
PHYSICAL REVIEW B 66, 214508 ~2002!
Theory of elastic properties of Sr2RuO4 at the superconducting transition temperature
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This paper gives details of a predicted splitting of the superconducting transition temperature in Sr2RuO4 as
a function of applied uniaxial stress. We also give formulas for the discontinuities in certain thermodynamic
properties such as the specific heat, the thermal expansion coefficients, and the elastic compliance coefficients
at various superconducting transition temperatures.
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INTRODUCTION

Superconductivity in Sr2RuO4 ~Ref. 1! has a number of
unusual properties which continue to attract interest and
ther study~Ref. 2 gives an excellent review!. The crystal
structure of this material is identical to that of the hig
temperature cuprate superconductor (La, Sr)2CuO4, with ru-
thenium ions replacing the copper ions. Also the normal s
of Sr2RuO4 displays Fermi-liquid behavior. The Coope
pairs are believed to form in a spin-triplet state,3–5 and the
superconducting parameter is believed to break time-reve
symmetry.6 Studies aimed at elucidating the detailed nat
of the superconducting pairing symmetry continue to be c
ried out~e.g. see Refs. 7, 8, 9, and 10!. Recent experimenta
measurements11 of the elastic constants of Sr2RuO4 as the
temperature is lowered through the superconducting tra
tion temperature give further interesting insights into the
ture of its superconducting state. These elastic constant m
surements stimulated our interest in developing a theore
model for the changes occurring in the elastic constant
the superconducting transition temperature, and this inte
then developed into the more general study of the ela
behavior of Sr2RuO4 under applied uniaxial stress which
reported here. As will be noted below, a full understanding
the elastic behavior of Sr2RuO4 in zero stress cannot be ob
tained without also understanding the behavior in the p
ence of nonzero uniaxial stress.

The use of the thermodynamic Ehrenfest relations
Ginzburg-Landau theories is a useful tool in the analysis
sound velocity measurements at a normal metal to super
ducting state phase transition,12–17 and such methods hav
recently been applied to Sr2RuO4.18–20The analysis of sound
velocity measurements performed under conditions of z
externally applied stress in Sr2RuO4 requires specia
consideration,21 however, because the derivative of the tra
sition temperature with respect to uniaxial stress~one of the
parameters occurring in the Ehrenfest relations! is not de-
fined at the point of zero applied stress. This is because
external uniaxial stress will split the superconducting ph
transition into two transitions. Under these conditions qu
tities such as the elastic constants will have discontinuitie
each of the two transitions, and it is the sum of these t
discontinuities that will that will be equal to the single di
continuity that occurs when the uniaxial stress tends to z

Superconductivity in the heavy-fermion metal UPt3 ~for a
review, see Ref. 17! has features similar to those in Sr2RuO4.
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Both are thought to be characterized by two-component
perconducting order parameters. Furthermore, the super
ducting transition temperature in UPt3 is split as a result of a
symmetry-breaking antiferromagnetism which exists
UPt3, in much the same way as the transition temperture
Sr2RuO4 might be expected to split in the presence of
symmetry-breaking stress. However in UPt3 the symmetry-
breaking antiferromagnetism is not under the control of
experimenter, and cannot be made zero in the supercond
ing state. This means that some of the qualitative featu
discussed below have not been investigated in connec
with UPt3. Further complications arise in UPt3 because the
antiferromagnetic moment directions can take one of th
different directions in the basal plane, and this gives rise t
domain structure which cannot be supressed.22 The presence
of this domain structure in UPt3 very much limits the experi-
mental information one can obtain on symmetry-break
effects in this material, since each domain has its own dir
tion of the symmetry-breaking field, and measurements o
macroscopic sample thus give average properties of the t
domains. In Sr2RuO4 on the other hand, the symmetry
breaking field~uniaxial stress! is under the control of the
experimenter, with the states of zero symmetry-break
stress, and of a single direction of uniaxial stress, being e
ily attainable. Thus, it would appear that there would be s
nificant advantages to the use of Sr2RuO4 as a material for a
detailed study of symmetry-breaking effects in supercond
tivity described by a two-component order parameter. O
relative disadvantage of Sr2RuO4 ~discussed below! is that as
a result of its tetragonal symmetry~versus hexagonal fo
UPt3) there are a greater number of independent parame
in the Ginzburg-Landau model that will have to be det
mined from experimental measurements.

