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X-ray spin form factors of rare-earth ions
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The x-ray spin form factor obtained by the nonresonant magnetic diffraction where the magnetic moment in
the target material is parallel to the scattering vector, being a unique microscopic approach to the aspherical
density distribution of scatterers, has been theoretically investigated for the 4f electrons of the rare-earth ions.
Examining the contribution from the lowest-order asphericity with the operator-equivalent technique, it is
shown that the aspherical effect is relatively serious for the ions with small total-spin quantum numbers, such
as Ce31, Pr31, Tm31, and Yb31, and it is illustrated that the relation of the expanse of the presentspin form
factor and the aspherical distortion of the 4f chargedensity along the moment direction is inverse between the
less-than-half and more-than-half cases. It is also shown that, while the recent experiment on SmAl2 appears to
support the factorization of the relevant operators into the spatial and spin parts in calculating the thermal
averages, the reliability of such a treatment could be tested by studying the thermal variation of the form
factors for various rare earths or, if detectable, measuring the form factor of Eu31. It is emphasized through the
paper that the x-ray magnetic diffraction of this specific geometry is a limited but hopeful way to study the
spatial distribution of spin polarization in magnetic materials and could be complementary to the neutron-
diffraction and Compton-scattering methods.

DOI: 10.1103/PhysRevB.66.224428 PACS number~s!: 75.25.1z, 32.90.1a, 61.10.Dp, 78.70.Ck
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I. INTRODUCTION

Nowadays, the diffraction study on the magnetism of co
densed matters can be done by using both neutron an
rays. In particular, the number of research reports with
latter has been greatly increasing in the last two decades
to the advent of synchrotron radiation. X rays having we
controlled polarization, such as synchrotron radiation, ena
in theory the separation between the signals arising from
spin and orbital magnetic moments, since the x-ray scatte
cross section associated with these two kinds of the magn
moments are prefaced by different x-ray polarizati
factors.1 So then, it is often said that the spin and orbi
magnetization densities can be obtained independently
this technique. However, in almost all of the reports sub
quent to the pioneering demonstration on the antiferrom
netic ~helical magnetic! sample by Gibbset al.2 and that on
the ferromagnetic~ferrimagnetic! sample by Collinset al.,3

this feature is utilized only in order to seek the absol
values of the atomic spin and orbital magnetic moments
the ratio of the two. That is to say, the form factor of ea
reflection obtained by the nonresonant magnetic diffract
is served for the extrapolation to the value at zero mom
tum transfer assuming the spherical magnetization den
around the atomic center. This manner of the data anal
may be useful to show the existence of an apprecia
amount of the orbital moment for the 3d transition ions in
some compounds4,5 or to know the nature of the actinid
magnetism through the deviation of the spin to orbital ra
from the value predicted by Hund’s rule.6,7 But, the form
factor in itself should contain richer information about t
asphericity in density distribution. Actually, plenty of know
edge concerning the wave function and the solid-state eff
0163-1829/2002/66~22!/224428~6!/$20.00 66 2244
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has been extracted from the neutron magnetic form fac
Why has the x-ray study along this line ever been scarc
done? Looking into this point more in detail, one can see t
there exists a rather complicated situation in the x-ray ca

The density distribution of the magnetic scatterers arou
a specific atom is, in general, affected by the surround
atomic configuration and, through the spin-orbit couplin
the direction of the magnetic moment as well, which is d
termined by the interaction within the material and/or
external field. Therefore the anisotropic part of the magne
form factor depends on the relative orientation between
scattering vector and the crystallographic axes and, m
over, the form factors even of the same reflection indices
no longer identical for different directions of the magne
moment. These statements are equally applicable to b
neutron and x-ray cases. But, in the latter, the spin and
bital contributions to the scattering cross section may a
vary in different ways from each other with the abov
mentioned geometrical conditions in addition to the x-r
polarization states. Accordingly, the argument on the den
asphericity through the x-ray magnetic diffraction is not
straightforward as in the neutron case; in other words, i
difficult to specify which part in the geometry dependence
the form factor comes from changes in the ratio between
spin and orbital contributions and which part is truly attri
uted to the density asphericity. One of the easy routes, wh
makes use of the spin-orbital separation property of the x-
magnetic diffraction, is the aforementioned analysis with
spherical model at the cost of the realistic spatial distrib
tion.

