
blic

PHYSICAL REVIEW B 66, 235208 ~2002!
Nonreciprocal frequency doubler of electromagnetic waves based on a photonic crystal
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It is shown that an electromagnetic wave corresponding to the second harmonic transmitted through a dual
periodic photonic crystal possessingx (2) nonlinearity exhibits a profound difference in output intensity de-
pending on the direction of the propagation and, therefore, such a system appears to be suitable in the design
of a frequency doubler of electromagnetic waves which allows propagation of the wave in one direction and
forbids propagation in the opposite direction.
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The theory of electromagnetic wave propagation in pe
odic structures, also called photonic crystals, was develo
on the basis of the close analogy with quantum particle
namics in atomic crystals.1 The close similarity between th
two systems yields ideas for designing photonic crystals p
sessing new remarkable properties, which can be of g
practical importance. In recent years the mechanisms
constitute the basis for nonreciprocal transmission have b
numerically investigated in the one-dimensional~1D!, non-
linear, anisotropic photonic band gap material with a spa
gradation in the linear refractive index2 and it was found that
such a structure can result in unidirectional pulse propa
tion. In the present paper we have employed yet ano
principle that constitutes the operational mechanism fo
nonreciprocal frequency doubler~which also can be viewed
as a basic element of a light diode!, i.e., a device which for a
given frequency of the electromagnetic radiation allo
propagation of a wave in one direction but forbids propa
tion in the opposite direction. Such a device follows the pr
ciples known from the theory of ap-n transition and a semi
conductor diode.3

To start with qualitative description of a nonreciproc
frequency doubler of electromagnetic wave we consider a
electromagnetic wave incident from the left on a 1
multilayer stack which consists of two kinds of periodic m
dia as is shown in Fig. 1~a!.

The two stratified media are chosen in such a way that
relative positions of band gaps are as shown in Fig. 1~b!. The
band gaps of the subsystem on the left~below simply the left
structure! can be arbitrarily small and even absent; i.e., it c
be homogeneous in the limit of the vanishing filling fractio
of one of its components. The choice of the periodic l
structure is justified by the fact that it allows one to mod
the dispersion relation, which is necessary in providing re
nant conditions for second-harmonic generation~SHG!.6 Al-
though the left part of the proposed device can be repla
by a homogeneous SHG material, the use of a photonic c
tal seems to have several advantages, like the possibilit
provide the matching condition in a wide range of wav
lengths, the possibility of the realization giant SHG~see,
e.g., Ref. 4!, and the possibility of controlling the matchin
conditions by geometrical parameters~lattice constant of a
periodic structure, filling fraction, etc.6!. Simultaneously, we
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require for the left structure to possessx (2) nonlinearity,
while for the right structure to be preferably linear or to ha
nonlinear properties that are weak enough to avoid str
SHG.

Let us choose thex axis orthogonal to the layers an
directed from the left to the right~see Fig. 1! and suppose
that TE, E5„0,0,E(x,t)…, the electromagnetic wave of th
frequencyv, is incident on the stack from the left. We a
interested in the case when~i! v belongs to an allowed zon
of the left structure and falls into the gap of the right stru
ture while ~ii ! the second harmonic of the incident wav
with frequency v252v1 and wave vectorq252q11Q
~where Q is the vector of the reciprocal lattice of the le
structure!, which is generated in the left structure belongs
an allowed zone of the both left and right structures. T
characteristic distanceL1 at which the most energy of th
first harmonic is transformed into the second one is prop
tional tov11/Ax (2), whereA is the amplitude of the inciden
wave in the left structure and we use the notationv i j for the

FIG. 1. ~a! Multilayered 1D stack composed of two period
substructures.~b! Schematic picture of the photonic band structu
of the left and right parts of the dual 1D stack. Shadowed regi
indicate the allowed bands while empty regions correspond to
stop bands.
©2002 The American Physical Society08-1
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FIG. 2. ~a! PBS’s of the 1D GaAs/AlGaAs stack when the filling fraction isf 150.5. ~b! PBS’s of the 1D GaAs/vacuum stack when th
filling fraction is f 250.3. In the both figures solid lines correspond to dispersion relation atl52 mm, while dashed curves refer to th
fourth and second lowest bands atl51 mm, respectively, in the presence of material dispersion. The wave vectorq is measured in units of
2p/a. The frequencies of the fundamental and second harmonics are indicated by dotted lines. The vertical arrows indicate the
conditions.
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the
group velocity of thej th mode in the left (i 51) and right
( i 52) structures. Then, if the length of the left structure
L1, the wave incident from the left to the right structure h
frequencyv2 belonging to the allowed band and thus c
propagate through the right structure. If the right structure
linear, the output signal will have frequencyv2. On the other
hand, if the wave with frequencyv1 is incident on the stack
from the right, it undergoes Bragg reflection and thus
transmission coefficient of such a wave is exponentia
small.

