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X-ray spin form factors of rare-earth ions
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The x-ray spin form factor obtained by the nonresonant magnetic diffraction where the magnetic moment in
the target material is parallel to the scattering vector, being a unique microscopic approach to the aspherical
density distribution of scatterers, has been theoretically investigated foif takedtrons of the rare-earth ions.
Examining the contribution from the lowest-order asphericity with the operator-equivalent technique, it is
shown that the aspherical effect is relatively serious for the ions with small total-spin quantum numbers, such
as C&", PPY, Tm®", and YB'', and it is illustrated that the relation of the expanse of the presgnform
factor and the aspherical distortion of thé éhargedensity along the moment direction is inverse between the
less-than-half and more-than-half cases. It is also shown that, while the recent experiment gra§meArls to
support the factorization of the relevant operators into the spatial and spin parts in calculating the thermal
averages, the reliability of such a treatment could be tested by studying the thermal variation of the form
factors for various rare earths or, if detectable, measuring the form facto6f s emphasized through the
paper that the x-ray magnetic diffraction of this specific geometry is a limited but hopeful way to study the
spatial distribution of spin polarization in magnetic materials and could be complementary to the neutron-
diffraction and Compton-scattering methods.
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I. INTRODUCTION has been extracted from the neutron magnetic form factor.
Why has the x-ray study along this line ever been scarcely
Nowadays, the diffraction study on the magnetism of con-done? Looking into this point more in detail, one can see that
densed matters can be done by using both neutron and tkere exists a rather complicated situation in the x-ray case.
rays. In particular, the number of research reports with the The density distribution of the magnetic scatterers around
latter has been greatly increasing in the last two decades, d@especific atom is, in general, affected by the surrounding
to the advent of synchrotron radiation. X rays having well-atomic configuration and, through the spin-orbit coupling,
controlled polarization, such as synchrotron radiation, enabléhe direction of the magnetic moment as well, which is de-
in theory the separation between the signals arising from thgermined by the interaction within the material and/or an
spin and orbital magnetic moments, since the x-ray scatteringxternal field. Therefore the anisotropic part of the magnetic
cross section associated with these two kinds of the magnetfgrm factor depends on the relative orientation between the
moments are prefaced by different x-ray polarizationgcattering vector and the crystallographic axes and, more-

l . . . . .
factors: So then, it is often said that the spin and orbital oy the form factors even of the same reflection indices are

magnetization densities can be obtained independently Wit |onger identical for different directions of the magnetic

this technique. However, in almost all of the reports subsep,,nent These statements are equally applicable to both
guent to the pioneering demonstration on the antiferromag

i : . . ) neutron and x-ray cases. But, in the latter, the spin and or-
tnheeuie(?r?)lrlr?gl ?eig(?::?frzgmnpéﬁabé/aabigé albcz)ilﬂgster;ﬁl %n bital contributions to the scattering cross section may also
9 9 pie by ’ vary in different ways from each other with the above-

this feature is utilized only in order to seek the absolute . : " . -
values of the atomic spin and orbital magnetic moments Opwennoned geometrical conditions in addition to the x-ray

the ratio of the two. That is to say, the form factor of eachPolarization states. Accordingly, the argument on the density
reflection obtained by the nonresonant magnetic diffractiorfSPhericity through the x-ray magnetic diffraction is not as
is served for the extrapolation to the value at zero momenstraightforward as in the neutron case; in other words, it is
tum transfer assuming the spherical magnetization densitgifficult to specify which part in the geometry dependence of
around the atomic center. This manner of the data analysie form factor comes from changes in the ratio between the
may be useful to show the existence of an appreciabl&pin and orbital contributions and which part is truly attrib-
amount of the orbital moment for thed3transition ions in  uted to the density asphericity. One of the easy routes, which
some compounds or to know the nature of the actinide makes use of the spin-orbital separation property of the x-ray
magnetism through the deviation of the spin to orbital ratiomagnetic diffraction, is the aforementioned analysis with the
from the value predicted by Hund's ruié.But, the form  spherical model at the cost of the realistic spatial distribu-
factor in itself should contain richer information about thetion.

