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Theory of elastic properties of S,bRuO, at the superconducting transition temperature
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This paper gives details of a predicted splitting of the superconducting transition temperatufRu@,Sas
a function of applied uniaxial stress. We also give formulas for the discontinuities in certain thermodynamic
properties such as the specific heat, the thermal expansion coefficients, and the elastic compliance coefficients
at various superconducting transition temperatures.
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INTRODUCTION Both are thought to be characterized by two-component su-
perconducting order parameters. Furthermore, the supercon-
Superconductivity in SRuQ, (Ref. 1) has a number of ducting transition temperature in UR$ split as a result of a
unusual properties which continue to attract interest and fursymmetry-breaking antiferromagnetism which exists in
ther study(Ref. 2 gives an excellent revigwThe crystal UPt, in much the same way as the transition temperture in
structure of this material is identical to that of the high- SLRuO, might be expected to split in the presence of a
temperature cuprate superconductor (La,SutQ,, with ru-  symmetry-breaking stress. However in Yie symmetry-
thenium ions replacing the copper ions. Also the normal statbreaking antiferromagnetism is not under the control of the
of Sr,RuQ, displays Fermi-liquid behavior. The Cooper experimenter, and cannot be made zero in the superconduct-
pairs are believed to form in a spin-triplet stdté,and the ing state. This means that some of the qualitative features
superconducting parameter is believed to break time-reversdiscussed below have not been investigated in connection
symmetny? Studies aimed at elucidating the detailed naturewith UPt;. Further complications arise in UPbecause the
of the superconducting pairing symmetry continue to be carantiferromagnetic moment directions can take one of three
ried out(e.g. see Refs. 7, 8, 9, and)1®ecent experimental different directions in the basal plane, and this gives rise to a
measurement’ of the elastic constants of JRuO, as the domain structure which cannot be supres€ethe presence
temperature is lowered through the superconducting transpf this domain structure in URtery much limits the experi-
tion temperature give further interesting insights into the namental information one can obtain on symmetry-breaking
ture of its superconducting state. These elastic constant meaffects in this material, since each domain has its own direc-
surements stimulated our interest in developing a theoreticdion of the symmetry-breaking field, and measurements on a
model for the changes occurring in the elastic constants ahacroscopic sample thus give average properties of the three
the superconducting transition temperature, and this interesiomains. In S4fRuQ, on the other hand, the symmetry-
then developed into the more general study of the elastibreaking field(uniaxial strespgis under the control of the
behavior of SfRuQ, under applied uniaxial stress which is experimenter, with the states of zero symmetry-breaking
reported here. As will be noted below, a full understanding ofstress, and of a single direction of uniaxial stress, being eas-
the elastic behavior of SRuQ, in zero stress cannot be ob- ily attainable. Thus, it would appear that there would be sig-
tained without also understanding the behavior in the presnificant advantages to the use 05Bu0, as a material for a
ence of nonzero uniaxial stress. detailed study of symmetry-breaking effects in superconduc-
The use of the thermodynamic Ehrenfest relations andivity described by a two-component order parameter. One
Ginzburg-Landau theories is a useful tool in the analysis ofelative disadvantage of SRu0, (discussed belowis that as
sound velocity measurements at a normal metal to supercoia- result of its tetragonal symmetiversus hexagonal for
ducting state phase transitiéf;}” and such methods have UPt) there are a greater number of independent parameters
recently been applied to $Ru0,.*8-?°The analysis of sound in the Ginzburg-Landau model that will have to be deter-
velocity measurements performed under conditions of zermined from experimental measurements.
externally applied stress in SuO, requires special
consideratiorf: however, because the derivative of the tran-
sition temperature with respect to uniaxial strémse of the
parameters occurring in the Ehrenfest relatjoissnot de-
fined at the point of zero applied stress. This is because an Ehrenfest relations have often been found to be useful in
external uniaxial stress will split the superconducting phasenalyzing the changes in sound velocity occurring at a
transition into two transitions. Under these conditions quansecond-order phase transitith.Consider a second-order
tities such as the elastic constants will have discontinuities gthase transition to a superconductor state where the transi-
each of the two transitions, and it is the sum of these twdion temperature is, in principle, known as a function of an
discontinuities that will that will be equal to the single dis- externally applied stress; (i=1, ... 6using Voigt notation
continuity that occurs when the uniaxial stress tends to zera.e., givenT.=T.(o;). Then, from the fact that the entropy
Superconductivity in the heavy-fermion metal Yffor a  and the state of strain are continuous at a second-order phase
review, see Ref. J7has features similar to those in,RuQ,. transition, the Ehrenfest relations

