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Electron-hole cotunneling effect in coupled single-electron transistors
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We have found theoretically that parallel coupled single-electron transistors undergo a unique crossover
from a cotunneling-only state to a predominantly sequential-tunneling state. As a result of the competition
between the cotunneling and the sequential tunneling in the course of the crossover, a current dip instead of the
usual current peak is observed.
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In parallel coupled one-dimensional~1D! arrays where
each electrode of one of the arrays is capacitively couple
electrodes in the other, the electron-hole transport gives
to the so-called quantum current mirror effect, where ide
cal currents of opposite signs flow in the two arrays.1–3 The
relevant transport mechanism is the simultaneous transfe
e-h pairs over the facing tunnel junctions, and the detect
of the mirror current in the unbiased array directly proved
existence of such a macroscopic quantum tunneling proc
On the other hand, there also exists a sequential tunnelin
electrons and holes, which usually occurs at higher bias v
ages. In this work, we have studied the crossover from
cotunneling-only state to the predominantly sequent
tunneling state in the parallel coupled 1D arrays, conside
the simple case where each 1D array consists of two tu
junctions with a separate gate attached to each mid
island.4,5 The simple system we considered in this work e
ables us to investigate tunneling processes in the cross
regime in detail, and the appearance of the current dip
explained in the framework of the competition between
two tunneling mechanisms.

In Fig. 1, we show the parallel coupled single-electr
transistors~SET’s! where two single SET’s are capacitive
coupled via the capacitanceCa between the two metallic
islands. Symmetric source-drain voltagesV1 andV2 are ap-
plied separately to the lower and upper SET’s, respectiv
Separate gate voltagesVg,1 and Vg,2 are also applied to the
lower and upper SET’s, respectively. For simplicity, we a
sume that the four tunnel junctions in the system are ide
cal with capacitanceC and resistanceR.

In Fig. 2~a!, we show a typical stability diagram of
single SET with respect to the source-drain voltageV and the
chargeq induced by the gate. In the figure, Coulomb d
monds ofn50 and21, wheren is the number of stationary
electrons in the middle island, are shown. For the sweep o
q at low bias voltages, there is a narrow region aroundq
51/2 where the crossover from the stable statesn50 to n
521 takes place@Fig. 2~c!#. In the crossover region, bot
statesn50 and21 are present and the tunneling proces
0→21→0 take place, resulting in the nonzero current@Fig.
2~e!#. In comparison, a typical stability diagram of the pa
allel coupled SET’s of Fig. 1 with respect to the gate-induc
chargesq1(5CgVg,1) and q2(5CgVg,2) is shown in Fig.
2~b!. In the figure, the stable charge configuration of an
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dividual hexagon is marked as (n1 ,n2), wheren1 andn2 are
the number of electrons in islands 1 and 2, respectiv
Analogously to the single SET case, there is a crosso
from the stable states~0, 0! to ~21, 1! for the sweep along
the line indicated in Fig. 2~b!, whereq[q152q2 . Similarly
to the single SET case, in the crossover region for
coupled SET’s, both stable states~0, 0! and ~21, 1! are
present, and the tunneling processes (0,0)→(21,1)→(0,0)
take place. However, for some values ofV1 and V2 , the
crossover is not smooth: there are abrupt changes in
crossover region@see Fig. 2~d!# in contrast to the smooth
transition for a single SET, and the currentI 1 through the
lower SET shows a dip aroundq5 1

2 @Fig. 2~f!#, which is the
feature that does not exist in a single SET. The existenc
the current dip in the coupled SET’s, which is of pure
quantum-mechanical origin, is the main result of this pap

Let us first consider the energy and free energy of
coupled SET’s. The potentialsf1 andf2 of islands 1 and 2,
respectively, are given by

f152c0ñ12
c1

2
ñ2 , ~1!

f252c0ñ22
c1

2
ñ1 ~2!

where

ñ15n12CgVg,1 , ~3!

ñ25n22CgVg,2 ~4!

FIG. 1. The parallel coupled single-electron transistors. T
lower and upper single-electron transistors, each having sepa
source, drain, and gate electrodes, are capacitively coupled via
capacitanceCa .
©2002 The American Physical Society08-1
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and

c05
1

4

Ca12

Ca11
, ~5!

c15
1

2

Ca

Ca11
. ~6!

n1 and n2 are the net charges on islands 1 and 2, resp
tively, and the capacitance and potential were scaled by
units C̃5C1Cg/2 and Ṽ5e/C̃, respectively. The electro
static energyE(n1 ,n2) for a charge configuration (n1 ,n2) is
then

E~n1 ,n2!5 1
2 c0~ ñ1

21ñ2
2!1 1

2 c1ñ1ñ2 , ~7!

where the first term represents the charging energy of
system and the second term the Coulomb energy for
charges (n1 ,n2). The free energy of the system is then giv
by

F~n1 ,n2!5E~n1 ,n2!2(
k

QkVk , ~8!

where the summation is over the voltage-applied electro
of the system~four such electrodes in Fig. 1!, andQk andVk
are the charge and voltage of each such electrode, res
tively.