asphericity in density distribution. Actually, plenty of knowl- ~ Under the circumstances, the experimental condition
edge concerning the wave function and the solid-state effeciwhere the direction of the magnetic moment is set to be
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parallel to the scattering vector is worthy of note. First, thetreatments and, at the same time, to give some guides to the
observed magnetic signal comes purely from the spin part diuture experimental work at this stage. It is these subjects
the magnetic moment and does not include the orbitalthat we shall deal with in this paper.
moment contribution, which is less straightforward to inter- In the next section, we first describe the equivalent opera-
pret. Second, the spin form factor obtained as a result ior for the present spin form factor, which is the starting
directly connected to the atomic density distortion along the0int for the subsequent discussion. In Sec. Ill, the effect of
moment direction, and easily leads us to the insight into thdh€ aspherical density distortion along the moment direction,
physical picture. Mathematically speaking, this means thator th_e quantization axis for thef4electrons of a rare-earth
when the scattering vectds is taken as the polar axis, 10N, IS estimated as a function of the-&lectron number
exp(k-r) in the atomic scattering factor operator can be ex-With respect to theM =J state of the ground multiplet,
panded into the products of the spherical Bessel functiovhereJ andM are the quantum numbers for the total angular
j(kr) and the Legendre polynomi},(cos6) with the polar momentumJ and itsz component, respectlvely. T_he special
angle  of an electron’s position vectarwith respect to the ~cases of St and E4™ are dealt with separately in Sec. IV,
atomic center. The estimate for tiR, term represents the for which the nearby first excited multiplet is also taken
density distortion along the polar axis, which is the momentnto account. Section Vis devoted to remarks about the ther-
direction here. Third, as the spin-only form factor oftenmal variation, e.spe_mally.ln the vicinity of the Qrderlng point,
changes its sign at a moderate value of the momentum trandd summary is given in Sec. VI. Though, in the concrete
fer and the zero-crossing position can be a good indicator foStimates presented in Secs. IlI-V, only the lowest-order as-
the extent of the form factor, the density modification can bePhericity and no crystal fields are considered, we can ad-
partly examined through the polarity of the magnetic effectequately learn the general trends and how the present spin
even in the case that the quantitative data extraction were né@rm factor could be deviated from the isotropic one arising
available. The experimental conditions of the Bragg anglefrom the spherical component of the density distribution. The
the energy spectrum of the incident synchrotron radiationsiull analysis fog a specific material will be, if necessary,
etc., are often convenient for the measurement around trtraightforward.
zero-crossing position expected for many magnetic ions.
Fourth, the undesirable multiple-scattering effect for the fer- Il. EQUIVALENT OPERATOR
romagnetic sample can be controlled by the sample rotation i ,
about the scattering vector, which does not affect the single- 1he operator corresponding to the present spin form fac-
scattering cross section with this special geometry. Fifth, thid0r i described by, exp(k-r,)s;,, wherek is the x-ray
useful geometry cannot be utilized by the polarized neutror$cattering vector,,, is the position of theth electronss,, is
technique, as the scattering cross section vanishes. In view 1€ Z component of theth electron’s spin, and the summa-
the first two features, information derived therefrom may belion is over the 4 electrons. The scattering vector is chosen
recognized as complementary to that from the so-called madrarallel to thez axis. Expanding the exponential in spherical
netic Compton profilé.But, dissimilarly to that, the diffrac- functions, the following operator equivaleriéolds within
tion phenomenon is site sensitive, and also the antiferromadhe subspace indexed by the total orbital and spin angular
netic sample as well as the ferromagnetic one can b&0mentum quantum numberk, and S which are deter-
investigated with this technique through the- 7 channel in ~ Mined from the Hund's rule:
diffraction®