Under the circumstances, the experimental condit
where the direction of the magnetic moment is set to
©2002 The American Physical Society28-1
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parallel to the scattering vector is worthy of note. First, t
observed magnetic signal comes purely from the spin pa
the magnetic moment and does not include the orbi
moment contribution, which is less straightforward to int
pret. Second, the spin form factor obtained as a resu
directly connected to the atomic density distortion along
moment direction, and easily leads us to the insight into
physical picture. Mathematically speaking, this means th
when the scattering vectork is taken as the polar axis
exp(ik•r ) in the atomic scattering factor operator can be
panded into the products of the spherical Bessel func
j n(kr) and the Legendre polynomialPn(cosu) with the polar
angleu of an electron’s position vectorr with respect to the
atomic center. The estimate for thePn term represents the
density distortion along the polar axis, which is the mom
direction here. Third, as the spin-only form factor oft
changes its sign at a moderate value of the momentum tr
fer and the zero-crossing position can be a good indicator
the extent of the form factor, the density modification can
partly examined through the polarity of the magnetic eff
even in the case that the quantitative data extraction were
available. The experimental conditions of the Bragg ang
the energy spectrum of the incident synchrotron radiatio
etc., are often convenient for the measurement around
zero-crossing position expected for many magnetic io
Fourth, the undesirable multiple-scattering effect for the f
romagnetic sample can be controlled by the sample rota
about the scattering vector, which does not affect the sin
scattering cross section with this special geometry. Fifth,
useful geometry cannot be utilized by the polarized neut
technique, as the scattering cross section vanishes. In vie
the first two features, information derived therefrom may
recognized as complementary to that from the so-called m
netic Compton profile.8 But, dissimilarly to that, the diffrac-
tion phenomenon is site sensitive, and also the antiferrom
netic sample as well as the ferromagnetic one can
investigated with this technique through thes2p channel in
diffraction.9

Up to now, the measurement of such spin form factors
been tried just one time for the ferromagnetic cubic Lav
phase compound SmAl2 ~Ref. 10! with the white beam
method.11,12 The result showed that the spin form factor
Sm31 in this compound is more contracted than the isotro
one, reflecting the prolate distribution of the scatterers,
was consistently interpreted by the mean-field analysis.
thermal variation of the zero-crossing position, however,
pears to be counter to the conventional way of thermal a
aging and to support the factorized treatment of the relev
operator into the spatial and spin parts~see Sec. II!. A similar
assumption is usually made in the interpretation of the m
netic Compton profile as well, though the physical mean
of the factorization is unclear. In the light of the usefulne
of the spin form factor with this specific geometry as
unique microscopic approach to the electronic state in m
netic materials and the partly enigmatic current status
scribed above, it seems meaningful to theoretically inve
gate the asphericity effect on this spin form factor for t
rare-earth series having well-defined spin and orbital m
netic contributions with both unfactorized and factoriz
22442
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treatments and, at the same time, to give some guides to
future experimental work at this stage. It is these subje
that we shall deal with in this paper.

In the next section, we first describe the equivalent ope
tor for the present spin form factor, which is the starti
point for the subsequent discussion. In Sec. III, the effec
the aspherical density distortion along the moment directi
or the quantization axis for the 4f electrons of a rare-earth
ion, is estimated as a function of the 4f -electron number
with respect to theM5J state of the groundJ multiplet,
whereJ andM are the quantum numbers for the total angu
momentumJ and itsz component, respectively. The speci
cases of Sm31 and Eu31 are dealt with separately in Sec. IV
for which the nearby first excitedJ multiplet is also taken
into account. Section V is devoted to remarks about the th
mal variation, especially in the vicinity of the ordering poin
and summary is given in Sec. VI. Though, in the concr
estimates presented in Secs. III–V, only the lowest-order
phericity and no crystal fields are considered, we can
equately learn the general trends and how the present
form factor could be deviated from the isotropic one arisi
from the spherical component of the density distribution. T
full analysis for a specific material will be, if necessar
straightforward.10

