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Low-frequency characterization of quantum tunneling in flux qubits
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We propose to investigate flux qubits by the impedance measurement teckihitfue currently used to
determine the current-phase relation in Josephson junctions. We analyze in detail the case of a high-quality
tank circuit coupled to a persistent-current qubit, to which the IMT was successfully applied in the classical
regime. It is shown that the low-frequency IMT can give considerable information about the level anticrossing,
in particular the value of the tunneling amplitude. An interesting difference exists between applying the ac bias
directly to the tank and indirectly via the qubit. In the latter case, a convenient way to find the degeneracy point
in situ is described. Our design only involves existing technology, and its noise tolerance is quantitatively
estimated to be realistic.
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I. INTRODUCTION In general, one can plot the classidgébcal) minimum
energies of a flux qubit as in Fig(&. The left(right) branch
Josephson-junction flux qubits are known to be candidatethen corresponds t@ountejclockwise flow of the spontane-
for solid-state quantum computing circut3his qubit vari-  ous current. The hysteresis is also evident from this diagram.
ety has good tolerance to external noise, especially to dann the quantum regime, there will be discrete local states in
gerous background-charge fluctuatiémsflux qubit is a su- ~ each of the qubit's bistable potential wells. From now on we
perconducting loop, the two lowest-energy states of whichjenote the lowest-lying such states %S and W', corre-
differ in the direction of circulating persistent current. For sponding to “left” and “right” directions of the persistent
many flux qubits, these two states become degenerate Whfyrrent respectively. Atb,=®d /2, resonant tunneling will
the external flux®, threading the loop equal®o/2 (o render the lowest eigenstates of the full Hamiltonian as su-
=h/2e is the flux quqntum angl gquantum tunnellng. between perpositions W'+W"/\2. A small spliting equal to &
them becomes possible. Movidg, away from®o/2 lifts the " apnear between their energigig. 2b)]. Starting with
degeneracy and applies a bias between_ the two states. Whgp, qubit in its ground statower band in Fig. t)], adia-
the biasing energy exceeds the tunneling amplitddéne  pasically changingb, will keep it in the ground state. This
tunneling stops, but the relative phase between the two stat@Seans that by passing through the degeneracy point, the qu-
will still evolve in time. This, together with coherent tunnel- bit will continuously transform from¥' to W', This pure
ing, provides single-bit quantum gate operations. To have 8,,anum behavior is shown by the dashed line in Fig. 1. On

universal set of gates, necessary for quantum computing, Ofge other hand, ifb, changes rapidly, there is a considerable

ngeds to be able to couple two qubits. The met_hods of Cou[:')robability to excite the qubit and therefore continue on the
pling two flux qubits and performing gate operations are be, e classical brandteft or right). This so-called Landau-

yond the.present SCOpE. Insteaq, WE propose a method ner effect can be used to distinguish the classical from the
characterize the quantum behavior of a flux qubit by cou-

pling it to a tank circuit. The discussion will be quite generalquantum energy cunves.
and can be applied to different types of flux qubit such as rf
superconducting quantum interference devi@QUID),?
three-Josephson-junctiof3J),*® multiterminal® etc. We

will use the example of the 3JJ qubit, where quantum super-
position of the macroscopic current states has been
observed.

Due to the loop self-inductance, the total qubit fldx
may differ from®,, depending on the direction of the per-
sistent current. Figure 1 shows tle®, curve for a typical
flux qubit. The solid lines correspond to classical behavior.
Near the degeneracy point, the diagram is hysteretic, a sig- — L
nature of the qubit’s bistability. This has been observed for A D0/2 Oy
the 3JJ in Refs. 7 and 8. In the quantum regime, tunneling
between the states at degeneracy may eliminate the hyster- FIG. 1. Solid lines: hysteretic dependence of the total luen
esis (dashed line in Fig. 1 This phenomenon will be dis- the external fluxd, in the classical regime. Dashed line: disappear-
cussed in detail below. ance of the hysteresis by quantum tunneling.
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®/2 dx ®o/2 O FIG. 4. Flux qubit coupled to a tank: direct biasing scheme.