EHRENFEST RELATIONS AND GINZBURG-LANDAU
MODEL
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dlnT, aTe from sound velocity measurements only, that none of the
Aaj=— “ ag Asij:_AaiE ) eight one-dimensional irreducible representations can give
! ! an appropriate description of superconductivity ipR&IO,.
can be derivede.g., see Ref. 93Herea;=(de;/JT), is the Superconductivity in SRuQ, must therefore be de-

coefficient of thermal expansion, witly being theith com-  scribed by an order parameter transforming as one of the two
ponent of the strairC,, is the specific heat at constant stress,dimensional irreducible representatigny or E,,. There is
ands;; is the elastic compliance matrix. Also, for any quan- evidence that th&,,, spin-triplet state is the correct choice
tity Q, AQ=Q(T.+0")—Q(T.—07), where 0" is a posi- (e.g., see Ref.)2 and this is what we will assume here. In
tive infinitestimal, is the discontinuity iQ at T=T.. Com-  fact however, the assumption of dfy, spin-singlet state

bining Egs.(1) and(2) gives would give an identical description so that the sound velocity
measurements analyzed in terms of the model presented here
S :& ‘9_T° ITe (2 can not distinguish betwees,; andE,, representations.
W Te doy doy’ The model is specified by giving the Gibbs free energy

associated with the two-component order parameter
(P, ¥y) transforming like theE,, representation of the
Boint groupDyy,, which is

Because(as shown beloyvthe superconducting transition
temperature in SRuQ, is split into two transitions by a
uniaxial stress, these relations cannot be directly applied t
the transition occurring at zero stress. Thus the phase dianGO(T)+a’(T—Tco)(|\PX|2+|\Py|2)
gram of SgRuQ, in nonzero uniaxial stregsvhich is of in-
terest in its own rightwill have to be investigated.

Similarly, if T.=T.(p) is given as a function of hydro-
static pressure, the relations

by
+Z(|q’x|2+ |lpy|2)2+ bz|\Px|2|\I’y|2

b 1
+?3(‘II§‘P;2+‘P§‘P:2)_ _SijUin+UiLi+UidijEj .

&InTC B Aﬁ (9Tc 2

AB=ACo—5— AK= 5y

can be derived. Here B=(dV/dT), and K
=—-V~1(aV/dp);. Also, from Eq.(4)

()
(6)

The nonzero components & are E;=|W,|2, E,=|V,|?,

andEg=w3 V¥, +W¥, ¥ . The elastic compliance matri;

AC. [T\ 2 and the matrixd;; have the same symmetry properties, ap-
= P —c) . (4) propriate for tetragonal symmetry. The parametersde-

TV 1 p scribe thermal expansion, so that if the state of the system at
The application of these relations to,BuQ, is relatively ~ T=Tco is taken to be the refence state corresponding to zero
straight forward, as there is no splitting f with the appli- ~ strain, then for temperatures sufficiently closeTig, L
cation of hydrostatic pressure. ~(T—Te)L{, whereL| is independent of temperature. Be-

A more detailed description of the changes in thermody-cause not all components Bf can be nonzero, the nonzero
namic properties occurring at a superconducting phase tramdependent components df, that enter into the model are
sition can be obtained in terms of a Ginzburg-Landau modetl;;, d;,, d3;, anddgg. Terms that are quadratic in both the
for superconductivity. The order parameter describing supersuperconducting order parameter and the applied stress have
conductivity in SsRuQ, must transform according to one of been omitted from the above free energy. Such terms would
the irreducible representations of the tetragonal point grougive an additional temperature dependence to the elastic con-
Dy,,. There are eight distinct one-dimensional representastants below the critical temperatufeGiven the large num-
tions of D, and two two-dimensional representations. Sup-ber of independent constants occuring in the associated
pose that the superconductivity is described by an order pasixth-rank tensor, it is not clear that the explicit inclusion of
rameter¥ which transforms according to one of the eight such terms would be productive, at least at this stage of the
one-dimensional representations. Then the terms in thivestigation.