II. EQUIVALENT OPERATOR

The operator corresponding to the present spin form f
tor is described by(n exp(ik•r n)szn , wherek is the x-ray
scattering vector,r n is the position of thenth electron,szn is
the z component of thenth electron’s spin, and the summa
tion is over the 4f electrons. The scattering vector is chos
parallel to thez axis. Expanding the exponential in spheric
functions, the following operator equivalence13 holds within
the subspace indexed by the total orbital and spin ang
momentum quantum numbers,L and S, which are deter-
mined from the Hund’s rule:

(
n

exp~ ik•r n!szn5$^ j 0&1a^ j 2&O2
01b^ j 4&O4

0

1g^ j 6&O6
0%Sz , ~1!

where^ j n& is the expectation value of thenth-order spherical
Bessel functionj n(kr) with respect to the 4f radial wave
function,On

0 is the equivalent operator for thenth-order Leg-
endre polynomial written in terms of the total orbital angu
momentumL , e.g.,O2

053Lz
22L2, andSz is thez component

of the total spin angular momentumS. a, b, g are constants
depending on the rare earths. Though the right-hand sid
Eq. ~1! can be re-expressed using the total angular mom
tum J, as will be seen in Sec. V, we leave this physica
transparent form as it is for the moment. The spin form fac
in questionf S(kiz) is calculated as the thermal average
the right-hand side of Eq.~1! with the normalization such
that f S(0)51, and then summarized to be the following f
miliar form:

f S5^ j 0&1c2^ j 2&1c4^ j 4&1c6^ j 6&, ~2!
8-2
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where ^ j 0& denotes the isotropic or spherically averag
form factor and the remaining terms reflect the deviat
from the spherical symmetry. Of these asphericity terms,
second-order one is expected to have a major effect in
moderate momentum-transfer region, and, in what follo
we take account only of thêj 0& and ^ j 2& terms.

Comparing Eq.~2! with Eq. ~1!, we get

c25a^O2
0Sz&/^Sz&. ~3!

The angle bracketŝ̄ & here denote the expectation valu
which may not be confused with the radial integral of^ j n&. If
the spin form factor operator~1! could be properly factorized
into the spatial and spin parts, namely^On

0Sz&→^On
0&^Sz&,

c2 becomes

c2
~FC!5a^O2

0&, ~4!

just proportional to the quadrupolar charge distortion alo
the z axis. Our estimates ofc2 in and after the next sectio
are made in these two ways, because it is uncertain at pre
which treatment is correct, as mentioned in Sec. I. It will
seen, however, in Secs. IV and V that the future experime
on the temperature effect or the materials containing E31

may possibly answer this question. Finally, we note the
plicit form of a in the present discussion,

a5
~2S27!~4S27!

18L~2L21!
. ~5!

III. MÄJ STATE

In this section, we estimate thec2 coefficient for theM
5J state of the groundJ multiplet and show how the densit
asphericity influences the overall shape of the spin form f
tor and its zero-crossing position. The situation suppo
here corresponds to the ordered state at zero tempera
being subjected to no crystal fields, and the one-ion Ham
tonian

H5lL•S1mBH~Lz12Sz!12mBHexSz ~6!

is assumed to be a good description of the system, wherel is
the spin-orbit coupling coefficient,mB is the Bohr magneton
and H and Hex is the applied and exchange fields, resp
tively.

Within a manifold of states of constantJ, the Wigner-
Eckart theorem allows the substitutionS5(gJ21)J, and
then the expectation value ofSz for the M5J state is

^Sz&5~gJ21!J, ~7!

wheregJ is the Lande´ factor. Using the explicit forms of the
off-J matrix elements ofLz and Sz , and the relation
^JuLzuJ61&52^JuSzuJ61&,14 the expectation value o
O2

0Sz for the M5J state of the groundJ multiplet is derived
to be

^O2
0Sz&5

~L11!~J2L !~2L13!J~2J21J13!