Up to now, the measurement of such spin form factors has
been tried just one time for the ferromagnetic cubic Laves
phase compound SmAl(Ref. 10 with the white beam
method'>*? The result showed that the spin form factor of +¥(j6)OR}S;, (1)
Sn?™ in this compound is more contracted than the isotropic o _ _
one, reflecting the prolate distribution of the scatterers, and/eré(in) is the expectation value of threh-order spherical
was consistently interpreted by the mean-field analysis. ThB€SSel f“”OC_“O”Jn(kr) ‘with respect to the # radial wave
thermal variation of the zero-crossing position, however, apfunction,Oy is the equivalent operator for timth-order Leg-
pears to be counter to the conventional way of thermal averendre polynomial written in terms of the total orbital angular
aging and to support the factorized treatment of the relevarifomentunti_, e.g.,09=3L2—L?, andS, is thez component
operator into the spatial and spin paigse Sec. )l Asimilar  of the total spin angular momentud «, g, y are constants
assumption is usually made in the interpretation of the magdepending on the rare earths. Though the right-hand side of
netic Compton profile as well, though the physical meaningEd. (1) can be re-expressed using the total angular momen-
of the factorization is unclear. In the light of the usefulnesstum J, as will be seen in Sec. V, we leave this physically
of the spin form factor with this specific geometry as atransparent form as it is for the moment. The spin form factor
unique microscopic approach to the electronic state in magh questionfg(k|z) is calculated as the thermal average of
netic materials and the partly enigmatic current status dethe right-hand side of Eql) with the normalization such
scribed above, it seems meaningful to theoretically investithat fg(0)=1, and then summarized to be the following fa-
gate the asphericity effect on this spin form factor for themiliar form:
rare-earth series having well-defined spin and orbital mag-
netic contributions with both unfactorized and factorized fs=(jo)tCo(jo)tCaljay+Celis), (2

2 explik-1,)s,,={(jo) + a(j2) 0%+ B(j 1) Of
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where (jo) denotes the isotropic or spherically averaged (09S,)=L(J—-L)(2L—1) (8b)
form factor and the remaining terms reflect the deviation

from the spherical symmetry. Of these asphericity terms, th&r the heavy ones. Then, from EqS), (5), (7), (8a), and
second-order one is expected to have a major effect in thé0). when(S,)#0,

moderate momentum-transfer region, and, in what follows, (25-7)(45- 7)(L+1)(2L+3)(202+J+3)

we take account only of th§y) and(j,) terms. Co=

Comparing Eq(2) with Eq. (1), we get 18L(2L—1)(3+2)(23+3) 08

C2= a<o(2)sz>/<sz> (3) and
The angle bracket$ --) here denote the expectation value, (25-7)(4S-7)
which may not be confused with the radial integra{ pf). If Cpmm————~ (9b)
the spin form factor operat@f) could be properly factorized 18
into the spatial and spin parts, namé®.S,)—(ON)(S,),  are obtained for the light and heavy rare earths, respectively.
c, becomes Similarly, in the factorized casgEq. (4)], using
¢y “'=a(09), (4) (o= (LFDEL+3I2I-D) (103

just proportional to the quadrupolar charge distortion along 2 (J+1)(23+3)

the z axis. Our estimates of; in and after the next section 4
are made in these two ways, because it is uncertain at present
which treatment is correct, as mentioned in Sec. I. It will be <og>: L(2L—1), (10b)
seen, however, in Secs. IV and V that the future experiments ) (FO) -

on the temperature effect or the materials containing"Eu respectivelyc; ~ is calculated to be

may possibly answer this question. Finally, we note the ex-

plicit form of « in the present discussion, C(FC):(ZS_7)(4S_ L+ 1)(2L+3)J(2)-1)
2 18L(2L—-1)(J+1)(23+3)
(25-7)(4S-7) 5 (113
A= (o AT AL -
18L(2L-1) for the light rare earths, and
. M=J STATE C(Fc):(25—7)(43—7) (119