FIG. 2. () Minimum energies of a qubit as a function of exter-
nal magnetic flux in the classical regimg) Quantum mechanical
energy profile for the same qubit as (@.

bit's quantum behavior. Finally, in Sec. IV, the effect of noise
is considered.

. . II. QUANTUM DYNAMICS OF THE 3JJ QUBIT
The curvature of the energy profile is related to the qubit’s Q Q

effective inductance and is therefore important for measure- The 3JJ qubftconsists of three Josephson junctions in a
ment. Figure 3 displays the second derivative of the curves ilpop with very small inductanck, typically in the pH range.
Fig. 2. In the classical regimiig. 3a)], the hysteretic be- This ensures effective decoupling from the environment.
havior is the same as for the energy. On the other hand, in thBvO junctions have equal critical curreht and (effective
quantum regime the hysteresis is replaced by a sharp spikgapacitanceC, while those of the third junction are slightly
due to the level anticrossing. The appearance of this spikémaller:al; and«C, with 0.5<«<1. If the Josephson en-
can be ascribed to enhanced susceptibility of the system di@9y E;=1.P¢/27 is much larger than the Coulomb energy
to tunneling. Its size and width can provide information Ec=€°/2C, the Josephson phase is well defined. Near
aboutA. d,=d,/2, this system has two low-lying quantum statés.

A simple experimental implementation is to inductively The energy splitting between them in the presence of a small
couple the qubit to al.C tank circuit with known induc-  flux bias has been given in Ref. 5, but only for a particular
tanceL, capacitanceCy, and qualityQ through a mutual choice of, e.g.« andg=E;/Ec. In this section we derive
inductanceM (Fig. 4). The resonant characteristics of the the splitting with its explicit dependence on the qubit param-
tank circuit (frequency, phase shift, etawill then be sensi- €eters. The energy levels are derived from the Hamiltonian
tive to the qubit inductance and therefore to its energy curksee Eq(12) in Ref. 4]
vature. In particular, the spike in Fig(t3 appears as sharp

2 2
dips in both phase shift and tank voltage as a functio® of 0
(SFe)e Sec |D|p d P HOZZM(P + 2M +U(fX1(P!0)! (1)
.. . )

This method, known asmpedance measurement tech-
nique (IMT), has been used for current-phase measuremenwghere o= (¢@1+ ¢,)/2, 6=(@1— ¢,)/2 with ¢, , the phase
of Josephson junctions. It originates from the pioneeringdifferences across the two identical junctioRg,= —i7id,,
work of Rifkin and Deavef, and is analyzed in detail in P,=—ifd,, M¢=(<I>0/27-r)22c, My=(1+2a)M,, and
Ref. 10. The IMT has also successfully been applied to a 3JJ
qubit in the classical regimfeand the hysteretic dependence  U(f,,¢,0) =E{a—2 cose cosf+ a cog2mf,+26)].
of the ground-state energy d, [cf. Fig. 2&)] was observed 2
as predicted in Ref. 4. The method has also been used for t
investigation of quantum transitions in an rf-SQU(Ref. 11
and references thergin

r?ﬁ contrast to Ref. 4, we define the flux bidg=®, /D,
— 3% as a small deviation from degeneracy.