~J11!~J12!~2J13!
~8a!

for the light rare earths, and
22442
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^O2
0Sz&5L~J2L !~2L21! ~8b!

for the heavy ones. Then, from Eqs.~3!, ~5!, ~7!, ~8a!, and
~8b!, when^Sz&Þ0,

c25
~2S27!~4S27!~L11!~2L13!~2J21J13!

18L~2L21!~J12!~2J13!
~9a!

and

c25
~2S27!~4S27!

18
~9b!

are obtained for the light and heavy rare earths, respectiv
Similarly, in the factorized case@Eq. ~4!#, using

^O2
0&5

~L11!~2L13!J~2J21!

~J11!~2J13!
~10a!

and

^O2
0&5L~2L21!, ~10b!

respectively,c2
(FC) is calculated to be

c2
~FC!5

~2S27!~4S27!~L11!~2L13!J~2J21!

18L~2L21!~J11!~2J13!
~11a!

for the light rare earths, and

c2
~FC!5

~2S27!~4S27!

18
~11b!

for the heavy ones. Note thatc25c2
(FC) for the heavy rare

earths andc250 for the half filled ions (4f 7;S5 7
2 ), such as

Eu21 and Gd31.
In Fig. 1, c2 and c2

(FC) thus obtained for the rare earth
except Sm31 (4 f 5) and Eu31 (4 f 6) ~see Sec. IV! are plotted
as a function of the 4f -electron number. It can be seen th
the discrepancies betweenc2 and c2

(FC) for the light rare
earths are also not very much, and that, as a general
dency, the relative contribution of thêj 2& part is important
to the rare earths having small values ofS, such as Ce31

(4 f 1;S5 1
2 ), Pr31 (4 f 2;S51), Tm31 (4 f 12;S51), and

Yb31 (4 f 13;S5 1
2 ). It should be also noted that, for th

heavy rare-earth ions, the polarity of thec2 coefficient is
opposite to that of the expectation value of2(n(3 cos2 un

21), to which the corresponding aspherical component
the charge scattering amplitude is proportional. This impl
that the asphericities of the spin and charge densities
reversed for the more-than-half cases. Figure 2 shows^ j 0&
1c2^j2& for Pr31 and Dy31 as examples and illustrates ho
the expected form factors are extended or contracted in c
parison with the isotropic cases. For Pr31, which has a
pancake-type charge density, the result is so broad that
zero-crossing position is difficult to be observed. That
Dy31 having the same type of the charge density, on
other hand, falls off more rapidly than the isotropic case a
changes its sign for a smaller value of the momentum tra
fer. Note that the modification of the form factor present
8-3
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here is ascribed to the asphericity of the density distribut
and cannot be simply related to the isotropic density spr
in real space. A similar anisotropic effect is, more or le
expected for the spin part of the magnetic form factor m
sured with a general geometry, for the spherical aver
should be zero. Therefore the analysis, where the spin f
factor is approximated to bêj 0&, might sometimes lead u
to a serious misevaluation of the orbital-moment contrib
tion, especially when the relative size of the orbital mom
is very small.

IV. SPECIAL CASES OF Sm3¿ AND Eu3¿

For Sm31 and Eu31, as the consecutiveJ multiplets are
not well separated energetically, the properties may no

FIG. 1. Thec2 coefficients for theM5J states plotted agains
the 4f -electron number. Open circles arec2 of Eqs.~9a! and ~9b!,
and dots arec2

(FC) of Eqs. ~11a! and ~11b!. Crosses denote th
expectation values of2(n(3 cos2 un21); the positive and negative
value means, respectively, the oblate and prolate 4f charge distor-
tion along the quantization axis. For Sm31 (4 f 5) and Eu31 (4 f 6),
the results estimated in Sec. IV, where theJ-mixing effect is taken
into account with likely parameters, are shown and marked w
different symbols.