2
. . . - 18
In this section, we estimate tte coefficient for theM

=] state of the ground multiplet and show how the density for the heavy ones. Note tha'@:c(zpc) for the heavy rare
asphericity influences the overall shape of the spin form facearths anda,=0 for the half filled ions (47;S=1), such as
tor and its zero-crossing position. The situation suppose@&?* and Gd&™*.

here corresponds to the ordered state at zero temperature, |n Fig. 1, c, and C(ZFC) thus obtained for the rare earths

being subjected to no crystal fields, and the one-ion Hamilexcept SM* (4f°) and EG* (4f%) (see Sec. IYare plotted
tonian as a function of the #electron number. It can be seen that

_ the discrepancies betwean and c{© for the light rare

=AL-S+ ugH(L,+2S,)+2ugH 2

H=AL-StugH (Lo +25) + 2usHeS, ® earths are also not very much, and that, as a general ten-
is assumed to be a good description of the system, whexe dency, the relative contribution of tHg,) part is important
the spin-orbit coupling coefficieny is the Bohr magneton, to the rare earths having small values $fsuch as C&
andH and H,, is the applied and exchange fields, respec{4f';S=1%), PPt (4f%S=1), Tmt (4f%S=1), and
tively. Yb3* (4f13%S=1). It should be also noted that, for the
Within a manifold of states of constadf the Wigner- heavy rare-earth ions, the polarity of tleg coefficient is

Eckart theorem allows the substitutidd=(g;—1)J, and  opposite to that of the expectation value o ,(3 cog 6,

then the expectation value &, for the M =J state is —1), to which the corresponding aspherical component of
the charge scattering amplitude is proportional. This implies
(S)=(9,-1)J, (7)  that the asphericities of the spin and charge densities are

whereg; is the Landefactor. Using the explicit forms of the Feéversed for the more-than-half cases. Figure 2 sh@ws
oft-J matrix elements ofL, and S,, and the relation +C{i2) for PP” and Dy'" as examples and illustrates how
(J|LJd+1)=—(J|S,)I*1),* the expectation value of the expected form factors are extended or contracted in com-

- B - - 3 -
095, for the M =J state of the ground multiplet is derived ~ Parison with the isotropic cases. For Py which has a
pancake-type charge density, the result is so broad that the

to be
zero-crossing position is difficult to be observed. That for
o (L+1)(J—L)(2L+3)J(23%+I+3) Dy®* having the same type of the charge density, on the
(028)= (8a) other hand, falls off more rapidly than the isotropic case and
(J+1)(J+2)(23+3) P
changes its sign for a smaller value of the momentum trans-
for the light rare earths, and fer. Note that the modification of the form factor presented
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oL T ] described, even qualitatively, by the theory considering only
I o o 8. (O 1 the groundJ multiplet’® In this section, we consider the
- ooeom ® . groundJ multiplet admixed with a portion of the excited one
i ¢ ¥ <-Z(3c0s%,1) > ] via the off<J matrix elements o of Eq. (6), and investigate
1k _ the Sni* and EG* cases.
-9 % x ® In a mean-field approximation, the expectation valu&,of
[ * X | for an arbitraryM is self-consistently determined to5e
L @ X @ i
0 +e (95~ DM —2Ayup(1+ S)H/Ay
: "af ee®x 1 (S)= T .12
L < x
-1 [ e ] where J is the one for the ground levelAy=(J
0 7 14 +1M[S,|J,M)2, T is the interionic exchange] is the en-
hancement factor foH., in metals due to the uniform
4f-electron number conduction-electron spin polarization causedHyyand A,

is the energy interval between the ground and excited levels,
which is about 1500 K for SAT and 300 K for Ed*". We
neglect here thél and(S,) dependences af, .

