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Electronic thermal conductivity of multigap superconductors: Application to MgB2
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~Received 6 August 2002; revised manuscript received 27 September 2002; published 6 December 2002!

The remarkable field dependence of the electronic thermal conductivity observed in MgB2 can be explained
as a consequence of multigap superconductivity. A key point is that for moderately clean samples, the mean
free path becomes comparable to the coherence length of the smaller gap over its entire Fermi surface. In this
case, quasiparticle excitations bound in vortex cores can easily be delocalized, causing a rapid rise in the
thermal conductivity at low magnetic fields. This feature is in marked contrast to that for anisotropic or nodal
gaps, where delocalization occurs only on part of the Fermi surface.

DOI: 10.1103/PhysRevB.66.214503 PACS number~s!: 74.20.2z, 74.25.Fy, 74.60.Ec
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I. INTRODUCTION

The unexpected discovery of superconductivity in Mg2

with a relatively highTc538 K ~Ref. 1! aroused great inter
est and was soon followed by experiments which establis
phonon mediateds-wave superconductivity, e.g., a B-isotop
effect,2 a coherence peak in the11B nuclear relaxation rate,3

and an exponential dependence for temperaturesT&10 K.4,5

Theoretical studies concluded that the coupling of the ho
in the 2ps bands of the B planes to bond stretching mod
was strong and primarily responsible for superconductiv
The electron-phonon coupling on the parts of the Fermi s
face associated with 2pp bands is much weaker.6–10

Despite its standard origin, superconductivity in MgB2

has several unusual properties pointing toward a more c
plex nature. One aspect is the presence of two gaps of
ferent magnitudes. Their ratio is estimated asr 5D0

S/D0
L

;0.3–0.4 based on various experiments.4,11–15 Evidence of
two gaps is also provided by the rapid rise of the speci
heat coefficient,gs(H), at very low magnetic fields.4,15 Or-
bital dependent superconductivity was proposed theoretic
by several authors with the primary~secondary! gap associ-
ated with thes- (p) bands.6,16–18

Recent studies of the in-plane thermal conductivity in
magnetic field show an unusual field dependence.19 For
fields both parallel and perpendicular to thec axis, the elec-
tronic thermal conductivityks(H) exhibits a steep increas
in the low-field region of the mixed state, suggesting a la
release of mobile quasiparticles in the mixed state. This c
trasts strongly with the behavior of conventionals-wave su-
perconductors, where quasiparticles bound in the vo
cores make very little contribution toks except very close to
Hc2.20,21At first glance, a small secondary gapD0

S in multi-
band models would provide enough carriers for transpor
low fields. However, they would be nonmobile carriers
herent in theirs-wave character. It is our aim here to ree
amine thermal transport for multigap superconductors
show the drastic influence of sample purity on the charac
istic behavior ofks(H).

The measured MgB2 samples are regarded as being in t
moderately clean regime: experimental estimates of the m
free path givel;500–800 Å, compared with the inplan
coherence lengthjab;120 Å derived fromHc2, which is
0163-1829/2002/66~21!/214503~5!/$20.00 66 2145
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determined by the primary superconductings band.22 The
relevant length scale here to be compared withl is, however,
j0

S of the passivep band. Thus we may consider quasipar
cles in thes band in the moderately clean regime, whi
those in thep band withj0

S;j0
L/r can be in marginally clean

regime. The numerical calculation based on t
Bogoliubov–de Gennes framework shows that low-ene
states in the smaller gap are loosely bound in vortex core23

Moreover, recent scanning tunneling spectroscopy meas
ments confirmed a largej0

S.500 Å in MgB2.24 Since the
magnitude of the secondary gap is small all over the Fe
surface, we expect a distinctively different behavior
ks(H) compared to single-band superconductors with an
isotropic gap or even gap nodes. In the following we will
various points compare the two-gap behaviors with that
anisotropic single-gap superconductors.

In view of these circumstances, we analyze the field
pendence ofks and the density of states~DOS! Ns . In the
following section, we introduce Pesch’s solution25–27 for the
quasiclassical formalism,28,29 which is known to be valid for
the range of purity in question. Next we show that quasip
ticle excitations in the small gap bound in the vortex co
can easily be delocalized, causing a rapid rise at low m
netic field. It turns out that the rapid rise originates main
from a drastic enhancement of the transport lifetime all o
the Fermi surface in the marginally clean regime. To confi
the importance of contributions from the whole Fermi su
face of the small gap, we show a comparison of two-g
model to anisotropics- andd-wave models. The field depen
dence of the two-gap model is definitely stronger than t
obtained for any of the single-band models. Conversely,
perclean samples should exhibit a behavior very similar
that of conventionals-wave superconductors. Finally, w
give brief comment on low-field behaviors, where the ex
tence of the small gap becomes also important.