First of all, in Sec. Il we calculate the two qubit energies SinCS the qubit~i3 assumed to have sntaind|; (typi-
in more detail than in Ref. 4. In Sec. Ill, we study the qubit's ¢y L~10 pH, 1:~100 nA), the shielding factoL|c/®,

interaction with a high-quality resonant tank, showing that™0-001. Hence, in Eql) we have neglected the shielding

low-frequency IMT yields useful information about the qu- CUTent, considering> as an external flux.
At f,=0, the potential(2) has two minima ate=0,

0==*0, , with cosd,=1/2« (6, >0). Tunneling lifts their

€Y (b) degeneracy, leading to energy levEls=e,+ A. To find the

U E" levels for|f,|]<1 we expand Eq(2) near its minima, retain-
ing linear terms irf, and quadratic terms i, 8. Define 6"

N— T~ as the minima, shifted due 1q:

—> || 1—26Y2
| L o | o P o=+ 0, +2mf, ——— 3
4a“—1

FIG. 3. (a) Second derivative of the qubit’s classical minimum
energy vs external magnetic fluta) Second derivative of the same that is, the uppeflower) sign refers to the rightleft) well.
qubit's ground-state energy in the quantum regime. The potential energy then reads
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Near degeneracy, the eigensolutionsHfV.=E_ W ..
can be written as superpositiofs. =a. ¥'+b. ¥' y|eId—
ing the well-known eigenenergiesE.=(¢'+¢")/2
+ (™= N4+ AZ, with ¢”=(P"|H|¥™. The matrix
elementA cannot accurately be found in terms ¥f”. In
what follows it is assumed constant,

2a—1
ag

xex;{\/ 9(2a+1) arcco? m”

neglecting its dependence .
To find the dependence &. on f,, we take¥" to be
oscillator ground states in their respective wells:

AZZEJ

1
\I,rllzﬁ(M(nglMgwgl)lM
M wr/l M r/I
xeXp< e 70 o 9"')) (6)

corresponding to

ol 1 = > ﬁwzl ﬁwzl
e :EJ —Z+fxz\/4a -1 +T+ 5 (7)
where
ho'l= E\/4 1+ of, 2a71 ®)
™ T
“e 7N ag *Jaa?—1

a_e [M2a—D)f 20°+1
ﬁwe—EJ a—g 1_7fo(40[2—_1)3/2 . (9)

Combining the above, one finds the eigenenergies
E. =g VESFIN% (@) + A2,

(10

where

1+1+\/2a—1
2 g )

a)\( )_\/B( 20°—1 20°+1
T 9\ V4a?—

+
1 2a+1(4a?-1)
—V4a*—1.

go=E,| — (12)

(12)
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The splitting given by Eq(10) differs from that of Eq(1) in
Ref. 5 by a factor\(«) which explicitly accounts for the
dependence dE.. on « andg.

For stationary states, the current in the qubit loop can be
calculated either as the average of the current operator

qulcsin(<p+ 0) over the eigenfunctions or as the derivative
of the energy over the external flux:

IE. N(a) E,
lg= (V[ ¥.)=——==*I.1, g (13

wherefiwo=E, —E_. In equilibrium at finite temperature
T, Eq. (13) readily generalizes to

lq= <‘I'+||q|‘P+>P
EJfX)\Z(a) |-( ﬁwo

=—l, an ,

Thog 2kgT

with the density matrix elementp®, =e E+’keT/Z and
p®d =e E-'k8T/7 whereZ=e E+/%6T+ e E-/keT,

+<\P ||q|\lf >p

(14)

IIl. QUBIT-TANK INTERACTION

We propose here to extract information about the quantum
dynamics of a flux qubit with the aid of a classical
linear high-quality tank circuit, coupled to the qubit via a
mutual inductancél. The tank consists of a capacitGr,
inductorL, and a resistoR; which are connected in par-
allel and driven by a current sourtg(t) (Fig. 4). The prob-
lem of coupling a quantum object to a dissipative classical
one has no unique theoretical solution. However, if we as-
sume that the classical object is much slower than the quan-
tum one, we may solve for the latter's motion, accounting for
the coupling coordinates of the former as mere external
parameters! Here, the characteristic frequendyh of the
qubit is in the GHz range, while the resonanees of our
tank circuit lie below 100 MHz. There exist two different
schemes of coupling a tank circuit to the qubit. First we
consider direct biasing, where a currdpft) =1, coswt is
fed directly intoLt (Fig. 4).