EHRENFEST RELATIONS AND GINZBURG-LANDAU
MODEL

Ehrenfest relations have often been found to be usefu
analyzing the changes in sound velocity occurring a
second-order phase transition.12 Consider a second-orde
phase transition to a superconductor state where the tra
tion temperature is, in principle, known as a function of
externally applied stresss i ( i 51, . . . 6using Voigt notation!
i.e., givenTc5Tc(s i). Then, from the fact that the entrop
and the state of strain are continuous at a second-order p
transition, the Ehrenfest relations
©2002 The American Physical Society08-1
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Da i52DCs

] ln Tc

]s i
, Dsi j 52Da i

]Tc

]s j
~1!

can be derived~e.g., see Ref. 23!. Herea i5(]ei /]T)s is the
coefficient of thermal expansion, withei being thei th com-
ponent of the strain.Cs is the specific heat at constant stre
andsi j is the elastic compliance matrix. Also, for any qua
tity Q, DQ5Q(Tc101)2Q(Tc201), where 01 is a posi-
tive infinitestimal, is the discontinuity inQ at T5Tc . Com-
bining Eqs.~1! and ~2! gives

Dsi j 5
DCs

Tc

]Tc

]s i

]Tc

]s j
. ~2!

Because~as shown below! the superconducting transitio
temperature in Sr2RuO4 is split into two transitions by a
uniaxial stress, these relations cannot be directly applie
the transition occurring at zero stress. Thus the phase
gram of Sr2RuO4 in nonzero uniaxial stress~which is of in-
terest in its own right! will have to be investigated.

Similarly, if Tc5Tc(p) is given as a function of hydro
static pressure, the relations

Db5DCp

] lnTc

]p
, DK5

Db

V

]Tc

]p
~3!

can be derived. Here b5(]V/]T)p and K
52V21(]V/]p)T . Also, from Eq.~4!

DK5
DCp

TcV
S ]Tc

]p D 2

. ~4!

The application of these relations to Sr2RuO4 is relatively
straight forward, as there is no splitting ofTc with the appli-
cation of hydrostatic pressure.

A more detailed description of the changes in thermo
namic properties occurring at a superconducting phase t
sition can be obtained in terms of a Ginzburg-Landau mo
for superconductivity. The order parameter describing su
conductivity in Sr2RuO4 must transform according to one o
the irreducible representations of the tetragonal point gr
D4h . There are eight distinct one-dimensional represen
tions of D4h and two two-dimensional representations. Su
pose that the superconductivity is described by an order
rameterC which transforms according to one of the eig
one-dimensional representations. Then the terms in
Ginzburg-Landau free energy which are linear in stress
quadratic in the superconductor order parameter have
form

Gint5@a~sxx1syy!1bszz#uCu2. ~5!

It is these terms that give rise to discontinuities in the ela
constants measured in sound velocity measurements.12 Note,
however, that for reasons of symmetry, there is no coup
linear insxy , which is the coupling that would give rise to
discontinuity in the elastic compliance constants66 ~and also
in c66). Hences66 andc66 are continuous atTc in this model,
which assumes a one-dimensional order parameter. This
contradiction to the experimental results11 on Sr2RuO4,
which show a discontinuity inc66. From this we conclude
21450
,

to
ia-

-
n-

el
r-

p
a-
-
a-

e
d

he

ic

g

in

from sound velocity measurements only, that none of
eight one-dimensional irreducible representations can g
an appropriate description of superconductivity in Sr2RuO4.

Superconductivity in Sr2RuO4 must therefore be de
scribed by an order parameter transforming as one of the
dimensional irreducible representationE2g or E2u . There is
evidence that theE2u , spin-triplet state is the correct choic
~e.g., see Ref. 2!, and this is what we will assume here.
fact however, the assumption of anE2g spin-singlet state
would give an identical description so that the sound veloc
measurements analyzed in terms of the model presented
can not distinguish betweenE2g andE2u representations.

The model is specified by giving the Gibbs free ener
associated with the two-component order parame
(Cx ,Cy) transforming like theE2u representation of the
point groupD4h , which is

G5G0~T!1a8~T2Tc0!~ uCxu21uCyu2!

1
b1

4
~ uCxu21uCyu2!21b2uCxu2uCyu2

1
b3

2
~Cx

2Cy*
21Cy

2Cx*
2!2

1

2
si j s is j1s iL i1s idi j Ej .

~6!

The nonzero components ofEi are E15uCxu2, E25uCyu2,
andE65Cx* Cy1CxCy* . The elastic compliance matrixsi j

and the matrixdi j have the same symmetry properties, a
propriate for tetragonal symmetry. The parametersLi de-
scribe thermal expansion, so that if the state of the system
T5Tc0 is taken to be the refence state corresponding to z
strain, then for temperatures sufficiently close toTc0 , Li

'(T2Tc0)Li8 , whereLi8 is independent of temperature. Be
cause not all components ofEi can be nonzero, the nonzer
independent components ofdi j that enter into the model ar
d11, d12, d31, andd66. Terms that are quadratic in both th
superconducting order parameter and the applied stress
been omitted from the above free energy. Such terms wo
give an additional temperature dependence to the elastic
stants below the critical temperature.12 Given the large num-
ber of independent constants occuring in the associa
sixth-rank tensor, it is not clear that the explicit inclusion
such terms would be productive, at least at this stage of
investigation.

