effects beyondO(lD

2 ) and, also, to
a slight departure from theHZ!HD limit for a finite B.

A shortcoming of the time simulation technique is fou
in the determination of very low energy excitations. Lo
frequency signals may require extremely long simulat
times, exceeding the limit of computational feasibility; eith
by excessive computing time or by accumulated numer
error. In our case, we have estimated this limit atTmax
'100 ps and the corresponding minimum frequen
vmin/2p'10 GHz. Nevertheless, in the noninteracting ca
one can directly compute the perturbative strength func
from the stationary ground state

Sprec~v!5(
i j

~12 f i ! f j u^x i usxux j&u2d~« i2« j2\v!,

~10!

wherei andj span the whole single particle set while thef i ’s
and « i ’s give the orbital occupations and energies, resp
tively. We have checked that the perturbative and time sim
lation methods yield the same results when both are feas
whereas the sub-10 GHz points in Fig. 2 have been c
puted using Eq.~10!.

FIG. 1. Real time simulation of the spin evolution following a
initial rotation with x axis. Shown is thex component of total spin
in time ~lower! and energy~upper! domains. The vertical bars in th
upper panel indicate the analytical energies with the Hamilton
expanded toO(lD

3 ).
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A systematics of the lowest peak energy, i.e., the SO p
cessional mode, is gathered in Fig. 2 as a function of
magnetic field for two differentlD’s. Focussing first on the
noninteracting results, we note that for the smallerlD the
agreement between analytical and numerical values is ex
lent, proving the equivalence of both methods; while t
slight differences forlD51.131029 eV cm can be under-
stood on the basis of the previous discussion. The alre
mentioned offset atB50 with respect to the Larmor fre
quency is clearly seen in Fig. 2 forN57 and 11, as well as
the diferent slopes for differentl andlD values.

A better understanding of the precessional mode syst
atics is obtained from Fig. 3, which displays the lev
scheme as a function of the magnetic field forlD51.1
31029 eV cm. In this figure the active level for the sam
electron numbers of Fig. 2 are marked with thick dots a

n

FIG. 2. Systematics of SO precessional frequenciesvP as a
function of magnetic field for two different values of the Dress
haus parameterlD : in the analytical model~lines!, and from the
numerical calculation without~diamonds! and with Coulomb inter-
action ~triangles with crosses!. Solid lines and symbols correspon
to lD50.431029 eV cm while dashed lines, open symbols a
crossed triangles tolD51.131029 eV cm. The dotted line shows
the Larmor frequency. Also indicated is thel value of the preces-
sionally active orbital in the analytical model, which at a givenB is
the same for bothlD values. The arrows on the vertical scale ind
cate the approximate lower frequency than can be obtained from
time simulation window of 100 ps.
2-3
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dashes. We note the clear correspondence of the discont
ties in Fig. 2 with the crossings in Fig. 3, which correspo
to changes in the precessional level.

In the rest of the work we present numerical results
the SO precessional frequencies when the electron-elec
Coulomb interaction is added to the model. In this case
rely exclusively on the real-time simulation method since
perturbative treatment equivalent to Eq.~10!, known as the
random-phase approximation, becomes extremely dem
ing in the present context of spinors without good angu
momentum. Electronic exchange and correlation effects
be approximated within density-functional theory in t
local-spin density approximation, as in Refs. 16,11. T
Hamiltonian hsp(r ;hh8) of Eq. ~9! is thus extended to in
clude the dynamical terms

VH~r ;t !5
e2

k E dr 8
r~r 8;t !

ur 82r u
,

Vxc~r ,hh8;t !5
dExc@rhh8#

drhh8~r ;t !
; ~11!

i.e., the Hartree and exchange-correlation contributions,
spectively. In Eq.~11! we have used the spin density matr
rhh8 , the total densityr and exchange-correlation energ
Exc , as well as the dielectric constantk512.4.

Figure 4 is the analog of Fig. 1 within LSDA. The tim
signal has a similar large period, but the lower period mo
lations are manifestly different. Accordingly, the Fouri
transform~upper panel! shows a similar low energy prece
sional mode but the distribution of minor peaks is rath
different. The dipole peaks of Fig. 1 are washed out a
instead, new excitations at\v'1.7 and'4 meV appear. As
was discussed in Ref. 17 in the context of the far-infra

FIG. 3. Energy level scheme as a function of the magnetic fi
for the same dot of Figs. 1 and 2 with a SO parameterlD51.1
31029 eV cm. The angular momentum for each level and the e
tron number at shell closures are indicated. The curves marked
thick dots and dashes indicate the precessionally active level fo
electron numbersN57, 9, and 11.
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absorption, these excitations are collective spin oscillati
known as dipole magnons. Figure 2 also shows the LS
numerical calculations for the higher SO coupling consta
The characteristics of the precessional mode discussed a
are qualitatively retained within LSDA, although with th
important difference that the discontinuity points a
changed because of the interaction-induced orbital rearra
ments.

In general, along with the transverse magnetic field
system will be probed by an electric field. This modifies t
relative strength of the precessional mode with respect to
plasmon and magnon peaks of Figs. 1 and 4. We h
checked this numerically by using an initial charge trans
tion, simulating the effect of the electric field att50, simul-
taneously to the spinor rotation. The corresponding spe
display the same peaks of Fig. 1 for the noninteracting c
and of Fig. 4 in LSDA, but with different heights. Therefor
only the strength, not the energy of the precessional m
depends on the coupling with the electric field.

In a recent work,18 Khaetskii and Nazarov have estimate
the importance of different intrinsic mechanisms for the sp
flip process in quantum dots. The phonon-assisted trans
made possible by the admixture of spin up and down sta
induced byHD is found to be the most important mech
nism, with a very long characteristic timet'1 ms in our
system. Since the spin precession time scale is much sh
~Figs. 1 and 4! we conclude that spin-flip induced by phono
emission will not interfere with the spin precession analyz
in this work.

In summary, the theory of electronic spin precession
GaAs quantum dots with SO coupling predicts a rich beh
ior of the precessional frequencies with the electron num
the magnetic field and the intensity of the coupling. In th

d

-
ith
he

FIG. 4. Same as Fig. 1 for the case with Coulomb interact
between electrons.
2-4
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way, the spin precessional channel reveals information
only about the SO coupling intensity but also about the
trinsic level structure. It also opens the possibility to cont
the magnetic dynamical properties through the nanostruc
parameters or, simply, by changing the number of electr
in the quantum dot, which can actually be varied one by o
in GaAs nanostructures using electric gates. Although so
of the precessional characteristics of GaAs dots we have
S.
.
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cussed seem large enough to be experimentally access
the relevance for real samples of many effects beyond
ideal system considered here deserve more theoretical w
In particular, we mention the possible dephasing mechani
in dot samples, influence of the temperature on the electro
precession and role of the coupling with nuclear spins.
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