A. Direct biasing scheme

The voltage across the tank circuit evolves as

V+ 6V+wTV_ MwTI + b(t) (15
Here,Q= w{R;Ct>1 andw=1//L;Cr; Iq is given by Eq.
(13) or (14), and depends on the qubit fldk=®,+MI
WhereILzLT’ldet is the current inL; and ®, is time

independent. Below we study the simplest cRg€<A, so

that the qubit is definitely in its ground state_. Then,
Eqg. (15) takes the form
Vet 204 w2v=— k2L 20|2E_V+ L, 16
Q WtV = T dq)z CT b( )1 ( )
wherek?=M?/LL+,
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FIG. 5. Tank phaseg vs bias amplitudd,; A/h=300 MHz.
From the lower to the upper curve, the bias flu¢flOtakes the
values 0,2,4,6,8,10.

d’E_ 12A2\%(a)
dd?  (2m)2(E5F2\%(a) +A2)%?
and f=[®,+MI (t)]/®o—3 (|f|<1). Thus, Eq.(16) is

7

nonlinear inV. Since the coupling to the qubit is small, one
may apply the method of harmonic balance, which is well

known in rf-SQUID theory Accordingly, if o~ w, thenV
oscillates with frequency, while its amplitudev and phase
x are slow functions of timeV(t) =wv (t)cog wt+ x(t)]. From
Eq. (16) we obtain

locosy
2Ct '’

TV

v= (18

. losiny K2wtL1Z [ \(a)
X= 1€~ -

2
ZUCT ZA 277_) F(Ulfx)v (19)

with the detuningéy= (w1— )/ wt, and where

Fota- L [Tap—— o5
Ol ¢[1+n2<fx+ysin¢>2]3’2’

Settingv=x=0 in Egs.(18) and (19) one obtains the
stationary tank voltage and phase

(20
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FIG. 6. Tank phase vs bias fluxf,; 1,=100 pA. From the
lower to the upper curvéat f,=0), the tunneling frequencg/h
takes the values 150,300,450,600,750 MHz.
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FIG. 7. Tank voltage vs bias fluxf,; 1,=100 pA. From the
lower to the upper curvéat f,=0), the tunneling frequencg/h
takes the values 150,300,450,600,750 MHz.

0[1+4Q%(v,f)]=1307L7Q? (1)
tany=2Q¢(v,f,), (22)
where we introduced a flux-dependent detuning
L NGO iy 2
§.f) ==k 5| 5| Flv.fo. (23

We have used Eq$21)—(23) to find voltage-fluxv (f,),
phase-curreng(ly), and phase-flux/(f,) characteristics at
resonance w=wy. We take the qubit parameters;
=400 nA, «=0.8, L=15pH, g=100, a tank withLy
=50 nH, Q=1000, w/2r=30 MHz, andk=10"2. The
x(lo) curves for severaf, are shown in Fig. 5. The(f,)
andv(f,) curves are shown in Figs. 6 and 7 for varialis
The sharp dips in Figs. 6 and 7 correspond to the spike in the
second derivative of the energy profile in FigbB Clearly,
the width of the dips is correlated with: with the increase
of A the width of the dips also increases. Th€f,) curves
for differentl, are shown in Fig. 8. The shape and the value
of y are seen to be very sensitive ltp The dependence of

0.0 T T T

-0.2F 4

0.4} .

-06 .

x (Rad)

0.8 .
Ah=150 MHz

_1 0 1 1 1 1 1
-0.003 -0.002 -0.001 0.000 0.001 0.002 0.003
f)(
FIG. 8. Tank phasg vs bias fluxf,; A/h=150 MHz. From the
lower to the upper curvéat f,=0), the bias amplitudg, takes the
values 10,50,100,150,250 pA.
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FIG. 9. Voltage modulationsv=uv(f,=0)—v(f,=103) vs
bias current,; A/h=300 MHz.

the voltage modulatiorfv=v(f,=0)—v(f,=10"3) on I,
is shown in Fig. 9.