Ginzburg-Landau free energy which are linear in stress and An analysis of the above model for zero stress<0 for
quadratic in the superconductor order parameter have thgll i) shows that we must hawe>0 andb=bs;—b,>0 for
form the reversal symmetry statéV(,¥,)=(1,=i) to have the
lowest free energy, antb=b,+b,—b3;>0 for the phase
Gint=[a(oyt "yy)+b"zﬂ|q’|2' )  transition to be ?écond ordler. '2I'hi53broken timePreversaI-
It is these terms that give rise to discontinuities in the elasti®ymmetry state is generally believed to be the state describ-
constants measured in sound velocity measurent®itste,  ing superconductivity in SRuQ,.?
however, that for reasons of symmetry, there is no coupling Now consider, for example, the case of uniaxial compres-
linear ina,,, which is the coupling that would give rise to a Sion along thea axis (only o;#0 and ¢,<0). Then the
discontinuity in the elastic compliance constagf(and also ~ terms quadratic in the order parameter can be written in the
in Cgg). Hencesgg andcgg are continuous &k, in this model,  form
which assumes a one-dimensional order parameter. This is in _ 2. 2
contradiction to the experimental res&?cson SERUO, Gauag= ' [T=Te: ()]sl + @ [T=Tey( o) ][V
which show a discontinuity ircgg. From this we conclude, +-.

" )
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T T where a prime on an indefas ini’ or j') indicates a Voigt
c+ index taking only the values 1, 2, or 3. These quantities can
Ter phase 1 be shown to satisfy the Ehrenfest relations stated in Egs.
T and(2) above. Similarly detailed calculations of the discon-
- T ohase 2 TC_ tinuities atT._ yield the results
co
AC,=-2T. a'? b
S T
0 -Gy
dTe_ 1 b
FIG. 1. Phase diagram showing the upper and lower supercon- S —( dyry— :di,_) ,
ducting transition temperatured,., and T._, respectively, as aay 2a’ b
functions of the compressive stressr; along thea axis. (11
_ . b b
where Aai’:_ab_bl di/+—ﬁdi,, ,
Ter(o)=Teo—o1dyy/a’ (8) 5
, . _ b b b
and T¢(01) =T~ o01d12/a’. We will assume thatd;, As,,=- W( dir o — :di,> ( djr— :dj,) ,
—d;>0 so thatT,, >Ty. (If dj;—d;,<0 an identical 2bb, b b

model can be obtained simple by interchanging the indices
andy.)

SinceT., is the higher of the two critical temperatures,
there will be an initial transition at ., when temperature is
lowered, and just below., only ¥, will be nonzero. As the
temperature is lowered further, another phase transition o
curs at a temperature callél,_ (which is different from

whered; - =d;,;*d;/,. These quantities satisfy the Ehren-
fest relations for the discontinuities occurringTat. .

To find the discontinuities which occur &t in the ab-
sence of stress, one can either take the sum of the disconti-
(Quities occurring aff., andT._, or calculate the disconti-
nuities occurring afl . directly. Both give the same result,

Tcy), below whichW, becomes nonzero. Thus, in the pres—WhICh IS
ence of a nonzero compressive stressthe order parameter T a'?2 a'd)
has the form ¥,,¥,)=#5(1,%i€) wheree is real, and is ACO=— 0T = aio,:— -
zero in phase lbetweenT., andT._), and grows frome b b
=0 to e~1 asT is reduced belowl_ in phase 2. The (12)
temperaturel . can be shown to be given in terms of the 0 1(dpydjry dipdji
result ASi’i’:_E b 3
dy;—dp, b+b There is no reason to expect an Ehrenfest relation to hold at
Ter—Te-=-— 7 3 o1- 9) zero stress since the derivative f with respect to stress is

not defined at this point.
The phase diagram just described is shown in Fig. 1. The Now consider the phase diagram which occurs when only
splitting of the superconducting phase transition into twoog=oy, is non zero. The phase diagram is the same as in
transitions by a symmetry-breaking stress, as shown here, I5g. 1 except thatr; is replaced byrg, andT., andT._ are
similar to the splitting of the superconducting phase transinow given by T, (0g)=Te— 0gdgs/a’ and T._(og)
tion in UPg by a symmetry-breaking antiferromagnetic mag- =T+ o¢deeb/ (2bza’). The order parameter has the form
netization(e.g., see Ref. 13However, the details are some- (¥, , V)= 5(e'*2,e”'¢/?) wherep=0 in phase 1 of Fig. 1,
what different as a result of the lower symmetry ofuO,  and¢ grows from 0 to approximately/2 as the temperature
(tetragonal as opposed to hexagonallso, in the present is lowered belowT._ in phase 2. Also, the discontinuities at
case of YRuQ, the symmetry-breaking stress can be re-T., are
duced to zero, whereas this in not the case for;Uiere

the symmetry-breaking magnetization density is not a param- . 2Te a'? . 2d2,
eter under the control of the experimenter. AC,=~— Y Asge=— v
Detailed calculations of the discontinuities in thermody-
namic properties af ., , in the presence of a nonzero com- , (13
pressive stress;, give Agl = 2a'dgs  dTcr  dgp
6~ ’ -
! Jo, !
. 2T 2a'di; b 6 @
AC,=- b, ' 4T Th whereas the discontinuities @t_ are
T i 2d;,d;/ 4T, a'?p ~ dap
Jd c+:_h, Asj_,:_u, (10) AC(r=_°—3, AS%:_i,
L?O'ir C!, v bl bb’ b,bg