Let us now discuss the crossover behavior of the coup
SET’s in detail. For simplicity, let us setV250 andV5V1
throughout this paper. NonzeroV2’s do not alter the resul
here and will be discussed later. Let us restrict ourselves
the moment to the case where the gate voltages are s
such thatq5q152q2 . Other gate sweeps will be discuss
later. Then, as mentioned above, the crossover region
two charge configurations~0, 0! and ~21, 1!. For low V’s,
namely, forV,Vs where

Vs5
1

6

Ca

Ca11
, ~9!

FIG. 2. Comparison of the stability diagram of~a! a single SET
and ~b! coupled SET’s. Average charge on the middle island w
respect to the gate sweep for~c! a single SET and~d! coupled
SET’s, and current with respect to the gate sweep for~e! a single
SET and~f! coupled SET’s. The thick line in~a! and the dashed line
in ~b! represent the paths along which the gate voltages are sw
23330
c-
he

e
e

es

ec-

d

or
ept

as

only the tunneling processes of (0,0)→(21,1)→(0,0) are
possible: that is, only by the second-order cotunneling
simultaneous transfer of an electron and a hole on island
and 2, respectively, can the state~21, 1! be accessed from
the state~0, 0!, and vice versa. How we obtainedVs in Eq.
~9! will be clarified shortly. On the other hand, for highe
V’s, namely, forV.Vc where

Vc5
1

4

Ca

Ca11
, ~10!

the dominant tunneling processes are sequential ones: th
state ~21, 1! is accessed by the sequential tunneling
(0,0)→(21,0) followed by the sequential tunneling o
(21,0)→(21,1) ~hole attraction!. How we obtainedVc in
Eq. ~10! will be also clarified shortly. Although a quantum
tunneling of the second order still takes place, the cotunn
ing rate in this case is much smaller than the sequential
neling rate. In Fig. 3 we show the typicalI-q characteristics
for the cases ofV,Vs @Fig. 3~a!# andV.Vc @Fig. 3~c!#.

For intermediate bias voltages ofVs,V,Vc , the cross-
over from the cotunneling-only state to the predominan
sequential-tunneling state takes place. Recall that forV,Vs
there are two possible states for the system: the statio
state ~0,0! or ~21,1!, which we define as state I, and th
cotunneling-only state where only the second-order cot
neling @(0,0)�(21,1)# occurs~state II!; see Fig. 3~a!. As V
is increased fromVs , a state starts to appear at the boun
aries between states I and II. In this state, or state III,
configuration~21,1! is accessed from the configuration~0,0!
only by the second-order cotunneling, as in the case of s
II. However from configuration~21,1!, the sequential tun-
neling processes of (21,1)→(0,1)→(21,1) take place in
parallel with the cotunneling processes of (21,1)→(0,0)
→(21,1). See Table I for a summary of the aforemention
tunneling processes in different states. AsV is further in-
creased fromVs , the region for state III expands, while tha
for state II shrinks@see Fig. 3~b! for an example#. In fact, the
intervalRII of state II with respect toq ~for q5q152q2) is
given by

pt.

FIG. 3. The currentI 1 through the lower SET for the cases of~a!
V,Vs , ~b! V nearVc (Vs,V,Vc), and ~c! V.Vc , for Ca55;

R513105 V, and temperatureT50. The unit of current isĨ

[e/RC̃. In ~a! and ~b!, the regions for states I, II, and III are
marked.
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TABLE I. The tunneling processes for the various voltage regions. Note that forVs,V,Vc two states II
and III coexist. The diagonal arrows represent the second-order cotunneling, and others sequential tu
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2j,

1

2
1jG , ~11!

where

j5
Ca

4
2~Ca11!V, ~12!

while the intervalRIII of state III is ~for the left part!

RIII 5@ 1
2 2 1

2 ~Ca11!V, 1
2 2j#. ~13!

From the above relationships, we can see that, atV5Vc , the
interval RII reduces to zero and state II disappears. To su
marize, we find that the crossover is characterized by
appearance of state III at the start up (V5Vs), the coexist-
ence of states II and III in its course, and the termination
state II at the end of the crossover (V5Vc). Therefore,Vs is
the critical voltage for the appearance of the sequential p
cess (21,1)→(0,1) andVc for the appearance of the se
quential process (0,0)→(21,0). That is,Vs in Eq. ~9! was
obtained by consideringDF5F(0,1)2F(21,1)50, andVc
in Eq. ~10! by considering DF5F(21,0)2F(0,0)50,
where the free energyF(n1 ,n2) is given by Eq.~8!.

The current dip around the peak is seen whenV is near
Vc(V,Vc); see Fig. 3~b!. The appearance of the current d
is due to coexistence and competition of states II and
during the crossover: in the crossover voltage range ofVs
,V,Vc , the currentI through the lower SET~recall that
V250 so that the current through the upper SET is zero! is
the sum of the currentI cot and the currentI seq, whereI cot is
the current by the cotunneling processes@(0,0)�(21,1)#
and I seq is the current by the sequential tunneling proces
@(21,1)→(0,1)→(21,1)#. Then the current in the region o
state II is simply

I 5I cot, ~14!
23330
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whereas the current in the region of state III is given by

I 5I cot1I seq. ~15!