II. THERMAL CONDUCTIVITY IN A MAGNETIC FIELD

We restrict our considerations to the case of the in-pla
thermal current withHiz. Thus in-plane impurity scattering
is the most important for the thermal transport. The scat
ing matrix betweens and p bands is assumed to be sma
because of the different parity of the two orbitals under
©2002 The American Physical Society03-1
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reflection z→2z.30 Thus we neglect interband impurit
scattering completely and discuss contributions from e
bands independently. In order to calculateks(H) andNs(H),
we introduce the quasiclassical propagators

ĝ~vn ,k̂,R!5S 2 ig f

2 f † ig D[E dj

p
t̂3Ĝ~vn ,k,R!, ~1!

whereĜ is the Nambu-Gorkov Green’s function matrix wit
the fermionic Matsubara frequency,vn , the center of mass
coordinateR, and the relative momentumk. t3 is thez com-
ponent of the Pauli matrices acting on the particle-hole sp
and k̂[kF /ukFu is the unit wave vector at the Fermi surfac
They satisfy the normalization conditionĝ2521̂ and obey
the Eilenberger equations (\5c5kB51 hereafter!,

†@ i ṽn1evF•A~R!#t̂32D̂~ k̂,R!,ĝ‡1 ivF•“Rĝ50, ~2!

or, explicitly,

L1 f 52gD~ k̂,R!, L2 f †52gD* ~ k̂,R!, ~3!

vF•“Rg2D* ~ k̂,R! f 1D~ k̂,R! f †50, ~4!

with

L652ṽn22ievF•A~R!6vF•“R , ~5!

which are supplemented by the gap and Maxwell equatio
Here we have introduced the gap matrix

D̂~ k̂,R!5S 0 D~ k̂,R!

2D* ~ k̂,R! 0
D ~6!

and the renormalized frequencyṽn5vn1s(vn), wheres
is the diagonal element of the impurity self-energy, whi
will be determined by the Born approximation for the tw
gap and single-gap anisotropics-wave models, while the
T-matrix approximation is used for the single-gapd wave.
We have neglected vertex corrections.

Instead of solving these transportlike equations s
consistently, we adopt the Brandt-Pesch-Tewo
approximation.25 In this approximation, an Abrikosov solu
tion is used for vortex lattice structures, and the spatial
pendence of the magnetic field is replaced by the exte
uniform field H. Only the uniform componentḡ is kept,
since the higher FourierK components ofg(R) decrease
rapidly as exp(2L2K2), L51/A2eH being the magnetic
length. On the other hand, the exact spatial dependenc
the anomalous propagators is taken into account includ
the phase variation due to the vortices. Although this the
was designed to work well forH&Hc2, especially in
strongly type-II superconductors like MgB2, a detailed com-
parison to numerical solutions yields good agreement b
for s- and d-wave superconductors over almost the wh
field range.31 This numerical study also shows that the fr
quently applied Volovik-theory,32 yielding gs}H for an
s-wave gap andgs}AH for gaps with lines of zeros, is re
stricted to the very low-field region. This indicates the im
21450
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portance of quasiparticle transfer between vortices even
the relatively low-field region.33

Following Pesch,26,31,34 the solutions in Eq.~2! can be
obtained formally as follows. With use ofḡ, Eq. ~3! can be
inverted as

f 52sgn~vn!ḡE
0

`

dt exp@2L1sgn~vn!t#D~ k̂,R!. ~7!

Assuming the Abrikosov solution for the vortex lattice (pn
52pn/b, b being the lattice constant in they direction!,

D~ k̂,R!5(
n

Cneipnyexp@2~x2L2pn!2/2L2#, ~8!

with appropriate normalization constantsCn for a given
structure of the lattice, after straightforward calculation w
the help of Eq.~7! we obtain

f f †52 iApḡ2S 2LD̄~ k̂!

vF'~ k̂!
D 2

W8~ iun!, ~9!

whereW(u)5e2u2
erfc(2 iu) is the Faddeeva function an

un5ṽnsgn(vn)@2L/vF'( k̂)#. HereD̄( k̂) denotes the spatia
average of the gap andvF'( k̂) is the component ofvF per-
pendicular to the field. Making use of the normalization co
dition, ḡ21 f f †51, ~after analytic continuation to the uppe
half plane,ivn→v1 id), we finally obtain

ḡk̂~v!5@12 iAp@2LD̄~ k̂!/vF'~ k̂!#2W8~u!#21/2. ~10!