FIG. 2. ^ j 0&1c2^ j 2& for the M5J state of ~a! Pr31 (4 f 2;L
55, S51, J5M54) and ~b! Dy31 (4 f 9; L55, S5

5
2 , J5M

5
15
2 ). The values of̂ j n& are quoted from Ref. 15 andc2 of Eqs.

~9a! and ~9b! are used. Broken curves indicate the isotropic pa
^ j 0& for references.
22442
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described, even qualitatively, by the theory considering o
the groundJ multiplet.14 In this section, we consider th
groundJ multiplet admixed with a portion of the excited on
via the off-J matrix elements ofH of Eq. ~6!, and investigate
the Sm31 and Eu31 cases.

In a mean-field approximation, the expectation value ofSz
for an arbitraryM is self-consistently determined to be16

^Sz&5
~gJ21!M22AMmB~11d!H/DM

124AMJ/DM
, ~12!

where J is the one for the ground level,AM[^J
11,M uSzuJ,M &2, J is the interionic exchange,d is the en-
hancement factor forHex in metals due to the uniform
conduction-electron spin polarization caused byH, andDM
is the energy interval between the ground and excited lev
which is about 1500 K for Sm31 and 300 K for Eu31. We
neglect here theH and ^Sz& dependences ofDM .

For Sm31, becausemBH!DM for an ordinary external
field, the numerator of the right-hand side of Eq.~12! can be
approximated by the first term, which means that the adm
ture of the excitedJ level through the exchange field resul
in the modification of ^Sz& by around a factor of (1
24AMJ/DM)21. It can be confirmed in the same fashio
that such modifications also occur for^O2

0Sz& and^O2
0&. The

effects of the excited level are then estimated to be^Sz&
521.786→21.928, c2520.289→20.291, and c2

(FC)

520.206→20.229 for theM5 5
2 state of Sm31 in a ferro-

magnet with a Curie temperature of 100 K, i.e.,J;30 K, for
instance, where the former values are calculated by Eqs.~7!,
~9a!, and~11a!, respectively. It seems thatc2}^O2

0Sz&/^Sz& is
little modified as the variations of^O2

0Sz& and^Sz& are nearly
canceled.

For Eu31, on the other hand, the second term of the n
merator on the right-hand side of Eq.~12! is substantial, for
the ground level isJ5M50. As for ^O2

0Sz& too, it can be
shown that no terms are left but theH-induced one. Thus, for
HÞ0, we can getc25a@3(AM1AM8 )2L(L11)#52 1

6 ,
whereAM8 [^J12,M uSzuJ11,M &2 with J being the ground
one. Note that this result depends on neitherH norDM norJ.
Though, from the practical point of view, the size of th
induced spin moment is so small, e.g., about 0.04mB for J
50 andH51 T, that the experiment might be no easy m
ter or require quite high statistical accuracy, the spin fo
factor of Eu31 is interesting to measure in terms of the v
lidity of the operator factorization mentioned before. B
cause, for̂ O2

0&, all the terms including theH-induced one
become zero whenJ5M50, hencec2

(FC)50. Then, using
the numerical results of̂j 0& and ^ j 2& tabulated in Ref. 15,
the values of sinu / l at which the form factor crosses a ze
line are evaluated to be 0.84 and 0.94 Å21 in the unfactor-
ized and factorized cases, respectively. This means tha
polarity of the magnetic-diffraction signal with sinu / l
;0.9 Å21 would enable us to judge which treatment see
true.

The c2 coefficients estimated in this section are includ
in Fig. 1 as the typical cases for Sm31 (4 f 5) and Eu31

(4 f 6).
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V. THERMAL VARIATION

While our argument has been thus far confined to z
temperature, here we examine how the aspherical effect,
resented byc2 , varies with the degree of the magnetic ord
ing and discuss the thermal variation of the present spin f
factor, especially with focusing on the vicinity of the orde
ing point.