Let us now demonstrate that the resonant conditions
mulated above can be achieved in a one-dimensional
structure which consists of substructures composed of a
nating GaAs/AlGaAs layers on the left witheGaAs511.14,
eAlGaAs510.32 atl52 mm, and GaAs/vacuum stack on th
right. To scale our simulations into the near-infrared reg
we choose the lattice constanta51 mm which is common to
both substructures while the filling fractions aref 150.5 on
the left andf 250.3 on the right. In Fig. 2 we present th
photonic band structures~PBS’s! of both GaAs/AlGaAs and
GaAs/vacuum substructures determined by means of
standard plane-wave method7 in terms of normalized fre-
quencyV5va/2pc as a function of the wave vectorq.

The fundamental signal which can be generated by a l
source operating at 2mm corresponds to the frequencyV1
'0.2705 which in the PBS’s of the left part is within th
second lowest pass band while it falls within the lowest g
in the PBS’s of the GaAs/vacuum stack. The seco
harmonic signal with wavelength 1mm corresponds to the
frequencyV2'0.541 which is within the pass band of th
PBS’s of both substructures. In evaluating the PBS’s for
second harmonic we take into account the material dis
sion; namely, we use the tabulated values of the dielec
constants8 at l52 mm mentioned above andeGaAs512.19
andeAlGaAs510.53 atl51 mm. We underline an importan
feature of the obtained matching condition: the group velo
ties of all modes have the same direction~otherwise the en-
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ergy transfer from one mode to another would be accom
nied by the effective wave reflection!. In the case at hand th
absolute values of the group velocities are given asv11
'0.31, v21'0.3, andv22'0.48.

As has been mentioned above the right structure is p
erably linear, since harmonic generation in it is not desira
for our purposes. The generation of higher harmonics
also be prevented by the proper choice of periodic struc
~such that, for example, 4v1 belongs to a stop gap, in th
case of quadratic nonlinearity! or choosing a shorter lengt
L2 of the right structure, which, however, must be lar
enough to provide an effective Bragg reflection of the wa
incident from the right. To this end one can use a rou
estimateL2;v22/Dv, whereDv is the frequency detuning
into the stop gap whenL2!L1.

In the present statement of the problem the wave equa
for the amplitudeE can be written in the form

2
]2E~x,t !

]x2
1

1

c2

]2

]t2E2`

`

e~x,t2t8!E~x,t8!dt8

52
4p

c2

]2

]t2
x (2)~x!@E~x,t !#2, ~1!

where

e~x,t !5H e1~x,t !, 0,x,L1 ,

e2~x,t !, L1,x,L2 ,

and the functionse j (x,t)( j 51,2) are periodic:e j (x1a,t)
5e j (x,t). A similar requirement is imposed onx (2).

We are interested in transmission properties of the slab
the case when an incident wave is monochromatic with
frequencyv. Then the solution of Eq.~1! can be written in a
general form as
8-2
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E~x,t !5 (
n50

`

@An~x!cos~nvt !1Bn~x!sin~nvt !#, ~2!

which is supported by the chosen type of nonlinearity. T
Fourier coefficientsAn(x) and Bn(x) satisfy the following
system of equations:

d2An

dj2
52~nv!2@Ane8~j,nv!2Bne9~j,nv!#

2~nv!2x~j! (
n1 ,n2

@ann1n2
An1

An2
1bnn1n2

Bn1
Bn2

#,

~3!

d2Bn

dj2
52~nv!2@Ane9~j,nv!1Bne8~j,nv!#

2~nv!2x~j! (
n1 ,n2

bn2n1nAn1
Bn2

. ~4!

Herej5A2x/c, x(j)[8px (2)(x),

e8~j,nv!5
1

2
@e~j,nv!1e~j,2nv!#,

e9~j,nv!5
1

2i
@e~j,nv!2e~j,2nv!#,

ann1n2
5^cos~nvt !cos~n1vt !cos~n2vt !&,

bnn1n2
5^cos~nvt !sin~n1vt !sin~n2vt !&,

and the angular brackets stand for the average over one
riod T52p/v.