~Note that there is another kind of the cotunneling proce
namely, the second-order cotunneling from the source to
drain of the lower SET. However, it simply adds up to t
total current as the background current, so we do not incl
it in the discussion here.! We have found thatI seq is negligi-
bly small compared toI cot if V is close toVs . But asV is
increased fromVs , I seq/I cot gradually increases, and, whenV
is close toVc , I seq becomes comparable toI cot. See Fig. 4,
whereI seq, I cot, andI are plotted together. We can see fro
Fig. 4 thatI cot simply shows a peak aroundq51/2, but I seq
shows a behavior where it initially increases withq but
sharply drops to zero near the boundaries of states II and
Recall that in state III, no such sequential tunneling is
lowed. When two contributionsI cot andI seqare added up, the
resultant total currentI shows a dip, as shown in the figur
Therefore, we conclude that the appearance of the curren
in the parallel coupled SET’s is due to their unique crosso
behavior of coexistence and competition of two states w
subtly different tunneling mechanisms.

In Fig. 4, the cotunneling rates were calculated using
Jensen-Martinis approximation6 to elucidate the sequentia
tunneling contribution. However,I cot in state II can be cal-
culated via the exact second-order cotunneling formula7

G5
RK

4p2e2R1R2
H 22S 11

2

DF

DF1DF2

DF2DF12DF2
D

3S (
i 51,2

ln~12DF/DFi ! D J DF, ~16!

where DF1 and DF2 are the free energy changes for th
intermediate tunneling processes which are involved in
cotunneling process, andDF is that for the cotunneling.
Then
8-3
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I cot5
GABGBA

GAB1GBA
, ~17!

where GAB is the cotunneling rate for the process (0,
→(21,1) andGBA for the reverse process. In the abo
equation,RK5h/e2.25.8 KV, andR1 andR2 are the resis-
tances of the junctions involved in the cotunneling proce
DF1 and DF2 of the cotunneling process@(0,0)�(21,1)#
are DF15F(21,0)2F(0,0) and DF25F(21,1)2F
(21,0) where the free energyF(n1 ,n2) is given by Eq.~8!.
The currents in the regions of states I and II in Fig. 3 we
obtained by using the exact formula for the cotunneling ra
However, due to the coexistence of the cotunneling and
sequential tunneling processes in the region of state III,
cotunneling rates were regularized in a standard way for
region. We have also tried another approximation for
cotunneling rate, namely that of Lafarge and Esteve,8 and
obtained the similar results.

In Fig. 5 we indicate, in a stability diagram, the region
state II where the current dip is observable. The region fo
a narrow band in the plane ofq1 andq2 ; therefore, depend
ing on the way the gate sweep is performed, one ha
slightly different width~with respect to the sweep gate vo
age! for the current dip. For example, one may fix the upp
gate voltage atq2521/2 and sweep overq1 . The resulting
I -q1 characteristics show a similar current dip but with
width a bit shorter than by the sweep whereq152q2 .

We have found that the current dip is best observed for
coupling 1&Ca /C̃&5. If the coupling is too weak, the cur
rent dip is not so pronounced as to be discerned. On the o
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FIG. 4. Contributions of sequential tunneling (I seq) and cotun-
neling (I cot) to the total current~I! at a V nearVc . Ca55, R52
3105, andT50, and the Jensen-Martinis approximation was us
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hand, if the coupling is too strong, the width for the curre
dip is too narrow to be observed.

In this study,V2 of the upper SET has been set to zero
simplicity. For nonzeroV2 , we obtain a similar crossove
behavior with the appearance of a current dip near so
critical voltage, but the tunneling processes involved
much more complicated than for the caseV250.

As the temperature is increased, the sequential tunne
processes begin to occur in the cotunneling-only region
the current dip becomes shallower. At higher temperatu
then, the whole region can be effectively described by
sequential tunneling processes only. As the result, the cur
dip is replaced by the usual current peak aroundq51/2. The
critical temperature for the disappearance of the dip
Tc /T̃;1023, whereT̃[e2/kBC̃. For the tunnel-junction ca-
pacitance of the order of 1 aF,Tc is about 1 K.

In conclusion, we have found that parallel coupled sing
electron transistors undergo a unique crossover from
cotunneling-only regime to the sequential-tunneling dom
nant regime. In the course of crossover, two states with s
tly different tunneling mechanisms coexist and compete w
each other, resulting in a current dip with respect to a g
voltage sweep.
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.
FIG. 5. The honeycombs~0,0! and ~21,1! of the parallel

coupled SET’s forV near Vc (Vs,V,Vc). The shaded region
represents the region where the current dip can be observed~state
II !. The regions for states I and II are also marked.
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