214508-3



M. B. WALKER AND P. CONTRERAS PHYSICAL REVIEW B66, 214508 (2002

/ The task of determining the magnitudes of the parameters
_ 2(1 dGG (9TC bdGG ) A X
Aag =+ T o - (14)  in the Ginzburg-Landau model from experimental measure-
b 96 2bsa ments performed on §RuO, will be somewhat more com-

whereb’ =b;+b,+b;>0. The Ehrenfest relations of Eqs. Plicated in principle than the corresponding problem for
(1) and (2) are obeyed at botfi., andT._ . The disconti- UP%, because the number of independent parameters occur-

nuities atog=0 andT=T,, are ring for the case of tetragonal symmetry {8uQ,) is
greater than for the case of hexagonal symmetry §)JJHRor
0 2T oa'? 0 d2s 0 example, there are three linearly independent parameters,
AC,=- b Se6— — b_3 Aag=0. (19 b,,b, andbj required to specify the terms of fourth order in

the order parameter occurring in the free energy of By.
The above work found it natural to make use of the 6for SL,RuQ,, whereas only two independent parameters
X6 elastic compliance matri$ (matrix elementss;;), be-  [called3; and 8, (Refs. 13 and 14 are required for URt
cause the phase diagram was determined as a function of the Refs. 13 and 14 it is noted that the raja/3; can be
external stresgrather than a as function of strairdowever  determined from the measurement of what we have called
sound velocity measurements are best interpreted in terms &fC/AC_ . For SpRuQ,, two independent ratios can be
the elastic stiffness matrig (matrix elements;;), whichis  formed from the three independemtparameters, and these
the inverse of the elastic compliance matrix. It is thereforetwo independent ratios could be determined, for example, by
useful to give a formula giving the discontinuities in the experimentally determining the ratioAC /AC, in the
elastic stiffness matrix in terms of these of the elastic compresence of the stress; and also in the presence of the
pliance matrix. To do this we writeC(T,+0")=C(T,  stressog. In spite of this extra complexity, SRuQ, might
—0")+AC, S(T,+07)=S(T,—0")+AS, where 0" is  well be a better candidate than YHor a detailed experi-
positive infinitesimal, and make use of the fact tl&{T.  mental investigation of the effects of a symmetry-breaking
+07)S(T,+0%)=1, wherel is the unit matrix. Then, to field because, in the absence of externally applied symmetry-
first order in the discontinuities, breaking stress, there is no symmetry-breaking field in
SKLRUQ,. Thus the symmetry-breaking field is under the
AC~—-CASC, (160 control of the experimenter. In URton the other hand, there
whereC can be taken to be the normal state elastic stiffnests always a symmetry-breaking field present due to the anti-
matrix. Thus, for example, af., in the phase diagram of ferromagnetism, and to make matters worse the magnetic
Fig. 1, moment directions in URtcan take one of three different
directions in the basal plane, which gives rise to a domain

Ach~ 2(cj1djy)? . structure which cannot be supres$édhe presence of this
Cu~ b, ' 17 domain structure in URtcomplicates the interpretation of
) o N experimental information on symmetry-breaking effects in
From this equation it is clear thatc,;,>0. this material.

Finally, it should be noted that the results of the disconti-
nuities derived above satisfy the following inequalities at
Ter, Teo, and Ty First, AC,<0. Second, the diagonal
elementsAs;;, As,,, Asz3andAsgg are all negative. Third,
the diagonal elementdcyy, ACy,, ACsz and Acgg are all We thank C. Lupien and L. Taillefer for stimulating dis-
positive. An important conclusion of this work is that the cussions of their sound velocity measurements yR86,,
observation by Lupieet al! of a discontinuity in the elastic and acknowledge the support of the Canadian Institute for
constantcgg is evidence that the superconducting order paAdvanced Research and of the Natural Sciences and Engi-
rameter in YRuQ, has two components. neering Research Council of Canada.
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