The real part ofḡk̂(v) is nothing but the angle-depende
DOS normalized by the normal state DOSNn . In order to
get the closed-form solution, we use the Born approximat
for the s-wave scattering self-energy, i.e.,

s~v!5^ḡk̂~v!&/2tn , ~11!

wheretn is the lifetime in the normal state and^•••& repre-
sents an angular average over the Fermi surface. Then
can determine the self-consistents(v) numerically.

From the linear response of the thermal currentj hi to the
temperature gradient2¹jT in an extended version of Eilen
berger equations with a time-dependent perturbation, we
tain the thermal conductivity tensor27–29 as

ks
i j 5vF

2NnE
0

`

dvS v

T D 2

sech2S v

2TD
3^ k̂i k̂ jRe@ ḡk̂~v!#Re@t k̂~v!#&. ~12!

By a comparison with the simple kinetic theory, the transp
lifetime, which is denoted as Re@t k̂(v)#, is given by

1

2t k̂~v!
5s~v!1Ap

2LD̄2~ k̂!

vF'~ k̂!

Re@W~u!ḡk̂~v!#

Re@ ḡk̂~v!#
. ~13!

Here scattering by the vortices appears in addition to qu
particle broadening due to impurities. Note that Eqs.~10!–
3-2
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~13! can be reduced to the conventional expressions in
H50 limit.35 Moreover one findsḡk̂51 andt k̂5tn in the
normal state.

We concentrate on theT→0 limit in this paper. The gap
function is factorized as

D̄~ k̂!5rD0w k̂A12H/Hc2, ~14!

where we use 0,r ,1 for the smaller gap andr 51 for the
larger gap or the single-band case. The shape of the aver
gap functionD̄( k̂) is given byw k̂ , e.g.,w k̂51 for an isotro-
pic s-wave gap. In order to elaborate the difference of
gap structures, later we will make a comparison of the tw
gap model to thedx2-y2 wave, w k̂5 k̂x

22 k̂y
2 and the aniso-

tropic s wave,36 w k̂51/A11ak̂z
2. We use the square-roo

field dependence in Eq.~14! inferred from Ginzburg-Landau
theory.

III. APPLICATION TO MgB 2

We discuss nowks
xx(H) for MgB2 and the other case

based on this theory. For MgB2 for simplicity we use a
spherical~cylindrical! Fermi surface for thep- (s-! band
and the parametersn[Nn

p/Nn
s51.5, q[vF

p/vF
s51.5, andr

[D0
S/D0

L5D0
p/D0

s50.35. The impurity scattering rate fo
thes band is moderate,h[1/2tnD0

s50.3. These parameter
are within the range of current estimates.17,19,22,24In Fig. 1,
the contribution from thep band shows a rapid rise for ver
low fields, while that from thes band displays rather con
ventional behavior. This rapid rise is caused by the dra
enhancement of the quasiparticle lifetime of the smaller
over the entire Fermi surface as vortices are introduced
contrast, as we demonstrate for an anisotropics wave~ani.s)
and dx2-y2 ~d! in Fig. 1, the delocalization of quasiparticle
occurs only on parts of the Fermi surface. Here the ani
ropy parametera515 was used. Since the resonant scat

FIG. 1. The field dependence of the in-plane thermal conduc
ity. For h50.3, the contribution from the marginally clean passi
p band shows a rapid rise at very low field, while that from t
active s band gives a conventional behavior. Anisotropics- and
dx2-y2-wave cases are given for comparison.
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ing may become important in the case of adx2-y2 wave, we
adopted theT-matrix approximation, s5^ḡk̂&/2tn(cos2d
1^ḡk̂&

2sin2d) with the unitarity limit d5p/2.38

The sum of both bands givesks
xx(H) for MgB2 in Fig. 2.

The overall features reproduce the experimental d
~squares! ~Ref. 19! well, with the two-band model (2s) for
h50.3. Similarly, the single-band isotropics-wave model
with h50.08 ~s! gives a reasonable fit for Nb~triangles!.20

The transport properties depend sensitively on the purity
samples, as we can see by consideringks

xx(H) of the two-
band model for the superclean regime,h50.01 ~dashed
line!. This shows a behavior similar to that of a convention
s-wave superconductor~dotted line!. In the limit h→0, put-
ting ṽ50 in Eqs.~10!–~13!, we obtain the low-field expres
sion for thep band as

ks
xx

kn
5

p3/2

5A2

q2h

r 3

H

Hc2
. ~15!

Thus, even in the case of smallr, the low-field dependence
of ks remains small due to the factorh in the numerator. In
other words, in the low-field region the excited quasipartic
are almost localized in the vortex cores even in the case
the smaller gap. On the other hand, the slope ofNs(0) is
considerably enhanced for smallr as

Ns~0!

Nn
5

p2

8A2

q

r
A H

Hc2
. ~16!