FIG. 1. Thec, coefficients for thaMl =J states plotted against
the 4f-electron number. Open circles arg of Egs.(9a) and (9b),

and dots arec™® of Egs. (118 and (11b). Crosses denote the N \
expectation values of = (3 cog 6,—1); the positive and negative For Sn7", becauseugH <Ay, for an ordinary extemal

value means, respectively, the oblate and proldtelkarge distor- field, th_e numerator Of. the ”ght'ha.”d side of Etp) can be .
tion along the quantization axis. For $m(4f5) and EG* (4f°), approximated by the first term, which means that the admix-

the results estimated in Sec. IV, where thenixing effect is taken  ture of the excited level through the exchange field resuits

into account with likely parameters, are shown and marked witHn the modification of (S,) by around a factor of (1

different symbols. —4AMJ/AM)‘1. It can be confirmed in the same fashion
that such modifications also occur f5S,) and(0%). The

here is ascribed to the asphericity of the density distributioréffects of the excited level are then estimated to(Bg)
and cannot be simply related to the isotropic density spread —1.786——1.928, c,=—0.289--0.291, and c§
in real space. A similar anisotropic effect is, more or less,= —0.206— —0.229 for theM =3 state of SM" in a ferro-
expected for the spin part of the magnetic form factor meamagnet with a Curie temperature of 100 K, i &= 30 K, for
sured with a general geometry, for the spherical averagistance, where the former values are calculated by &gs.
should be zero. Therefore the analysis, where the spin forr9a), and(11a), respectively. It seems thaj=(09S,)/(S,) is
factor is approximated to bf,), might sometimes lead us little modified as the variations ¢0D5S,) and(S,) are nearly
to a serious misevaluation of the orbital-moment contribucanceled.

tion, especially when the relative size of the orbital moment For E™, on the other hand, the second term of the nu-

is very small. merator on the right-hand side of E@.2) is substantial, for
the ground level isl=M=0. As for (03S,) too, it can be
IV. SPECIAL CASES OF Sm3* AND Eu3+ shown that no terms are left but thkinduced one. Thus, for

H#0, we can getc,=a[3(Ay+A{)—L(L+1)]=—%,
For Sni* and Ed", as the consecutivé multiplets are  where A, =(J+2,M|S,|J+1,M)2 with J being the ground
not well separated energetically, the properties may not bgne. Note that this result depends on neitderor A, nor J.
Though, from the practical point of view, the size of the
induced spin moment is so small, e.g., about g.94or 7

1 () Pré* (b) Dy** =0 andH=1T, that the experiment might be no easy mat-
ter or require quite high statistical accuracy, the spin form

Fo>+Cx7> #6557~ factor of EG™ is interesting to measure in terms of the va-

----- <Jp> > lidity of the operator factorization mentioned before. Be-

cause, for0Y), all the terms including théd-induced one

become zero whed=M=0, hencec{ ©=0. Then, using
0 b—— ———  Q—— N3 the numerical results dfj,) and(j,) tabulated in Ref. 15,
o L the values of sim/ \ at which the form factor crosses a zero
0 1 2 0 1 5 line are evaluated to be 0.84 and 0.94'4n the unfactor-
; A1 ; A-1 ized and factorized cases, respectively. This means that the
sin6/A (A7) sin6/2 (A7) polarity of the magnetic-diffraction signal with s\
FIG. 2. (jo)+cyx(j,) for the M=J state of(a) Pr* (4f%L ~0.9 A~ would enable us to judge which treatment seems
=5,S=1,J=M=4) and (b) Dy*" (4f°% L=5,S=3,J=M lrue.
=1%). The values ofj,) are quoted from Ref. 15 ant} of Egs. The c, coefficients estimated in this section are included
(9a) and (9b) are used. Broken curves indicate the isotropic partsin Fig. 1 as the typical cases for Sin (4f°) and Ed*
(jo) for references. (4£9).
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V. THERMAL VARIATION

While our argument has been thus far confined to zero
temperature, here we examine how the aspherical effect, rep-
resented by, , varies with the degree of the magnetic order-
ing and discuss the thermal variation of the present spin form
factor, especially with focusing on the vicinity of the order-
ing point.