B. Scheme with separate driving coll

In this scheme, a bias fluk,(t) =P .Sinwt is applied to
the qubit loop from a separate cdfig. 10. The tank re-
sponse is similar to Eq16):

2
~Mw2——d +Ef> w COSwt,
T dCI)Z ac ac

(29)

7.
—V+wiV=

V-|—Q

where® . is the flux which the external coil couples directly
into the tank andd3E_ is given by Eq.(17) with f=(®,

+ @ Sinwt)/Dy—3=f,+ f ,.Sinwt. Rewriting the first term
on the right-hand side of Eq24) as

12 A2
—ch\/LTL E) 02w®of ,G(t) (25)
makes its time dependence manifest:
coswt
G(t)= (26)

[1+ 72(f+ foeSinot) 232
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FIG. 11. Tank voltage vs bias fluk,; A/h=300 MHz, &,
=5X10"“®,. Dotted line: driving frequencw= w+/2. Solid line:
w=w7/3.

practice, e.g., by tunin§, so that the tank response vanishes
(reaches its maximumat frequency & (3w). We have
studied the higher harmonics by solving E24) numerically
with ®,=0 for w=w+/2 and w= w+/3; see Fig. 11. Since
the full amplitudes contain contributions from all harmonics,
at o= w+/2, f,=0 one observes a finite dip rather than a
zero.

IV. REQUIREMENTS ON NOISE SOURCES

Figures 6 and 7 clearly reveal the quantum nature of the
flux qubit within a range| 5f,|<5x10"* from the degen-
eracy pointf,=0. Therefore, the unavoidable external flux
noise coupled to the qubit must be much smaller than this
value. The most important sources are the Nyquist nhjse
= 4kgT/R and the current noisk, of the preamplifier. The
former generates the qubit-flux noide,=M1,Q /B, where
B= w/27Q is the tank bandwidth. Wit =20 mK and the
tank parameters of Sec. lll, one gabs~8x 10 ®d,. For
| =10 ' A/ JHz, we estimate the corresponding flux noise
as ®,=MI,Q/B~7x10 %®,. Thus, the noise these
sources couple to the qubit is at least two orders smaller than
the peak widths in Figs. 6 and 7. On the other hand, these
sources give rise to directly detected voltage noise across the
tank circuit. The thermal tank noise ¢,=I,07L;Q\B
~17.6 nV. The noise due td, is Vay=l0L1QVB

The advantage of a separate driving coil is that one car=16 nV. And finally, if we takeV,,=40 pV/\Hz for the
effectively decouple the tank from the fundamental harmonigreamplifier’s own voltage noise, we g\e‘gz\/§~7 nV for

of the bias, since the qubit sign@l(t) contains not onlyw
but also 2», 3w, etc. At f,=0, G(t) contains only odd

its contribution in the tank bandwidth. Comparing these val-
ues with the voltage modulation in Figs. 7, 9, and 11, we see

harmonics. This can be used to find the degeneracy point ithey are at least several times smaller than the qubit signal.

M
J1#¥

L
o(t) Js)E::I TJ—CT
i) —l_

V. CONCLUSION

We have shown that the IMT can be used for low-
frequency characterization of the grougil general: equilib-
rium) state of a flux qubit. The method allows determining
the tunnel splitting between qubit states for a broad class of
devices; with the term “fluxas opposed to phasqubit” we

FIG. 10. Flux qubit coupled to a tank: scheme with a separatestress that the two states must differ not only in Josephson

driving coil.

phase, but in actual magnetic flux visible to the outsidae
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design exclusively employs present-day technology, and thand related problems such as qubit readout and control are
expected noise levels have been shown not to disrupt theénderway.

measurement. On the qubit time scale, the method is a quasi-
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