It would be interesting to test this predicted change of
havior for ks(H) in high-quality samples.

- FIG. 2. Comparison with the experimental data of MgB2 for
Hiz ~squares! ~Ref. 19!. The two-gap model (2s) with h50.3
~solid line! explains overall features of the experimental data. T
results for Nb~triangles! ~Ref. 20! are taken from Fig. 2 of Ref. 37
The two-gap model in the superclean limit~dashed line! shows a
behavior similar to that of a conventionals-wave model~dotted
line!.
3-3
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The thermal conductivityks is governed by two charac
teristic quantities, the DOS Re@ ḡk̂(v)# and the transport life-
time Re@t k̂(v)# @See Eq.~12!#. We analyze both here to
elucidate the origin of the above behavior.

A. Density of states

The field dependence of the DOS is shown in Fig.
where all parameters are the same as those used in F
The sharp rise of the DOS is consistent with experimen
observations ofgs(H) in the polycrystalline samples.4,15

Even though there is a big difference between the two-b
model and the single-gap models inks

xx(H), Ns(H) shows
no drastic differences apart from the presence of a resi
DOS in thed-wave case asH→0.

B. Transport lifetime

The appropriate measure of quasiparticle delocalizatio
the transport lifetime in the plane. We discuss the lifetime
quasiparticles in the passivep band, wherer 50.35, vF

S/vF
L

51.5 and k̂'z. The field dependence of Re@ts' /tn# is
shown in Fig. 4 forh50.01, 0.07, and 0.3. As expected, th
transport lifetime changes drastically, if the marginally cle
regime (h50.3) is approached, showing a rapid rise in t
low-field region. The enhancement of the quasiparticle li
time occurs over the entire Fermi surface. In addition,
slope of the DOS is much enhanced as shown in Fig
These effects cooperatively yield the steep rise in the ther
conductivity shown in Fig. 2. The superclean regimeh
50.01), in contrast, gives only a weak field dependence
low fields due to the quasiparticle localization in this cas

IV. LOW-FIELD BEHAVIOR

Finally, we comment on the thermal conductivity forH
*Hc1 which is not covered by our theory. Experimentally,
sudden drop ofks is observed as the magnetic field bare

FIG. 3. TheH dependence of the DOS atv50. All parameters
are the same as those in Fig. 1. All curves except fors waves are
similar to each other~apart from the residual DOS in thed-wave
case!.
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exceedsHc1.19 The reduction ofks is usually attributed to
the decrease of the phonon contribution, since phonons
scattered by the quasiparticles in the vortex cores. Usu
this kind of mechanism leads to a more gentle reduction
ks .20,21

For MgB2 the conditions are more complex.~1! For T
!D0

S all quasiparticle contributions are frozen out in th
zero-field limit and they remain localized in the vortex cor
for H*Hc1. There is a stronger scattering of phonons fro
core states in multigap models. Since the core DOS is c
siderably larger for thep band@the DOS is;EF /(rD0

L)2]
than for thes band.39 ~2! For T;D0

S the quasiparticles in the
p band are sufficiently excited to contribute to the zero-fie
thermal conductivity. When vortices appear, this quasipa
cle contribution is also reduced by scattering at the vorti
with localized quasiparticles in thes band. This effect, in
combination with the phonon effect, leads to an even str
ger drop ofks . These simple considerations of the multig
effect are in good qualitative agreement with t
experiment.19

V. CONCLUSIONS

In summary, we have discussed the inplane thermal c
ductivity and the DOS in a magnetic field along thez axis in
the multigap superconductor MgB2. The rapid rise ofks(H)
in the low field region is a special feature of a multiga
superconductor in moderately clean samples. Even in
presence of a small gap, we predict a conventional beha
~a shallow increase ofks in the low-field region and a rapid
increase at fields close toHc2) for superclean samples. Th
sensitivity to sample quality has to be carefully taken in
account in the interpretation of thermal transport data in
multigap superconductor. In addition, the field dependenc
the two-gap model is definitely stronger than that obtain
for any of the single-band models even with line nodes, si
the portion of the small gap spreads over its entire Fe
surface. In the low-field region just aboveHc1, the phononic

FIG. 4. Theh dependence of the in-plane transport lifetime
the smaller gap withr 50.35. The purity of the samples signifi
cantly affectsts' in the moderately clean regime.
3-4
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thermal current experiences a definitely stronger scatte
by excited quasiparticles in a small gap with a larger DO
With elevated temperature, delocalized quasiparticles in
small gap are also scattered by localized ones in the la
gap. Both effects cause a rather strong drop in the ther
conductivity just aboveHc1 as vortices enter. All these fea
tures will help us to identify multigap superconductors pro
erly.
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