For this purpose, it is convenient to express the right-hand
side of Eq.(1) as a sum of the spherical harmonics. For the
ground J multiplet, the matrix elements db, are propor-
tional to those of)9=J,, as mentioned in Sec. Ill, and the
product of the components of two tensor operators built up
from L andS, OgSZ, is expanded into a linear combination
of 39 andJ3=533—3J(J+1)J,+J, as follows:

0 3 0 2 0
05S,x §J3+ EK‘] , (13 oy |
_ 0.0 0.5 1.0
where K=(J+2)(2J+3) for the light rare earths ank T
o]

=(J—1)(2J—-1) for the heavy ones. It is well known that,
ina r(‘)negn—ﬁeld approximation, the thermal variation(8f) FIG. 3. Calculated thermal variation ¢) c, andc¥© [Egs.
or (J7) is described by the Brillouin function and is of the (3) and(4)] and (b) the zero-crossing position @f o) +Co(j,) and
form (Tc—T)"? just below the ordering poirTc. On the (i) +c¥© (j,) for PP* and Dy*. Solid and broken curves are
other hand{Jp) varies as theath power of(J9) nearTc.'”  the results withc, and c§©), respectivelyH of Eq. (6) with H
Then, in that temperature range,=(05S,)/(S,) linearly =~ =0 andHe=—JS,)/ug is used as the starting Hamiltonian. The
approaches a finite value determineddyRewritingc, with interionic exchange7 is set for 30 K, and the resultant Curie tem-
respect to thél = J state of Eqs(9a) and(9b) to bec,_,,  Peratures are 16 K for Pt and 142 K for Dy".

the asymptotic values for the light and heavy rare earths can

be described to be

distortion in the paramagnetic regime. The measurement of

2(J+2)(2J+3) (149 the thermal shift of the sign-reversal position in the present

C2T-1cT 5 (2374 3+3) 210 spin form factor for PrAJ, for example, might be then cru-
and cial to know the appropriate way of thermal averaging. In
Fig. 3(b), the numerical temperature dependence of the sign-
2 reversal position of the form factor in each case is shown.
Co7~7,= 5 C27-0; (14b)
respectively. The temperature dependence,ohust be then VI. SUMMARY

like the solid curves in Fig. @), which shows the mean-field The separability of the spin and orbital contributions has

n e
lcalcuI?tedtrestl;]Its for f’fba{?d Dy’} tas_ examdplgs. Ata simi- been recognized as one of the most striking features of the
ar estimate, tne contribution o hga) an <JG>. compo- x-ray magnetic diffraction, as compared to the neutron one,
nents associated with the higher-order asphgr_lcn_les can bﬁﬁd has attracted many researchers in the relevant field. As
shov;/nllto ble progerly r&egi@ctﬁd neﬁ?ﬁ dltmlnlshmtg al  described in the introductory section, however, as far as the
mos h|n$_ary an tquall ratically as the temperature apaensity distribution study is concerned, further close exami-

proachesi ¢, respectively. _ . nation seems to be required from both theoretical and prac-

Attention should be paid here again to the compariso

. ) (FO) « & ) 1S0Rjical points of view. The present study on the spin form fac-
with the behavior ofc; ™ indicated by the broken lines in o with the magnetic moment in the target material being

Fig. 3a). In the vicinity of the transition poinici “=(09)  parallel to the scattering vector indicates one of the promis-
is reduced with rising temperature in proportionf83)? and  ing courses which we should take in this term. Once the
becomes 0 af. Therefore, thougtc, and c(ZFC) are not  validity of this approach is established from the experimental

very different at low temperaturdsee also Fig. )l the dif-  side, it will become a good complement to the neutron dif-

ference between the two becomes remarkable as the tempefeaction and the Compton scattering experiments, and may
ture increases. This situation is the realistic case for the iopossibly shed light on the novel aspect of the spatial distri-
in the cubic crystal fields, having no corresponding chargéution of spin polarization in magnetic materials.
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