General boundary conditions to the above system, wh
take into account the absence of the reflected wave to
right from the slab, read as

Bn8~0!1knAn~0!52ankn , knBn~0!2An8~0!52knbn ,

knAn~L !2Bn8~L !50, An8~L !1knBn~L !50,

wherean andbn are constants characterizing amplitudes
the Fourier harmonics of the incident wave, whilekn are
their wave vectors.

To study transmission properties of the structure show
Fig. 1~a! with the dispersion relation depicted in Fig. 2, w
consider a finite 1D stack of the lengthL, the left part of
which consists of four alternating layers of GaAs a
Al0.5Ga0.5As with filling fraction f 150.5, while the right part
consists of four alternating layers of GaAs and vacuum w
filling fraction f 250.3. Both GaAs and Al0.5Ga0.5As possess
second-order nonlinearity withx (2)51.68310210 m/V and
x (2)51.73310210 m/V, respectively.

The energy of the transmitted wave is characterized by
total transmittance, which for the wave incident from the l
side can be defined asT5(n51

` I n(L)/(n51
` I n(0) whereI n

5An
21Bn

2 ~for the wave incident from the right, one has
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exchangeL and 0 in this formula!. It is evident that, when an
incident light contains only the fundamental harmonic, t
first and second harmonics are dominant and thusT'T1

1T2 @whereT15I 1(L)/I 1(0) is the transmittance of the firs
harmonic andT25I 2(L)/I 1(0) is the transformation coeffi
cient describing the energy transfer from the fundamenta
the second harmonic#. In the case considered, we seek a s
lution for the monochromatic cosine incident wave; i.e., w
set the following values of the free parameters:a151 V/m
andan50 V/m for nÞ1 andbn50 V/m for all n. By tak-
ing into account the finite length of the structure and re
tively weak nonlinear interactions the system of equatio
~3! and ~4! for the coefficientsAn and Bn can be restricted
only to the two lowest modes; i.e., effectively it can be r
written in a form of four coupled ordinary differential equa
tions ~ODE’s! of the first order, which are solved by usin
the shooting method.9 It is to be emphasized here that a
though the generation of harmonics higher than the sec
one is neglected, the reduced system of equations does
into account an exhaustion of the intensity of the incide
fundamental radiation~i.e., the energy decay of the first ha
monic due to transfer into the second one!. For evaluation of
integralsAn8(L), An(L), Bn8(L), andBn(L) the Runge-Kutta
method is exploited. We note that the method outlined ab
represents an independent approach that allows us to trea
problem of the propagation of the electromagnetic wa
through a one-dimensional nonlinear stratified structure w
arbitrary geometrical and material parameters. In contras
the nonlinear transfer-matrix formalism5 employed in Ref. 4
within the effective medium approximation the accuracy
our method is limited only by the precision of the spat
discretization of the tabulated values of the dielect
constants.

In Fig. 3~a! we present the transmittance of the fundame
tal signalT1 as a function of the normalized frequencyV
separately for the left and right structures. One can see
transmission spectrum through the AlGaAs/GaAs sta
~solid line! with low index contrast does not resemble a PB
of the infinite system shown in Fig. 2~a! ~which is due the
small index contrast that gives rise to very small widths
stop gaps! and rather corresponds to a typical interferen
pattern. On the other hand, the transmissivity through
GaAs/vacuum stack~indicated by the dotted line! reveals
large band gaps which correspond well to those found in
PBS’s of the infinite GaAs/vacuum stack shown in Fig. 2~b!
in the frequency ranges 0.19,V,0.4 and 0.54,V,0.65.
In Fig. 3~b! we show the transmission spectra versus norm
ized frequencyV for the whole stack which exhibits a mixe
nature; i.e., it possesses large gaps found in the PBS’s o
right part with the transmission modulated by the interf
ence pattern resulting from the left AlGaAs substructure.

We found that the transmittance for the fundamental s
nal shown in Fig. 3~b! does not depend on the direction
propagation which is consistent with the well-known le
and-right incidence theorem.10 The crucial property of the
dual structure shown in Fig. 1~a!, however, stems from the
fact that the transmission spectra for the second-harm
signal depend on the direction of propagation and on
intensity of the incident wave and that the intensity of t
8-3
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second harmonic is substantially larger than that of the f
damental signal. This effect is demonstrated in Fig. 4 b
profound difference between the intensity of the second h
monic I 2 for the positive and negative incidence of the ele
tromagnetic wave.