An analysis of the above model for zero stress (s i50 for
all i ) shows that we must haveb3.0 andb̃[b32b2.0 for
the reversal symmetry state (Cx ,Cy)5(1,6 i ) to have the
lowest free energy, andb[b11b22b3.0 for the phase
transition to be second order. This broken time-revers
symmetry state is generally believed to be the state desc
ing superconductivity in Sr2RuO4.2

Now consider, for example, the case of uniaxial compr
sion along thea axis ~only s1Þ0 and s1,0). Then the
terms quadratic in the order parameter can be written in
form

Gquad5a8@T2Tc1~s1!#uCxu21a8@T2Tcy~s1!#uCyu2

1•••, ~7!
8-2



s

s,

o

s
r

e

Th
wo
e,
s
g
-

re

am

y
-

can
.
n-

n-

onti-

t,

d at

nly
s in

m

t

co

THEORY OF ELASTIC PROPERTIES OF Sr2RuO4 AT . . . PHYSICAL REVIEW B 66, 214508 ~2002!
where

Tc1~s1!5Tc02s1d11/a8 ~8!

and Tcy(s1)5Tc02s1d12/a8. We will assume thatd11
2d12.0 so that Tc1.Tcy . ~If d112d12,0 an identical
model can be obtained simple by interchanging the indicex
andy.!

SinceTc1 is the higher of the two critical temperature
there will be an initial transition atTc1 when temperature is
lowered, and just belowTc1 only Cx will be nonzero. As the
temperature is lowered further, another phase transition
curs at a temperature calledTc2 ~which is different from
Tcy), below whichCy becomes nonzero. Thus, in the pre
ence of a nonzero compressive stresss1, the order paramete
has the form (Cx ,Cy)5h(1,6 i e) where e is real, and is
zero in phase 1~betweenTc1 andTc2), and grows frome
50 to e'1 as T is reduced belowTc2 in phase 2. The
temperatureTc2 can be shown to be given in terms of th
result

Tc12Tc252
d112d12

2a8

b̃1b

b̃
s1 . ~9!

The phase diagram just described is shown in Fig. 1.
splitting of the superconducting phase transition into t
transitions by a symmetry-breaking stress, as shown her
similar to the splitting of the superconducting phase tran
tion in UPt3 by a symmetry-breaking antiferromagnetic ma
netization~e.g., see Ref. 13!. However, the details are some
what different as a result of the lower symmetry of Sr2RuO4
~tetragonal as opposed to hexagonal!. Also, in the present
case of Sr2RuO4 the symmetry-breaking stress can be
duced to zero, whereas this in not the case for UPt3 where
the symmetry-breaking magnetization density is not a par
eter under the control of the experimenter.

Detailed calculations of the discontinuities in thermod
namic properties atTc1 , in the presence of a nonzero com
pressive stresss1, give

DCs
152

2Tc1a82

b1
, Da i 8152

2a8di 81

b1

]Tc1

]s i 8

52
di 81

a8
, Dsi 8 j 8

1
52

2di 81dj 81

b1
, ~10!

FIG. 1. Phase diagram showing the upper and lower super
ducting transition temperatures,Tc1 and Tc2 , respectively, as
functions of the compressive stress2s1 along thea axis.
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where a prime on an index~as in i 8 or j 8) indicates a Voigt
index taking only the values 1, 2, or 3. These quantities
be shown to satisfy the Ehrenfest relations stated in Eqs~1!
and ~2! above. Similarly detailed calculations of the disco
tinuities atTc2 yield the results

DCs
2522Tc2a82

b̃

bb1
,

]Tc2

]s i 8

52
1

2a8
S di 812

b

b̃
di 82D ,

~11!

Da i 8
2

52a8
b̃

bb1
S di 812

b

b̃
di 82D ,

Dsi 8 j 8
2

52
b̃

2bb1
S di 812

b

b̃
di 82D S dj 812

b

b̃
dj 82D ,

wheredi 865di 816di 82. These quantities satisfy the Ehre
fest relations for the discontinuities occurring atTc2 .

To find the discontinuities which occur atTc0 in the ab-
sence of stress, one can either take the sum of the disc
nuities occurring atTc1 andTc2 , or calculate the disconti-
nuities occurring atTc0 directly. Both give the same resul
which is

DCs
052

2Tc0a82

b
, Da i 8

0
52

a8di 81

b
,

~12!

Dsi 8 j 8
0

52
1

2 S di 81dj 81

b
1

di 82dj 82

b̃
D .

There is no reason to expect an Ehrenfest relation to hol
zero stress since the derivative ofTc with respect to stress is
not defined at this point.