For this purpose, it is convenient to express the right-h
side of Eq.~1! as a sum of the spherical harmonics. For t
ground J multiplet, the matrix elements ofSz are propor-
tional to those ofJ1

0[Jz , as mentioned in Sec. III, and th
product of the components of two tensor operators built
from L andS, O2

0Sz , is expanded into a linear combinatio
of J1

0 andJ3
0[5Jz

323J(J11)Jz1Jz as follows:

O2
0Sz}

3

5
J3

01
2

5
KJ1

0, ~13!

where K5(J12)(2J13) for the light rare earths andK
5(J21)(2J21) for the heavy ones. It is well known tha
in a mean-field approximation, the thermal variation of^Sz&
or ^J1

0& is described by the Brillouin function and is of th
form (TC2T)1/2 just below the ordering pointTC . On the
other hand,̂ Jn

0& varies as thenth power of^J1
0& nearTC .17

Then, in that temperature range,c2}^O2
0Sz&/^Sz& linearly

approaches a finite value determined byJ. Rewritingc2 with
respect to theM5J state of Eqs.~9a! and~9b! to bec2,T50 ,
the asymptotic values for the light and heavy rare earths
be described to be

c2,T;TC
5

2

5

~J12!~2J13!

~2J21J13!
c2,T50 ~14a!

and

c2,T;TC
5

2

5
c2,T50 , ~14b!

respectively. The temperature dependence ofc2 must be then
like the solid curves in Fig. 3~a!, which shows the mean-field
calculated results for Pr31 and Dy31 as examples. At a simi
lar estimate, the contribution of thêj 4& and ^ j 6& compo-
nents associated with the higher-order asphericities can
shown to be properly neglected nearTC ; diminishing at
most linearly and quadratically as the temperature
proachesTC , respectively.

Attention should be paid here again to the comparis
with the behavior ofc2

(FC) indicated by the broken lines in
Fig. 3~a!. In the vicinity of the transition point,c2

(FC)}^O2
0&

is reduced with rising temperature in proportion to^J1
0&2 and

becomes 0 atTC . Therefore, thoughc2 and c2
(FC) are not

very different at low temperatures~see also Fig. 1!, the dif-
ference between the two becomes remarkable as the tem
ture increases. This situation is the realistic case for the
in the cubic crystal fields, having no corresponding cha
22442
o
p-

-
m

d
e

p

n

be

-

n

ra-
n
e

distortion in the paramagnetic regime. The measuremen
the thermal shift of the sign-reversal position in the pres
spin form factor for PrAl2 , for example, might be then cru
cial to know the appropriate way of thermal averaging.
Fig. 3~b!, the numerical temperature dependence of the s
reversal position of the form factor in each case is show

VI. SUMMARY

The separability of the spin and orbital contributions h
been recognized as one of the most striking features of
x-ray magnetic diffraction, as compared to the neutron o
and has attracted many researchers in the relevant field
described in the introductory section, however, as far as
density distribution study is concerned, further close exa
nation seems to be required from both theoretical and p
tical points of view. The present study on the spin form fa
tor with the magnetic moment in the target material be
parallel to the scattering vector indicates one of the prom
ing courses which we should take in this term. Once
validity of this approach is established from the experimen
side, it will become a good complement to the neutron d
fraction and the Compton scattering experiments, and m
possibly shed light on the novel aspect of the spatial dis
bution of spin polarization in magnetic materials.

FIG. 3. Calculated thermal variation of~a! c2 and c2
(FC) @Eqs.

~3! and ~4!# and ~b! the zero-crossing position of^ j 0&1c2^ j 2& and
^ j 0&1c2

(FC) ^ j 2& for Pr31 and Dy31. Solid and broken curves ar
the results withc2 and c2

(FC) , respectively.H of Eq. ~6! with H
50 andHex52J^Sz&/mB is used as the starting Hamiltonian. Th
interionic exchangeJ is set for 30 K, and the resultant Curie tem
peratures are 16 K for Pr31 and 142 K for Dy31.
8-5
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