The obtained results corroborate with the qualitat
theory of the frequency doubler presented above. Nam
considering positive incidence we have shown that for e
for small amplitude of the wave transmitted through the l
structure that is reflected from the right structure—note t
the respective transmittance is extremely small; see

FIG. 3. Transmittance for the fundamental signalT1 vs normal-
ized frequencyV ~a! for the left structure consisting of four alter
nating layers of GaAs and Al0.5Ga0.5As for f 150.5 ~solid line! and
for the right structure consisting of four alternating layers of Ga
and vacuum forf 250.3 ~dotted line! and ~b! for the whole one-
dimensional dual structure consisting of GaAs/AlGaAs and Ga
vacuum substructures.

FIG. 4. Output energy of the second-harmonic signalI 2 vs nor-
malized frequencyV evaluated for the whole 1D dual structure f
the positive~solid line! and negative~thin line! incidence of the
electromagnetic wave whenA1(0)51.03 V/m.
23520
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3~a!—the left medium width is large enough to provid
transfer of a sufficiently large part of the energy to the s
ond harmonic, which can propagate through the whole str
fied medium.

To inspect qualitatively the diodelike properties of th
stratified nonlinear structure considered we first choos
fundamental signal with a frequencyV150.2705 within the
gap with the intensity of the second harmonicI 2 with the
frequencyV250.541 as a function of the intensity of th
input wave for both positive and negative incidence in t
range of the intensities of the amplitudeA1(0) of the inci-
dent wave in the range up to 1.07 V/m. To do so we change
the initial condition fora1 in the range from 1 to 1.07 in V/m
units, while a250 V/m and b i50 V/m, when i 51,2. In
Fig. 5 we present the dependence of the output intensityI 2 of
the second harmonic when the electromagnetic wave is i
dent in the opposite directions. The results obtained rev
the difference in the output intensities of the wave propag
ing in opposite directions of about four orders of magnitu
as is shown in Fig. 5.

To conclude, based on the nonlinear 1D photonic crys
we proposed a new concept of a frequency doubler~a diode-
like device! which exhibits nonreciprocal properties with re
spect to the direction of propagation of the incident wa
The nonreciprocity is achieved due to SHG in the left part
the dual periodic structure that possessesx (2) nonlinearity
and Bragg reflection of the fundamental harmonic in t
right component of a dual structure. We have shown that
an appropriate frequency of the fundamental signal wh
lies within the band gap, such a device can act as a l
diode that operates at the frequency of the second harm
with the amplitude that is predicted to be significantly stro
ger than the fundamental signal for sufficiently large inte
sity of the incident wave. To demonstrate the possibility
such a device we used a simple model structure fabrica
from experimentally accessible materials. The effect can
enhanced by varying the geometrical and material par
eters or by employing more sophisticated geometry. For
ample, an active layer, enhancing the second harmonic,
be included between the two structures~in this case the re-
quirement of very efficient SHG in the left structure can
relaxed!.

s

/

FIG. 5. Output energy of the second-harmonic signalI 2 at V2

50.541 as a function of the intensity of the amplitude of the inp
waveA1(0), measured in V/m, for the positive~solid line with full
circles! and negative~thin line with open circles! incidence.
8-4
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In the present paper we have neglected the effect of
sipation and thus we solved the independent set of sec
order differential equations, which discard a generation
higher ~than second! harmonics, but take into account a
exhaustion of the intensity of the incident wave. Besides
effect of the dissipation the transmission spectra one also
explore nonreciprocal properties of the transmission spe
of one-dimensional nonlinear stratified structures with me
lic or semiconductor components which are characterized
the dielectric function that are negative in certain frequen
range. By using our technique we also can study charac
istics of the electromagnetic wave propagation in 1D dis
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dered systems that are periodic on average such as a l
ization length. Finally, to illustrate the physics of the ph
nomenon we have chosen photonic crystals, the charact
tics of which are well known and which are experimenta
available. This, of course, leaves unexplored the possibili
of increasing of the efficiency of the device, using other m
terials ~like, for example, recently reported porous silico
photonic crystals4!.
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