Now consider the phase diagram which occurs when o
s6[sxy is non zero. The phase diagram is the same a
Fig. 1 except thats1 is replaced bys6, andTc1 andTc2 are
now given by Tc1(s6)5Tc02s6d66/a8 and Tc2(s6)
5Tc01s6d66b/(2b3a8). The order parameter has the for
(Cx ,Cy)5h(eiw/2,e2 iw/2) wherew50 in phase 1 of Fig. 1,
andw grows from 0 to approximatelyp/2 as the temperature
is lowered belowTc2 in phase 2. Also, the discontinuities a
Tc1 are

DCs
152

2Tc1a82

b8
, Ds66

1 52
2d66

2

b8
,

~13!

Da6
152

2a8d66

b8
,

]Tc1

]s6
52

d66

a8

whereas the discontinuities atTc2 are

DCs
252

4Tc2a82b3

bb8
, Ds66

2 52
d66

2 b

b8b3

,

n-
8-3
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Da6
251

2a8d66

b8
,

]Tc2

]s6
5

bd66

2b3a8
~14!

whereb85b11b21b3.0. The Ehrenfest relations of Eq
~1! and ~2! are obeyed at bothTc1 andTc2 . The disconti-
nuities ats650 andT5Tc0 are

DCs
052

2Tc0a82

b
, Ds66

0 52
d66

2

b3
, Da6

050. ~15!

The above work found it natural to make use of the
36 elastic compliance matrixS ~matrix elementssi j ), be-
cause the phase diagram was determined as a function o
external stress~rather than a as function of strain!. However
sound velocity measurements are best interpreted in term
the elastic stiffness matrixC ~matrix elementsci j ), which is
the inverse of the elastic compliance matrix. It is therefo
useful to give a formula giving the discontinuities in th
elastic stiffness matrix in terms of these of the elastic co
pliance matrix. To do this we writeC(Tc101)5C(Tc
201)1DC, S(Tc101)5S(Tc201)1DS, where 01 is
positive infinitesimal, and make use of the fact thatC(Tc
101)S(Tc101)51, where 1 is the unit matrix. Then, to
first order in the discontinuities,

DC'2CDSC, ~16!

whereC can be taken to be the normal state elastic stiffn
matrix. Thus, for example, atTc1 in the phase diagram o
Fig. 1,

Dc11
1 '

2~cj 1dj 1!2

b1
, ~17!

From this equation it is clear thatDc11
1 .0.

Finally, it should be noted that the results of the discon
nuities derived above satisfy the following inequalities
Tc1 , Tc2 , and Tc0. First, DCs,0. Second, the diagona
elementsDs11, Ds22, Ds33 andDs66 are all negative. Third,
the diagonal elementsDc11, Dc22, Dc33 and Dc66 are all
positive. An important conclusion of this work is that th
observation by Lupienet al.11 of a discontinuity in the elastic
constantc66 is evidence that the superconducting order
rameter in Sr2RuO4 has two components.
G

.

,
ra
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The task of determining the magnitudes of the parame
in the Ginzburg-Landau model from experimental measu
ments performed on Sr2RuO4 will be somewhat more com
plicated in principle than the corresponding problem
UPt3, because the number of independent parameters oc
ring for the case of tetragonal symmetry (Sr2RuO4) is
greater than for the case of hexagonal symmetry (UPt3). For
example, there are three linearly independent parame
b1 ,b2 andb3 required to specify the terms of fourth order
the order parameter occurring in the free energy of Eq.~6!
for Sr2RuO4, whereas only two independent paramete
@calledb1 andb2 ~Refs. 13 and 14!# are required for UPt3.
In Refs. 13 and 14 it is noted that the ratiob2 /b1 can be
determined from the measurement of what we have ca
DCs

1/DCs
2 . For Sr2RuO4, two independent ratios can b

formed from the three independentb parameters, and thes
two independent ratios could be determined, for example
experimentally determining the ratiosDCs

1/DCs
2 in the

presence of the stresss1 and also in the presence of th
stresss6. In spite of this extra complexity, Sr2RuO4 might
well be a better candidate than UPt3 for a detailed experi-
mental investigation of the effects of a symmetry-break
field because, in the absence of externally applied symme
breaking stress, there is no symmetry-breaking field
Sr2RuO4. Thus the symmetry-breaking field is under th
control of the experimenter. In UPt3, on the other hand, ther
is always a symmetry-breaking field present due to the a
ferromagnetism, and to make matters worse the magn
moment directions in UPt3 can take one of three differen
directions in the basal plane, which gives rise to a dom
structure which cannot be supressed.22 The presence of this
domain structure in UPt3 complicates the interpretation o
experimental information on symmetry-breaking effects
this material.
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